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ABSTRACT: In this paper, we expand the notion of a coupled fixed point to encompass mappings on cone
Ap-metric space over real Banach algebra, and we establish some coupled fixed point theorems. Our results
extend some existing coupled fixed point results on cone Ap-metric space to cone Ap-metric space over real
Banach algebra. Our results are generalized enough to contain many interesting results as corollaries. We also
provide an example to illustrate the validity of our result.

Keywords: Coupled fixed point, cone A,-metric space over Banach algebra, c-sequence.

Contents
1 Introduction 1
2 Preliminaries 2
3 Main Results 5
4 Acknowledgments 11

1. Introduction

The classical Banach contraction principle serves as a foundational element in metric fixed point the-
ory, and numerous scholars have investigated and expanded upon this principle in various contexts.Huang
and Zhang [2] introduced the concept of a cone metric space as an extension of a metric space,replacing
the set of real numbers in a metric space with a general Banach space that is partially ordered by a cone.
However, recent research has demonstrated an equivalence between cone metric spaces and metric spaces
concerning the existence of fixed points of the mapping involved. To address and extend these findings,
Liu and Xu [9] proposed the concept of a cone metric space using Banach algebra. This development was
pivotal in fixed point theory, illustrating that cone metric spaces over Banach algebra are not equivalent
to metric spaces regarding the existence of fixed points of mappings. Subsequently, Xu and Radenovic
[13] expanded Liu and Xu’s results without assuming the normality of cones. Jerolina Fernandez and
colleagues[4] introduced A-cone metric space over Banach algebra, further generalizing A-metric spaces
and cone metric spaces over Banach algebra.Very recently in 2025, as a further generalization in this
direction, K. Anthony Singh et al.[5] introduced the concept of cone Ap-metric space over Banach algebra
and proved some fixed point theorems. On the other hand, Bhaskar and Lakshmikantham[10] introduced
the notion of a coupled fixed point of a mapping. Lakshmikantham and Ciric[11] explored additional
coupled fixed point theorems in partially ordered metric spaces. Subsequently, Sabetghadam et al.[1]
defined coupled fixed points for mappings on cone metric space and established some coupled fixed point
theorems. K. Anthony Singh and M.R. Singh[7] further extended Sabetghadam et al.’s results to cone
Sp-metric space. Additionally, K. Anthony Singh et al.[8] expanded the definition of coupled fixed points
to mappings on cone A,-metric space and proved related theorems.

This paper aims to broaden the definition of coupled fixed points to mappings on cone Ap-metric
space over Banach algebra and establish some coupled fixed point theorems. Our findings extend the
coupled fixed point results on cone A,-metric spaces by K. Anthony Singh et al.[8] to cone Ap-metric
spaces over Banach algebra.
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2. Preliminaries

Definition 2.1./2/Consider a Banach space B. A subset C of B is defined as a cone if it satisfies the
following:
1. C is closed, nonempty and C # {0}

2. ap+pBq € C, for all p,q € C and for any non-negative reals o, [3;
3.Cn (<€) ={0}

A partial ordering < in B can be established with respect to C, denoted by p < q if and only if q -
p € C. The notation p < q is used to indicate that p < q but p # q, whereas p << q signifies ¢ - p €
int.C, where int.C denotes the interior of C. A cone C is characterised as normal if there exists a constant
K > 0 such that 0 < p < q implies ||p|| < K]|q|| for all p, ¢ €B . The smallest positive number that
satisfies this condition is referred to as the normal constant of C.

A cone C is termed reqular if every increasing sequence that is bounded above converges. Specifically,
if {pn} is a sequence such that p1 < p2 < ... < p, < ... < q for some q € B , then there exists p € B
such that ||p, —p|| = 0 as n — oo. Alternatively, the cone C is reqular if and only if every decreasing se-
quence that is bounded below converges.It is well-established fact that a reqular cone is also a normal cone.

Definition 2.2./2/Suppose X # ¢. Let the mapping d : X x X — B satisfy the following:
1. d(0,k) >0 and d(0,k) =0 iff 0 = k,V0,k € X;

2. d(0,k) =d(k,0),V0,k € X;

3. d(0,k) <dl,7)+d(r,k),V0,k, T € X.

Then, (X,d) is said to be a cone metric space or simply CMS.

Example 2.3./2/Let B = R%,C = {(p,q) : p,q 0},X =Rand d : X x X — 9B such that
d(0,k) = (|0 — k|, k|0 — k|), where k > 0. Then, (X, ) s a CMS.

Definition 2.4./6/Consider a real Banach space B and a cone C in B with int.C # ¢. Let < be a
partial ordering in B generated by C. Let X # ¢, and suppose that the function A :X™ — B satisfies the
following
1. A(¥1,99, .., Op— 1,19 ) >0;
2. A(%,99,...,0,-1,0 ) =0iff 91 =92 = ... =01 =0y,
3. A(V1, 902, ...; ¥n_1,9,) < b[A (191,191, ces (191),1,1,19) + A(99, 92, ..., (¥2)n—1,9) + ...

