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Global Existence, Blow-Up, and Lower Bound Estimates for a Variable Exponent
Parabolic Problem with High Initial Energy

Abdelkader El Minsari, Omar El Alami and Anass Ourraoui

ABSTRACT: In this paper, we study an initial-boundary value problem involving the variable exponent
p(x)-Laplacian operator under Robin boundary conditions. By combining the potential well method with the
Nehari manifold and the w-limit set, we establish results on the global existence and nonexistence of solutions
when the initial energy J(uop) exceeds the mountain pass level d. Moreover, we derive both upper and lower
bounds for the blow-up time of solutions. The present work complements and extends the results obtained by
El Minsari and Ourraoui [Sdo Paulo J. Math. Sci. 19, 32 (2025)], where the subcritical and critical energy
cases were investigated. Here, we complete the study by considering the supercritical case.
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1. Introduction and Main Results

In this paper, we deal with a solution of the following parabolic equation subject to the Robin boundary
condition involving a variable exponent:

w(z,t) — Apyu(, t) = |u(z, 1)1 2u(z,t), (z,t) € Q x (0,+00),
|Vu(ac7t)|p(‘”)_22—z + B(2)|u(z, t)[P@=2 =0, (z,t) € 9Q x [0, +00), (1.1)
u(z,0) =up(z), =€q,
where 2 C RV (N > 2) is a bounded domain with a smooth boundary 9, ug : Q — R is the initial
data function, A,,yu = div(|Vu[P®)=2Vu), B(z) € L>(00) with 8~ = xlelgﬂ B(x) >0, and p(-) € CH(Q),
q(-) € CT(RQ) satisfy the following hypothesis:

2
H):2<p <pt<qg <q"<p <1+>

N
where
= min p(x,y), pt= max p(z,y) < oo,
(z,y)€QXQ (z,9)€QxQ
¢~ =ming(z), ¢ =maxgq(r) < cc.
zeQ z€Q)

Such problems with boundary constraints, especially the Robin condition, are central in engineering,
physics, and applied mathematics. A classical example is the heat equation with Robin boundary con-
ditions, which models temperature evolution in a medium while accounting for heat transfer through its
boundary. This condition captures both the processes near the boundary and the thermal properties of
materials at the interface, making it essential in modeling heat exchange and cooling phenomena. See,
e.g., [13,8,2,4] and references therein.
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The notion of finite-time blow-up for solutions of (1.1) is of both mathematical and physical interest.
In this context, ”blow-up” refers to the situation where the solution (or some of its norms) becomes
unbounded in finite time. Physically, such a phenomenon corresponds to processes like thermal runaway
in heat conduction, explosive chemical reactions, or population explosions in biology. Identifying whether
solutions remain globally bounded or blow up in finite time, and estimating the precise time of blow-up,
is therefore crucial for both the theoretical understanding and the practical prediction of these systems.

Several works have been devoted to the study of global existence, blow-up, and asymptotic behavior
of solutions to the problem:

ut(x’t) - Ap(x)u(mvt) = |u(xvt)|q($)72u(x’t)a (l’,t) €N x (07 +OO), (12)

subject to homogeneous Dirichlet boundary conditions; see, for instance, [10,12,16,19]. In [12], the
authors proved the existence of global weak solutions, at least for small initial data. Furthermore, they
derived the decay of energy using differential inequalities and applying a non-standard approach.

Using the potential well method, the authors in [16] studied problem (1.2) and extended this method
to analyze threshold results for the existence and nonexistence of global solutions when the initial energy
is less than the mountain pass level d. They also examined non-global existence results for high-energy
initial data.

Xiangyu Zhu et al. [19] investigated problem (1.2) and obtained global existence and blow-up results
for weak solutions with arbitrarily high initial energy.

Liao in [11] obtained a non-global existence result for problem (1.2) by combining the concavity
method with differential inequalities when the initial energy is positive and bounded.