+A(19n_1, D1y ey (ﬂn—l)n—17 ’19) +A(19n, Dy vees (7971)71—17 ’19)]
forall¥;,9 € X, 1=1,2,3,...,(n—1),n, where b > 1. Then, the function A is said to be a cone A,-metric
(CAbM) on X and the pair (X, A) is said to be a cone Ap-metric space(CAbDMS).

Example 2.5./6/Let B = R?, and C = {(p,q) € B : p,q > 0}, a normal cone in B. Let X = R
and A : X™ — B be a function satisfying A(91,09,...,0,) = A(V1,02,...,9,)(7,0), where v,6 > 0 and
A, is an Ay-metric on X. Then, A is a CAbM on X. In particular, the function

Au(01,92, 0 00) =D 3 i =0, 0 € X, i=1,238 .,n
i=1 i<j
is an Ap-metric on X with b = 2. Now, the function

A(91, 02, ..., 9 (Z > i — 79j|2,i22|19i—19j|2>,

i=1 i<j =1 i<j
1s a CAbM on X with b = 2.

Definition 2.6./9/Consider a real Banach algebra A. That is, A is a real Banach space in which the
multiplication operation is defined, satisfying the following (VO,u,m € A, a € R)

1. (Jp)m = J(pm)

2. W pu+m) =9+ 97 and (u+ m)9 = pd + 79

3. alpr) = (ap)r = plar)

4+ Mmll < [l 1]
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In what follows, we always assume that a Banach algebra A is real and has a unit e such that e = Je = 9,
Vi e A

An element 9 € A is said to be invertible if there is an element 0 € A such that V0 = 09 = e. Here, 0 is
called the inverse of 9 and is denoted by 9~1.

Definition 2.7./9/Consider a real Banach algebra A. A subset C of A is defined as a cone of A if

1. C is non-empty, closed and {0,e} C C;

2. aC +bC C C, for all non-negative real numbers a and b,

3.C?=CCcCC;

4. €N (=C) ={0};

where 0 is the null of the Banach algebra A. Given a cone C of A, a partial ordering < is defined in A
with respect to C by p < q if and only if g — p € C. We write p < q to indicate that p < q but p # g,
while the symbol p << q stands for ¢ — p € int.C, where int.C is the interior of C. The cone C is said to
be normal if there exists K > 0 such that 0 < p < q implies ||p|| < K||ql||, for all p, q € A.

The smallest such positive number K is called the normal constant of C. If int.C # ¢, then C is said to
be a solid cone.

Definition 2.8./9/Let X # ¢. Let the mapping d : X x X — A satisfy the following:

1. 0 < d(o,7) and d(o,7) = 0 if and only if o = 7,Vo,7 € X,
. =d(r,0),Vo,7 € X,

5. d(,7) < d(o,p) +d(p,7), Yo, 7, p € X.

Then, d is said to be a cone metric on X and the pair (X,d) is called a cone metric space (CMS)

over A.

Example 2.9. [9/Let A = M,,(R) = {& = (ij)mxm|ei; € R,V1 < i,5 < m} be the algebra of all
m-square real matrices with the norm defined as
loll= > ol
1<i,j<m
Then, A is a real Banach algebra and the unit e is the identity matrix.

Let C = {a € Aloy; > 0,V1 < i, < m}. Then, C is a normal cone of A with normal constant
1.

Let X = M,,(R), and let the metric d: X x X — A be defined by

d(a, B) = d((ai]‘)me, (@‘j)me) = <aij - Bij|> mxm € A.
Then, (X,d) is a CMS over Banach algebra A with normal cone.

Definition 2.10.///Let X # ¢. A function d : X™ — A is said to be a cone A-metric on X if for
any ¥;,0 € X,i=1,2,3,....,n, the following conditions hold:
1. d(ﬁl,’ﬂg,’ﬁg,... n— 1, )
2. d(191,192,193, n 1, ) = Zﬁc ?91 = .= ’19"_1 = ﬂn;
3. d(191,192,’l93,... n— 1, ) S (191,191,’[91,... (ﬂl)n_l,O')+d(’l927’l92,192,...,(’192)n_1,0')
+...+ d(ﬁnfl, 19“,1, 19n717 ceey (7.971,1)”,1, O’)
+d(On, Oy Oy ey (On)n—1,0).
The pair (X,d) is said to be a cone A-metric space (CAMS) over Banach algebra A.

Lemma 2.11. [4/For a CAMS (X,d) over Banach algebra A,
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d(o,0,....,0,7)=d(1,7,....,7,0), for all 0,7 € X.