Until recently, El Minsari and Ourraoui [7] dealt with the local existence and uniqueness of weak
solutions and the asymptotic behavior of solutions to Eq.(1.1) with subcritical and critical energy.

As far as we know, many methods have been proposed to estimate upper bounds for blow-up times,
whereas obtaining lower bounds is considerably more difficult. Pioneering work in this direction was
carried out by Payne, Schaefer, and Philippin, and more recently important advances have been made on
lower bounds for blow-up times under Robin boundary conditions (see [6,15,18]). Most existing results
on lower bounds assume a priori that the solution blows up in finite time; see, for instance, [5] and the
references therein. In contrast, in this paper we establish both upper and lower bounds for the blow-up
time directly from the energy method. The key novelty lies in our derivation of the lower bound, achieved
through a new combination of the interpolation inequality with Nehari functionals in variable exponent
spaces.

Motivated by the aforementioned works, we employ

the potential well theory combined with the Nehari manifold and the w-limit set, we investigate the
global existence and finite-time blow-up of solutions to problem (1.1) with supercritical initial energy
(i.e., J(ug) > d). Finally, in cases where blow-up occurs, we derive upper and lower bounds for the
blow-up time.

We now proceed with some definitions and present our main results.

Definition 1.1 (Weak solution). A function u(z,t) is called a weak solution of problem (1.1) on Q x
[0,7), if u € L=(0,T; WHP@)\(Q)) with u; € L?(0,T; L*(2)) satisfies (1.1) in the distribution sens, i.e.,
Yo e WhP@)(Q), ¢t € [0,T),

/utvdaj—i—/ |VulP@ 2 TuVdz + ﬁ(x)\u|p(m)_2uvdx:/ |1~y de,
Q o Q

o0

and
u(x,0) = ug(x) € WHPE@(Q).

let’s keep the same notations as in [7]. We introduce the Nehari fonctionals associated to problem

(1.1):

J(u) = J(t) = Ig/p(w) — pgq(u), (1.3)
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and
K (u) := K () := Ig(u) = pg(u), (1.4)
where
Ig(u) = /Q \Vu\p(r)der/m B(x)|uP®) dz,
_ [ [vu (@)
Ig/p(u) .—/S)Wd:wr/m B(z) (5] dz,
and

el = [0 e gyt i= [ i
o q() Q
Associated with J the Nehari manifold
N = {u € WHE(Q) : K(u) =0, [|ul|w) > 0},

where

. u

which is equivalent to

[l 100y = f{A > 0 / |¥|”(’”)dx +/ S dr < 1).
Q Q
The montain pass level is defined as

d == inf{sup J(Eu) : u € WP(Q), ||ul|p(z) > 0} = inf J(u). (1.5)
£>0 ueN

In addition, we introduce
NF = {ue WPE(Q): K(u) >0}, N~ :={ue W@ (Q): K(u) <0}.
Also, for all § > d, we denote
J = {ue WHPE(Q) : J(u) <8}, Ns:=NnJo.

Next, define

As = inf ||ul|2, As:= sup |lull?.
o= nf Il As = sup

It is easy to check that the function § — As(resp. § — As) is non-increasing (resp. non-decreasing)
with respect to 4.
Finally, let us introduce the following two sets:

Vi=NtnJn{ue WHPE(Q) : [jul]3 < As},
Wi=N"nJ°0{uec WP Q) : |ul? > As}.
Now, we can state our main results as follows:
Theorem 1.1 For all § > d, the following statements hold:

1. if ug € V, then the local weak solution of problem (1.1) exists global in time, and vanish at +oo.

2. ifug € W, then the local weak solution of problem (1.1) blow up in finite time T > 0. Furthermore,
the blow up time is given by

Cs! u(to) |2
G- Dl TS E B )

Where C3 > 0 is a constant obtained by the Sobolev embedding inequality, v > 1, and 0 < tg < t1 <
T.

+ to.