Lemma 2.12. [//For a CAMS (X,d) over Banach algebra A, the following hold, for all 9, pu,m € X,
1. d(9,9,..,9,7) < (n—1)d(,9,...,9, u) + d(7, 7, ..., 7, 1) and
2. d(9,9,....,9,7) < (n—1)d(¥9,9,....9, 1) + d(p, g, ..., 1, 7).

Example 2.13. [4/Consider the Banach space A = C|p,q| of all continuous functions defined on the
interval [p, q] with the supremum norm. Multiplication is defined in the usual way. Then, A is a Banach
algebra with a unit 1 (identity function). We set C ={0 € A:0(s) > 0,s € [p,q]} and X =R.

A mapping d : X" — A is defined by
d(ﬁl,ﬁg,...,ﬂn,l,ﬁn)(s) = <’191 — 192| + |191 - 193| + ...+ I’l91 — ’lgn|

—Hﬂg — ’193| + |’l92 — 194| + ...+ ‘192 — ?9n|
+... + |'l9n—2 - 19n—1| + |19n—2 - 'L9n|

—H’ﬁn,l — 19,1) e’.

= Z Zh% 719j|€s.

i=1 i<j

Then, (X,d) becomes the usual CAMS over Banach algebra.

Definition 2.14./5/Consider a real Banach algebra A, a solid cone C in A and a partial ordering <
in A with respect to C. Let X # ¢, and let A : X™ — A satisfy the following:
1. A(Y1,92, ..., 0p—1,0,) >0,
2. AW, 902,y Vn_1,9,) =0 iff =92 = ... =01 = Iy,
3. A(W1, 02, ...y Vn_1,9,) < OA(Y1, D1, .., (P1)n_1,9) + A(D2, D2, ..., (F2)n—1,0)
Foi+ AW0n—1, %1, -, Fn1)n—1,9) + A(Fn, I,y oy (Fn) 1, 9],
VY, 0 € X,i=1,2,3,...,n, where b > 1.
Then, A is called a cone Ap-metric and the pair (X, A) is said to be a cone Ap-metric space (CALMS)
over Banach algebra A.

Definition 2.15./5/Consider a CAVMS (X, A) over Banach algebra A.

1. A sequence {wy,} in X is said to converge to w € X if given any ¢ >> 0 there exists a positive inte-

ger N such that A(wy, wn, .., wp,w) << ¢, Vn > N and we write lim w, = w or w, — w asn — 00.
n—oo

2. A sequence {wy,} in X is called Cauchy if given any ¢ >> 0 there exists a positive integer N such
that A(wp, Wny .oy Wpy W) << ¢,Yn,m > N.

3. The space is called complete if every Cauchy sequence converges.

Definition 2.16.Consider a CAbMS (X,A) over Banach algebra A. An element (p,0) € X x X is called
a coupled fized point (CFP) of F: X x X — X if F(p,0) = p and F(o,p) =0.

Proposition 2.17./12]Consider a Banach algebra A with unit e, and let « € A. If the spectral ra-
dius p(@) of a is less than 1, i.e.,

W = inf [|o™||™ <1,
m>1

pla) = lim o™

o0
then e — a has inverse. Indeed, (e — o)™t = Z o
=0
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Remark 2.18./12/The spectral radius p(c) satisfies p(a) < ||a||, for all o € A, where A is a Ba-
nach algebra with o unit e.

Remark 2.19./12]If p(a) < 1, then ||a™|| — 0(m — o).

Remark 2.20./12/Consider a Banach algebra A with a unit e and let a € A; then,
w exists and the spectral radius pla) satisfies

lim |[|a™
m—r o0

. m L
pla) = lim_[[a™[|7.

If p(a) < |v|, then (ye — a) is invertible in A. Moreover,
[ee]

(ve —a)™! = Z %, where v € C is a constant.
i=0
Remark 2.21./12/Consider a Banach algebra A with a unit e and let v, s € A. If r commutes with
s, then p(r +s) < p(r) + p(s), p(rs) < p(r)p(s).

Remark 2.22./13]/Consider a Banach algebra A with a unit e and let v € A. If p(r) < 1, then

—1 1
ple=r)"" < =57

Now, we recall the definition of a c-sequence and its properties.

Definition 2.23./14/Consider a Banach space B with a solid cone C. A sequence {un} in C is called a
c-sequence if given any ¢ >> 0 there exists N € N such that u,, << c for allm > N.

Proposition 2.24.[15]/Consider a Banach space B with a solid cone C. Let {am,} and {b,,} be c-sequences
inC and o, 8 > 0. Then, {aan, + Bbn,} is a c-sequence.

Lemma 2.25./13/Consider a Banach algebra A with a solid cone C. Let s € C and {un} be a c-sequence
in C. Then, {su,} is a c-sequence.

Lemma 2.26./13]Consider a real Banach space B with a solid cone C and let {um,} be a sequence
in C such that ||um|| — 0(m — 00). Then, {un} is a c-sequence.

Lemma 2.27./3/Let A be a Banach algebra with a unit e. Let o € A and p(a) < 1. Then, {a™} is
a c-sequence.

Lemma 2.28./5/Let (X, A) be a complete CAbMS over a real Banach algebra A with C as the un-
derlying solid cone. Let {w,,} be a sequence in X converging to w*, then:

1. {A(wp, ..., W, w*)} is a c-sequence.

2. For any q € N, {A(wp, ..., W, Wintq) } 05 a c-sequence.

Lemma 2.29./5/Let (X, A) be a CAbMS over Banach algebra A. Then, for all u,m, p € X,
1. Ay oy ooy iy ) < DA(, 70,0y, 1),
2. Alpy poy ooy ptym) < (n— D)bA(u, pty ..oy 1, p) + bA(m, mw, ..y, p).

3. Main Results

Theorem 3.1.Let (X, A) be a complete CAbMS over a Banach algebra A and let C be a solid cone
in A. Let the mapping H : X x X — X satisfy the condition
AM(w, 2),..., H(w, z), H(u,v)) < rA(w,..,w,u) + sA(z, ..., z,v), ..(3.1)

for allw, z,u,v € X and r,s € C with p(r + s) < b%. Then, H has a unique CFP.
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Proof. Let wp,zp € X and w; = H(wo,20), 21 = H(z0,wo), we = H(wi,21), 22 = H(z1,w1),
Wmt1 = H(Wm, 2m), Zm+1 = H(Zm, Wm).
Then, using condition (3.1), we obtain
A(wm; ooy Wiy wm+1) = A(H(wm—la Zm—l)a ooy H(w'rn—h Zm—l)v H(wmv Zm))
< rA(Wm—1, ooy Win—1, Wi ) + SA(Zm—1, -y Zm—1, Zm )
Also, we have
A(zZmy oy Zmy 2ma1) = A(H(Zm—1, Wm—1), e, H(Zm—-1, Win—1), H(Zm, Wm))
<rA(Zm—1, s Zm—1,2Zm) + SA(Wm—1, co, Wn—1, Wiy
If we let Ay = A(Winy -y Win Wina1) + A(Zms ovs Zms Zma1), then we have
Ay = AWy oeos Winy, Wina1) + A(Ziy vy Zms Zmt1)
< (r+ 8)(A(Wm—1, ooy Win—1, Win) + A(Zm—1, s Zm—1, Zm))
=(r+s)An_1
= A, < ady-1, where a = (r+ s) and p(a) = p(r+s) <1
By repeated application of the above inequality, we get
0 S Am S OéAm_l S OéQAm_g S S amA().
If Ag = 0, then (wo, 20) is CFP of H. Let us therefore suppose that Ay > 6.
Then, for p > ¢, we have
Alwg, .., wg, wp) < bl(n — 1) A(wy, ..., Wy, Wgt1) + A(Wp, ooy Wy, Wyt1)]
< (n— 1)bA(wg, ooy Wy, Wyt1) + D2 A(Wyi1y ooy Wyt 1, W)
= (n—1)bA(wq, ..., wg, Wgt1) + (N — V)O3 A(Wgi1, vy Wyt 1, Wet2)
0 A(Wyt2, ooy Wyt2, W)
< (n—1)bA(Wg, oy Wg, Wgt1) + (N — D)3 A(Wyi1, vy Wyt1, Wys2)

+(n = 1D AWyt oy Wy 2, Wer3) + oo + 62P7I"D A(wy, 1, o wpy 1, w,)

S (n — 1)b{A(wq, ceey We, wq+1) + bZA(U)q+]_, vy Wat1, wq+2)
0 A(Wyt2, ooy Wyt 2, Wyt3) + e + 1)2(”_‘1_1)14(11}1,_17 ey Wp—1, Wp) }-
Similarly, we have
Alzgy -y 2:2p) < (= D)b{A(2g, - 2, Zg41) + D A(2g41, s Zg 1, 2g+2)
F0 A(2g 42, s g2y 2g13) F o F 2PV A(Z, g 2,1, 2) )
Therefore, we have

A(wQ’ "'7wq7wp) A(ZQ7 anzp)
< (n—1)b{Ay + VP Agsr + b2 A0+ .. + 2P0 A4,
< 1)b{ad + b2ad+! + badt? 4 .. + p2r—a—1) ap 1}A0

n—
n—1bat{e + b?>a + b*a® + ... + b2(1’ =1 ar=a-11 4,
n—Dbat{e + b%a + (ba)? + ... + (b?a)P~ 171} 4,
n —1)bad(e — b?>a) =1 Ap.

exists.