The rest of the paper is organized as follows: In Sect. 2, we recall some preliminary results and
fundamental properties of the variable exponent Lebesgue spaces and Sobolev spaces that will be used
throughout the paper. In Sect. 3, we present some results related to potential wells. Finally, in Sect. 4,
we prove our main results.
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2. Preliminaries

In this section, we recall some useful results. To start with, we introduce some Banach spaces of the
Orlicz—Sobol_ev type and discuss their properties, as detailed in _[1].
Set C+(Q) = {r e C(Q)/r(x) > 1,Vx € Q}. For all r € C+ (), we define

r~ =minr(zr) 7T =maxr(z).

€N z€)
For each r € C4 (), the variable exponent Lebesgue space is defined as

L™@(Q) = {u : u is a measurable real-valued function such that p,(.,(u) < oo}, endowed with the
Luxemburg norm

. u

where p,.(.)(u) = [, |u["®. This space is a separable reflexive Banach space.

~ 1 1
Let r,7" € C+ () such that — + —— = 1. Then we have the following results(see [1]).

r(z) - r'(x)

Lemma 2.1 (Holder inequality) If u € L™®) () and v € L" *)(Q), then

(@
1

[ el < (5 + 2 ) el o) < 2l el
<

Lemma 2.2 If p,q € C () such that p(x)
L) (Q) — LP@)(Q).

q(x),Vx € Q, then there exists the continuous embedding

The modular function p,.) satisfies the following
Proposition 2.1 Ifu € L"®)(Q), there holds :
L |ullp@)y < 1(resp. =1,>1) < ppy(u) < 1(resp. =1,>1).
2 lullay < 1= ulll < pocy (@) < llullig,

9. ulloay > 1= lulliyy < prco (w) < lull7

r(ac)
Proposition 2.2 Forn € N, let u,,u € L’"(x)(Q), then the following assertions are equivalent:

1. lim [|u — tp||p(z) = 0.

2. lim pr(y(u — up) = 0.

8. Up — u in measure in Q0 and lim p,..)(un) = pr(y(w)
If p € C, (Q) the variable exponent Sobolev space W' P(#)(Q), consisting of functions u € LP(*)(Q)) whose
distributional gradient Vu exists almost everywhere and belongs to LP(*) () components by components,
endowed with the norm ||ul|y 1.0 () = Inf{A > 0; [, |%|P(m)da¢ + [o |§|”(m)dx < 1}, is a separable and
reflexive Banach space.

Proposition 2.3 If s € C(Q) and s(x) < p*(x) for all x € Q, then the embedding WP()(Q) —
L*@)(Q) is continuous and compact. Where

Np(z) .
p*(z) = ———— if N <p(z) or p*(z) = 0 if p(x) > N.
(@) = 5= (2) (x) (x) (x)
Proposition 2.4 Ifs € C, (09) and 5(x) < p,(z) for allx € K, then the trace embedding WP (Q) —
L*@)(99) is continuous and compact. Where

N — Dp(z) if N <p(z) orp*(z) =00 if p(x) > N.

p*(x) = N—p($)
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Now, let us introduce a norm that is introduced in [1,9]

. U
l|ul|g(z) = inf{\ > O;IB(X) <1},

which is equivalent to
\Y%
[l [y 2y = nf{A > o;/ |2 P@) g +/ 1L Pp@dg < 1}
o A o A

The functional Ig(u) = [, [Vu[P®dz + [,, B(z)|u[P®dx satisfies the following properties:
Proposition 2.5 For any u € WHP()(Q) we have
+ _
1 ullp@y < 1= Jlullf,) < Is(u) < [lullf,.