(
(
(
(
|

\-/I/\ I

Here, p(a) < 7z and so (e — b*a

Also, since p(a) < 1,{a?} is a c-sequence and this implies that the sequences {w,, } and {z,,} are Cauchy.

Since X is complete, there exist w*, z* € X such that lim w,, = w* and lim z, = z*.

m— 00 m—r oo
We show that (w*, 2*) is a CFP of H.
Now, we have
A(H(w*, 2*), ..., H(w*, %), w*) < ( bA(H(w*, z%), ..., H(w*, 2*), wm41) + bA(W™, ..., w* , Wpt1)
n—1brA(w*, ..., w*,wy) + (n — D)bsA(z*, ..., 2%, 21m)
bA(w*, ..., w*, W 41)
< (n— D021 AWy oy W, w*) + (0 — 1)028A (2 ooy 2, 27)
D2 AW 1y ey Wi, WF).

<
<
_|_

Since the sequences {w,,} and {z,} converge to w* and z* respectively, we have A(wp,, ..., W, w*),
A(zmy ey Zm, 2%) and A(Winy1, oo, Wy, w*) form e-sequences. Therefore, for every ¢ € A with § << ¢,

there exists N € N such that

AH(w*, 2%), o, H(w*, 2%),w*) < (n— D02 rA(wo, ooy Wi, w*) + (0 — 1)025A(20m, vy Zm, 2°)
D2 AW 1y ooy Wt 1, W) << ¢, Ym > N

= A(H(w*,z*),.., H(w*, z*),w*) =0

n—1)
En DOA(H(w*, 2%), ..., H(w*, 2*), H(Win, 2m)) +OA(W*, ooy W™, Winy1)

veey
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= H(w*,z*) =w*.
Similarly, we have H(z*, w*) = z*.
Thus, (w*, z*) is a CFP of H.
To show uniqueness of the CFP of H, let (w’, z") be another CFP of H. Then we have
A’ . w',w*) = A(H(w', '), ..., H(w', 2'), H(w*, z*))
<rA@, ..., w,w*) 4+ sA(Z, ..., 2, 2*).
And,
A2, 2 2%) = A(H(Z W), . 12 w'), Hz*, w*))
<rA(Z, .., 7, 2%) + sA(w, ..., w' w*).
Therefore, we have
A’ . w' w*) + A2, ..., 2, 2%) < (r + 8) (A, ..., w',w*) + A(Z, ..., 2/, 2%)).
Since p(r + s) < 1, the above relation implies that
A(w', . w' w*) + A(Z, ..., 2, 2*) = 6.
This means that A(w’,...,w’,w*) =0 and A(Z/,...,2",2*) = 0.
Hence, we have (w', ') = (w*, z*).
Therefore, the CFP of H is unique.

Theorem 3.2. Let (X, A) be a complete CAbMS over Banach algebra A and let C be a solid cone
in A. Let the mapping H : X x X — X satisfy the condition

AH(w, ), ooy H(w, 2), H(u,v)) < rA(H(w, 2), ..., H(w, 2),w) + sA(H(u,v), ..., H(u,v), u),
Yw, z,u,v € X and r,s € C with p(r) + p(s) < W,n > 1 and r and s commute with each other.
Then, H has a unique CFP.

Proof. Let wo,zp € X and wy; = H(wo, 20), 21 = H(z0,wo), wa = H(w1, 21), 20 = H(z1,W1), e, Wpy1 =
H(wm, 2m), 2m+1 = H(zm, Wm)-
Then, we have
A(wma ooy W,y merl) = A(’H(wmflv mel)v ey /H(wmfl, mel)a H(wmv Zm))
< rAH(Wim—1y2Zm—1)s -, H(Wm—1, Zm—1), Wim—1)
+SA(H (Wi, 2m)s ooy H(Winy Zm), Win)
ST AWy ooy Winy, Win—1) + SA(Wini 1y ooy Wint1, Win)
< rbA(Wim—1,y ooy Win—1, W) + SDA(Win, ey Wiy Wint1)
- A(wma "'awmvwm—i-l) S rb(e - bs)ilA(wm—la ooy Wi —1, wm)
= AWy ooy Wy Wi 1) < BA(Win_1, ooy W1, Wy, ), where 3 = br(e — bs) L.
Similarly, we have
= A(Zm, - Zms Zmt1) < BA(Zm—1, s Zm—1, Zm)-
Now, we have 7 and s commute with each other and this implies that br and (e — bs)~! also commute
with each other.
Therefore, p(3) < p(br)p(e — bs)~!

bp(r)
< Tt < 1.