- +
2. flulloey > 1= Nl < Taw) < ull2s,
3. Hun — UHB(J) - 0< Ig(un — u) — 0.
Lemma 2.3 (See [14]) If 1 < p1 < pg < p2 < 00, then
lullps < llully,*llully,,  Vu € LPH(Q) N LP2();

p2?
with 6 € (0,1) defined by
1 1-0 0

Po P1 P2
3. Potential Wells

In this section, under the hypothesis (H), we prouve the following results:

Lemma 3.1 (i) For each u € W'P@)(Q), we have

1 1 1 1 1 1
— = — | Ip(u)+ —K(u) < J(u S(———)Iu—&——KuA
(- ) B+ Zx < Iw < (G5 = ) B + 2K
(#¢) The number d is positive.
(#i7)
dist(0,N7) := inf ||u||g@) > O.
ON7)i= inf fula
(iv) For any 6 > d, we have
0< A1 < A5 < A5 < Ay,
where
- J2wt-047) _ 2~ —6qF)
1 1\ | a-orta- 1 1\ | a-0rat
Dsmin < |d (— - —) , |d (— - —) ,ifpT —0gT >0,
| \p~ gt/ | \p™ g/
- S 2t -7y o 2(p~ —8q1)
) 1 1\ 1| a-orFa™ 1 1\ 1| -0t - B
Ay = D3 min 6(p—+—q—_) , 6<p—+—q—_> ,ifpT —0q” <0,
_ . 2<p+—9+cr> _ . 2(p:eq++)
1 1\ | @-9pTa™ 1 1\ | a=0rTa
D3 min d(———) , 5(7_7> ,
L \p™ g/ | \p* ) ]
ifp~ —0q¢" <0, andpt — 0q > 0;
and

el p(-2) T



6 A. EL MInsARI, O. EL ALAMI AND A. OURRAOUI
Proof:

(¢) Follows from (1.3),(1.4).

(it) Follows from (7).
(i14) For u € N~ we have

Ig(u) < pg(uw)

+
< max [Jull7,)

+ +
< BY max|jul,,
and by Proposition 2.5, it follows that
. pj:
min H“”g(z) < Ig(u),

then . . .
minHqu(w) < Bf maxHquﬂ(m).

Hence dist(0,N7) > 0.

(iv) For any u € N5, we have u € N and v € J°. By (1.5) and (3.1), we get

then,

On the other hand, by (3.1) and the fact that u € J° we have

(pl+ - ql_) Ig(u) <6,

Is(w) < (1 - 1_) s

pt q

that is,

Next, using the embedding theorem and Lemma 2.3, yield
[ullg(ey < Dillullg+
< Dilulips Jullz™
-0
< Dalulfayllullz

< Dy max { (15(w) 7 } lull3™,
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Moreover, since u € N, we have Ig(u) = py(u). Then, by

b= min { (15(u))7 },

1

el = min { (pq () 7=

and the above inequality we get that

min { (15(u))#* } < Dy max { (I5(w) 7 } Jull}~,

that is,
9 . 2(pFT —0q7) 2(p~ —6qh)
lul}3 = Dy min { [Zs(w)] o | [Iy(w)] oo o

Finally, by (3.3) we get As < Ay and by (3.2), (3.3), and (3.4) we deduce that As > A;.

Note that multiplying the equation (1.1) by u; and integrating over Q x (0,7T) yields

t
[ sl + Jw) = Jwo), v € 0.7).
0

(3.5)

The energy equality (3.5) holds true due to the fact that the exponents p(-) and ¢(-) are independent of

t. See [3] for more details.

4. Proof of our Main Results

In this section, we prove our main results.
Proof: [Proof of Theorem 1.1]

1. Global existence:

If ug € V, we have ug € N'*, J(ug) < 8, and |lug|3 < As. By the monotonecity of \s with respect
to d > 0, one can see that As < Aj(y,)-

Now, we claim that u € Nt for all ¢t € [0,7). If it false, there exists a to € (0,7) such that
K(tgp) < 0. By the continuity of K with respect to ¢, without loss of generality, we can assume that
to is the first time such that K (u(to)) = 0, |lu(to)|/g) > 0, and then K(u) > 0,V € [0,t0).

Next, by multiplying (1.1) by u and integtaring over 2, we get

d

£||u||§ = —2K(u) < 0,Vt € [0,19),
which implies that

lutto)3 < lluol3 < As. (4.1)

On the other hand, by the energy equality, we have J(u(to)) < J(uop), then u(ty) € Ns, which
implies from the definition of A5 that
luto)ll3 = As.

This leads to a contradiction with (4.1). Therefore, u € Nt for all ¢ € [0,T).
Moreover, from (3.1), (3.5) and the fact that v € N'* we deduce that

1 1\!
Ig(u §§<—) , Vtel0,T),
s(u) pai [0,7)
whitch means that the local weak solution exists globally and T' = +oc.
Next, we show the asymptotic behavior of the global solution as t — 4oc0.
Firstly, we denote the w—limits set of ug € V as follows
w(up) = ﬂ {u(s) : s > t}.

t>0

If Uo € w(ug), then there exists a sequence (s, )nen in R such that that
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(a) lim s, = 4o0;
n—-+oo

(b) ngrfoo u(sn) = Up.
Then, we have the following result:

Lemma 4.1 Let ug € w(ug) be a non-trivial function and u be a weak solution to problem (1.1),
with the initial data Ug, then U € N and @ = 1y for all t > 0.

Proof: [Proof of Lemma 4.1.] From u € NT and (3.1) we have J(u) > 0, and by the energy
equality, we infer that ¢ — J(u) is decreasing on [0, 00), then there exists [ > 0 such that

lim J(u) = 1. (4.2)

t—o0

Hence, according to the definition of w—limits set we conclude that

lim J(u(s,)) = J(ug) = 1. (4.3)

n—oo

Furthermore, by the continuity of I and u € N'T we deduce that

lim K (u(sn)) = K (do) > 0. (4.4)

n—00

Then, either K(up) > 0 or K(ug) = 0,][uollgm) > O( since [[uol|gz) = 0 is a trivial case). If
K (1) = 0 and ||[tg|g(z) > 0, we get that 4y € N, and for large enought n, it follows from (4.4)
that u(s,) € N, whitch contradict the fact that w € N for all ¢ > 0.

Thus, K(ug) >0 and u € Nt for all ¢ > 0.
According to (4.2) and (4.3), it follows that

lim J(@) = J () = L. (4.5)

t—o0

Combining (4.5) and the energy equality to get

|t =o.
0

Hence
ie.,
O

Clearly, Lemma 4.1 says the w-limits set of ug consists of all stationary solutions of (1.1) which
solve the following elliptic problem:

~Apmu(e,t) = Julz, D11 2u(e,1),  (2,1) € 2 x (0, +00),
Ve, OAD2 084 f(afula, D2 =0, (,1) € 09 x [0, +),
u(z,0) =up(x), z €

Now, let & be a weak solution to (1.1) with the initial data @y € w(ug). It is well know that @ = g

for all £ > 0, then

. d .
K@) = Zlal3=0, 20, (4.6)
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this implies that
w(ug) C N U{0}. (4.7)

However, if ug € w(ug), by the fact that ug € V', we also have
J(@0) < J(uo) < 6, and [l3 < lluoll3 < As.

Then from the definition of J° and N, it follows that @y € J® and @y & Ns. Hence 1y ¢ N and
w(ug) NN = 0. Together with (4.7), we conclude that w(ug) = {0}. Which means that the solution
u decays to zero as t — +oo provided ug € V.

. Blow-up:

If ug € W, a similar contradiction argument as in part (1) of this proof shows that u(t) € N~ for
all t € [0,T). To prove that the solution blows up in finite time, we proceed by contradiction and
assume that u exists globally, i.e., T = +o0.

From the energy equality, it follows that J(u(t)) is non-increasing with respect to t. Therefore, only

two cases may occur:

(a) there exists a constant | € R such that

lim J(u(t)) =1;

t—o0

(b)
lim J(u(t)) = —o0.

t—o0

We now show that both cases lead to contradictions, which will imply that the solution cannot exist
globally, and thus blows up in finite time.