Also, p(s) < ﬁ < 3 and so (e — bs) ™" exists.
Therefore, for p > g, we get
A(wgy oy wg, wp) < (n—1)bB%(e — b2B) "L A(wo, ..., wo, w1)
And, A(2q, ...y 2¢,2p) < (n—1)bB9(e — b?B) "1 A(z0, ..., 20, 21).
Here, p(b?B3) = b?p(B) < 1 and so (e — b?3) ! exists.
Also, since p(B) < 1, {89} is a c-sequence. Therefore, the sequences {w,,} and {z,,} are Cauchy.
Since X is complete, there exist w*, z* € X such that lim w,, = w" and lim z, = z".

We show that (w*,z*) is a CFP of H.

Now, we have

A(H(w*, z%), ..., H(w*, 2%),w*) < (n — 1)bA(H(w*, z%), ..., H(w*, 2%), wmt1) + bA(W*, ..., w*, Wy41)
n—1DbA(H(w*, 2*), ..., H(w*, 2*), H(wm, 2m)) FbA(w*, ..., w* , Wy 11)
(n — DbrA(H(w*, z*), ..., H(w*, z*), w*)

(n — 1)bsA(H (Wi, 2m)s <oy H(Wmy Zm), W) + DA(W*, ...y w™ w0 41)

<
+
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= A(H(w*,2*), ..., H(w*, 2*),w*) < (n — 1)bs{e — (n — 1)br} "L A(H (Wi, 2m),s s H(Winy 2im), W)
+b{e — (n — D)br} LA(w*, ..., w* , Wyt 1)
<(n—1bs{e—(n—1)br} L A(Wmit, o Wint1, W)
+b{e — (n — D)br} LA(w*, ..., w* , Wyt 1)

<(n—-1bs{e—(n—1)br}! <(n — DbA(Wmt1s oy Wing1, W)

b A(wn, ...,wm,w*>) F8{e — (0= Dbr} Al o w1, w)

= (n—1)%2b%s{e — (n — \)br} L A(wWmi1s ooy Wit 1, w*)
+(n—1)b%s{e — (n — D)br} L A(wpm, ooy Wen, w*)
+b%{e — (n — 1)br} L AW 1, oo W1, w*).

Here, p(r) < ﬁ < ﬁ and so {e — (n — 1)br}~! exists.

Since the sequence {w;, } converges to w*, the sequences { A(wWm+1, ..., W41, w*) } and {A(wWny «evy Wen, w*) }

are c-sequences.

This implies that

A(H(w*, 2%), ..., H(w*, 2*),w*) = 6

= H(w*,z*) =w".

Similarly, we can get H(z*, w*) = z*.

Thus, (w*, z*) is a CFP of H.

Now, if (v, 2") is another CFP of H, then we have

A w' w*) = A(H(W', 2, . H(w', 2, Hw*, 2*))
<rAH@W', 2, ., H(W', 2'),w') + sA(H(w*, 2%), ..., H(w*, %), w*)
=0

Therefore, A(w’, ..., w", w*) =0
So, w' = w*.

Similarly, we can get 2’ = z*.
Thus, we have (w',2") = (w*, z*)
Hence, the CFP of H is unique.

Theorem 3.3. Let (X, A) be a complete CADMS over Banach algebra A and let C be a solid cone
in A. Let the mapping H : X x X — X satisfy the condition

A(H(w, 2), ..., H(w, 2), H(u,v)) < rAH(w, 2), ..., H(w, 2),u) + sA(H(u,v), ..., H(u,v), w)
Yw, z,u,v € X and r,s € C with max{p(r), p(s)} < m,n > 1. Then, H has a unique CFP.

Proof: Let wg, 2o € X and wy; = H(wo, 20), 21 = H(20,wo), ws = H(wy, 21),22 = H(z1,W1)s ooy W1 =
H(Wimy 2m), 2m+1 = H(zZm, Wi)-
Then, we have
A(wm; cony Wiy merl) = A(H(wmfla Zm71>7 “eey H(wmfh mel)y H(wnu Zm))
< rA(H(wm_l, Zm_1), . H(wm—la Zm—l)a wm)
+SA(H (Wi, Zm)s -y H(Wi, Zm), Win—1)
= TA(wma ooy Wimyy wm) + SA(wm—i-la ooy W1, wm—l)
= SA(mea '~'7wm+1awm71)

< s((n — DOA(Wimt1y ooy Wint1, Win) + DA Wi —1,y eevy Win—1, wm))

< 8((” - l)bQA(w’ﬂ“ ooy W,y wm-‘rl) + bA(wm—17 "'7w’m—17wm)>

= AWy ooy Wy Wi 1) < 8b{e — (n — 1025} " A(Win— 1, ooy Win—1, Wiy
= AWy ooy Wiy Wi 1) < SA(Win—1, ooy Win—1, Wiy ), Where § = bs{e — (n — 1)b%s} 1.
Similarly, we have
A(Zmy ooy Zims Zmt1) < OA(Zm—1, ooy Zm—1, Zm)-
Here, we have
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p(s) < s < G-

Therefore, {e — (n — 1)b%s} 1 exists.
Also, p(d) < 1—(#(;22/)(8) < 1.
Therefore, for p > g, we get

A(wg, oy wyg, wp) < (n—1)bd4 (e — b*8) 1 A(wo, ..., wo, w1)
and A(zg, ...y 2¢, 2p) < (n—1)b8(e — b*8) "L A(20, ..., 20, 21)-
Here, we have

p(b?8) < H?ﬁ% < 1 and so (e — b%6) ! exists.
Also, since p(d) < 1,{d7} is a c-sequence and this implies that the sequences {w,,} and {z,,} are Cauchy.