Case (a). Assume that tlim J(u(t)) =1 for some [ € R. Using the energy equality, we have
— 00

d 2

@J(u(t)) = —|lut(t)]|5 — 0 ast — +oo,

which implies that u(t) approaches a stationary solution of problem (1.1) as t — +o00. Hence,
u(t) e NU{0} ast— 4oo.

However, since u(t) € N~ for all ¢ > 0, we necessarily have u(t) ¢ A for any ¢ > 0, implying that
u(t) = 0 as t — +oo. On the other hand, by Lemma 3.1 (iii), any function u(t) € N~ satisfies
u(t) # 0. This contradiction shows that case (a) cannot occur.

Case (b). Assume now that tlim J(u(t)) = —oo. By the continuity of J(u(t)) with respect to ¢,
—00

there must exist a first time ¢y, > 0 such that

J(u(ty)) <0 and wu(tg) € N™.

Next we define
¢(t) = [|ull3, ¢ = to, (4.8)

and
Y(t) == =J(u), t=>to. (4.9)

Then by the monotonicity of J with respect to ¢, it follows that

Y(t) = ull3 >0, t>to. (4.10)
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By (3.1) and (4.9) we get for all ¢ > ¢ that

3t) = 2K (u)
> 2 | (55 - =) B - I

> 2q~ J(u)
=2q" ().

Therefore, using Schwartz’s inequality, remarquable inequality, and (4.11) we obtain

S)9(t) = ||l ]luel13

2
>(/utudx>
Q
1d, 5\
— (5l

1

= 160

> b, ¢t

Multiplying (4.12) by ¢ - ~1(t), we obtain

4
dt

q

[¢2_ (t)z/)(t)} >0, t>t

On the other hand, multiplying the inequality (4.11) by ¢

(t) and using (4.12), we derive

& (1)(t) > 20~ ¢ F (1)

> 26 (to)d(to), t > to,

2 [¢1“2(t>] <2 <1 - ‘g) o F

that is,

S (to)v(to), > to.
Integrating the last inequality over [to, t], we get

ST (1) < VT (to) +q (2 7)o TE (o)dlto)(t — to), > to.

Hence,

T -2

$(t) > |67 (to) — g (¢~ — 20 F (to)v(to)(t — to) Lt >t

(4.11)

(4.12)

(4.13)

(4.14)

That means that the function ¢ cannot remain finite for all ¢ > ¢y, which contradicts the assumption

T = +o00. In other words, the weak solution u blows up in finite time.

Upper and Lower bound of blowup time estimate:
Letting ¢ — T in (4.14), we obtaine
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Now, by u € N~, we have K(t) < 0, then Ig(u) < pg(u). On the other hand, we know that u blows-up
in finite time 7' > 0, then we may assume that ||ul3 = ¢(t) > 1 for all ¢ € [t1,T) for some tg < t; < T.
Next, using the Sobolev embedding and Lemma 2.3, we get

N
pq(u) < [lullg
.
< CIHU||Z+
0qt 1—0)qt
< Cllull2 [|uf)§ =7

(1-6)qt

< Collul %, l6(0)]
< Collul42, [6(0) = (4.15)

where p* = , 8 € (0,1) can be obtained by the formula

and from the hypothesis (H) there hold 22— o > 1.
Further, we have ||'LLHZ(_I) < Ig(u), thus we deduce from Ig(u) < pq(u) and (4.15) that

qt

lull """ < Cal(®)] ™ .

This combined with %(b(t) = —2K(t) < 2p4(u) and (4.15) to obtaine

d

700 < Cslo(0)), (4.16)
0(¢*)?
(p~ —0q™)
Integrating (4.16) from ¢; to T, we obtaine

o) _
/t1 ¢(t)“fd < C3(T —ty). (4.17)
Put ¢(t) = &, then d§ = ¢/(t)dt and (4.17) becomes

o0 d€
/(m & < G —h).

where 2y := ¢t + > 2.

Hence,

T>O /tl 5+t1

This ends the proof. O
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