Since X is complete, there exist w*, z* € X such that lim w,, = w* and lim z, = z*.

m—»0o0 m—o0
We show that (w*, 2*) is a CFP of H.
We have
A(H(w*a Z*)a ) H(w*a Z*)7 w*) < (n - 1)bA(H(w*a Z*)> ey H(w*a Z*)7 wm+1) + bA(w*a ) W*v wm+1)
= (n—1)bAH(w*, z%), ..., H(w*, 2*), H(wm, 2m)) +bA(w*, ..., w*, W 41)
< (n — DbrA(H(w*, z*), ..., H(w*, 2*), wp,)
+(n — 1)bsA(H (Wi, 2m )y ooy H(Winy 2m), w*) + bA(W*, ..y ™, Wiy 11)
< (n—1DbrA(H(w*,z*), ..., H(w*, 2*), wy,)
+(n = 1)bsA(Wi g1y ooy Wi 1, W) + B2 A(Wing1s oy W1, W)
< (n =122 A(H(w*, 2*), ..., H(w*, 2*), w*)
+(n — D)2 AWy ooy Wi, w*) + (0 — 1)bs + b2€) A(Wing 1, oy W1, W)
= A(H(w*,2%),..., H(w*, 2%),w*) < (n — D)b?*r{e — (n — 1)20%r} L A(wpm, .o, Wi, w*)
+{(n —1)bs + b%e}{e — (n — 1)20%r} L A(Wms1, oy Winp1, W),
Here, p(1) < Q(n_ll)%g < (n—i)2b2 and so {e — (n — 1)%b?} 7! exists.
Now, {A(Wm, ..., W, w*)} and {A(wWpt1, ooy Wint1, w*)} are c-sequences and therefore we have
A(H(w*, 2%), ..., H(w*, z*),w*) = 0
= H(w*,z*) =w"
Similarly, we can get H(z*, w*) = z*.
Thus, (w*, z*) is a CFP of H.
Now, if (v, 2") is another CFP of H, then we have
A, . w' w*) = A(H(W', 2'), ..., H(w', 2"), H(w*, z*))
<rAH@W', 2, HW', 2"), w*) + sA(H(w*, 2*), ..., H(w*, %), w")
=rA(w, .., w,w*) + sA(w*, ..., w*, W)
< (r+sh)A(, ..., w' w*).
Since p(r) + bp(s) < 1, the above inequality implies
A(w',...;w",w*) = 6 and so v’ = w*.
Similarly, we can get 2’ = z*.
Thus, we have (w’, z’) = (w*, z*) which shows that the CFP of H is unique.

When r = s in Theorems 3.1, 3.2 and 3.3, we get the following corollaries.
Corollary 3.4. Let (X, A) be a complete CAOMS over Banach algebra A and let C be a solid cone
in A. Let the mapping H : X x X — X satisfy the condition

AH(w, 2), ..., H(w, 2), H(u,v)) <r (A(w, cow,u) + Az, ., 2, v)>

Yw, z,u,v € X and r € C with p(r) < ﬁ. Then, H has a unique CFP.

Corollary 3.5.Let (X, A) be a complete CAbMS over Banach algebra A and let C be a solid cone in
A. Let the mapping H : X x X — X satisfy the condition

AH(w, 2), ..., H(w, 2), H(u, v)) < 7“(14(’;'-[(107 2),y ey H(w, 2),w) + A(H(u,v), ...,’H(u,v),u))
Yw, z,u,v € X and r € C with p(r) < m Then, H has a unique CFP.
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Corollary 3.6.Let (X, A) be a complete CAbMS over Banach algebra A and let C be a solid cone in
A. Let the mapping H : X x X — X satisfy the condition

A(H(w, 2), o H(w, 2), H(u,v)) < T(A(H(m 2), oo H(w, 2), 1) + A(H(u,0), ...,H<u,v>,w>)
Yw, z,u,v € X and r € C with p(r) < W. Then, H has a unique CFP.

Again if we put b = 1 in the Theorems 3.1,3.2 and 3.3, we get the following corollaries as the
corresponding results in cone A-metric space (CAMS) over a real Banach algebra A.

Corollary 3.7.Let (X, A) be a complete CAMS over Banach algebra A and let C be a solid cone in
A. Let the mapping H : X x X — X satisfy the condition
AH(w, 2), .oy H(w, 2), H(u,v)) < rA(w, ...,w,u) + sA(z, ..., z,v)

Yw, z,u,v € X and r,s € C with p(r + s) < 1. Then, H has a unique CFP.

Corollary 3.8.Let (X, A) be a complete CAMS over Banach algebra A and C be a solid cone in A.
Let the mapping H : X x X — X satisfy the condition

AH(w, 2), ..., H(w, 2), H(u,v)) < rA(H(w, 2), ..., H(w, 2),w) + sA(H(u,v), ..., H(u,v),u)
Yw, z,u,v € X and r,s € C with p(r) + p(s) < ﬁ and r and s commute with each other. Then, H has
a unique CFP.

Corollary 3.9.Let (X, A) be a complete CAMS over a Banach algebra A and let C be a solid cone
in A. Let the mapping H : X x X — X satisfy the condition

AH(w, 2), .oy H(w, 2), H(u,v)) < rA(H(w, 2), ..., H(w, 2), u) + sA(H(u,v), ..., H(u,v), w)
Yw, z,u,v € X and r,s € C with max{p(r), p(s)} < 2(71%1)2 Then, H has a unique CFP.

Again, if we put r = s in the Corollaries 3.7, 3.8 and 3.9, we get the following corollaries.
Corollary 3.10.Let (X, A) be a complete CAMS over Banach algebra A and let C be a solid cone in A.
Let the mapping H : X x X — X satisfy the condition

AH(w, 2), ..., H(w, 2), H(u,v)) <r (A(w, cow,u) + Az, ., 2, U))
Yw, z,u,v € X and r € C with p(r) < % Then, H has a unique CFP.

Corollary 3.11.Let (X, A) be a complete CAMS over Banach algebra A and let C be a solid cone in
A. Let the mapping H : X x X — X satisfy the condition

AH(w, 2), .oy H(w, 2), H(u,v)) < r(A(’H(w, 2)y ey H(w, 2),w) + A(H(u,v), ..., H(u, v), u))
Yw, z,u,v € X and r € C with p(r) < m Then, H has a unique CFP.
Corollary 3.12.Let (X, A) be a complete CAMS over Banach algebra A and let C be a solid cone in
A. Let the mapping H : X x X — X satisfy the condition

A(H(w, 2), o M(w, 2), H(u,v)) < r(A(H(w, 2), oo H(w, 2), ) + A(H(u,0), ...,mu,v),w))
Yw, z,u,v € X and r € C with p(r) < ﬁ Then, H has a unique CFP.
Example 3.13.Let A = Clc,d] be the real normed linear space of continuous functions defined on
the interval [c,d] with the supremum norm. Multiplication in A is defined as the pointwise multi-

plication of functions. Then, A is a real Banach algebra with a wunit 1 (a constant function). Let
C={ueA:u(t) >0,t€lcd} and X =[0,1].

Let us define a mapping A : X™ — A by
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A(v1, 02, ey Up—1, Up )(t) :((m —v2)? 4+ (v1 —v3)% + oo + (V1 — vy)?
+(vg —v3)% 4+ (v2 —vg)% + ... + (V2 — v,)?
Foot (V2 —Vp1)2 + (V2 — V)% + (Vn_1 — vn)2> 3t
= Z Z(”UZ - ’Uj)23t.
i=1 i<j
Then, (X, A) is a complete CADMS over the Banach algebra A with b =2 and non-normal solid cone C.
We consider a mapping H : X x X — X defined by H(v,d) = 71—"66,

Then,
A(H(7,68), 00, H(y, 6), Hu, 0)) (1) = A(KE .., 52, 459 (8)

2
) utv
:(n—1)(71+0— 1+0> 3t
2
- =D (w w6 v>) 3,

and (A(’y, oy Yy ) + A(S, .y 6,v)> t) = A(v, ..., v, u)(t) + A(J, ..., ,v)(t)

n—1) <(fy —u)?+ (6 — v)2>3t.
We know that (a+b)? < 2(a® +b*)ori(a+b)? < (a? +b?) for all a,b € R. Using this inequality, we have

A(H(% 8), e H (7, 8), H(u, v)) (t) = =D ((7 —u)+ (5 — v)>23t

= & o) ((7 —u)+ (6 — v)> 23t

< =l — w4 0 -0)?)3

=% (A(% Yy ) + A(B, .., 6, v)) (£),Vt € [c,d].

Therefore, we have

ACH(. ). H.0), H(10) < (A0 7,20 + A r80))
for k=2 (a constant function) € C and p(k) = &5 < 5z = &.

Therefore, all the conditions of corollary 3.4 are satisfied and we see that H has a unique CFP (0,0).
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