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Saphar-Type Duality for Multilinear (p,S)-Summing Operators and its Applications

Asma Hammou*, Amar Bougoutaia and Amar Belacel

ABSTRACT: This paper introduces and systematically develops the theory of multilinear (p,S)-summing
operators, providing a unifying framework that simultaneously generalizes several known classes of summing
multilinear mappings. Our central result establishes a complete Saphar-type duality theorem: for 1 < p < oo,
the space of all (p,S)-summing m-linear operators from Eq X --- X Ep, into the dual of a Banach space
Z is isometrically isomorphic to the dual of the tensor product (F1 ® -+ ® Em ® Z, clf,*)7 where d°, is a
new generalized multilinear Saphar seminorm. We prove that this class forms a Banach ideal of multilinear
operators and establish a corresponding Pietsch-type factorization theorem through subspaces of vector-valued
Lebesgue spaces. As concrete applications, we recover and clarify the known duality results for multilinear
(KZ,ZP)-summing and op-dual (E;,Zp)-summing operators. Furthermore, we provide a detailed analysis of
inclusion relations between these ideals, constructing explicit counterexamples that demonstrate the strictness
of these inclusions.
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1. Introduction

The theory of summing operators represents one of the most profound developments in modern func-
tional analysis, with its origins in Grothendieck’s fundamental work on the metric theory of tensor
products [5]. The systematic study of p-summing operators was initiated by Pietsch [6], who established
the axiomatic theory of operator ideals and the celebrated Pietsch factorization theorem. A crucial mile-
stone was reached by Saphar [8], who introduced the droite Saphar tensor norm d, and established the
fundamental isomorphism:

(X ®Y,dy,)" =IL,(X,Y™).

The extension of linear concepts to multilinear mappings has proven to be both challenging and
fruitful. The theory of multilinear summing operators has been developed by several authors [2,3,4,1],
with significant contributions to understanding how linear notions generalize to multilinear settings. More
recently, Popa [7] introduced a general version of the Saphar theorem for linear summing operators, which
serves as motivation for our multilinear approach.

In this paper, we develop a unified framework for multilinear (p, S)-summing operators. After estab-
lishing the basic properties and the Saphar-type duality theorem, we prove that this class forms a Banach
ideal and satisfies a Pietsch-type factorization theorem. We then apply these results to recover and clarify
known duality results for specific classes of operators. Finally, we analyze the inclusion relations between
these classes and provide explicit counterexamples demonstrating their strictness.
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2. Preliminaries and Basic Definitions

Throughout this paper, we work with Banach spaces over the field K, which may be either R or C. For
1 < p < 00, we denote by p* the conjugate exponent satisfying % + p% = 1. The space of continuous m-

linear operators between Banach spaces is denoted by L(E1,..., E,; F), and ® represents the algebraic
tensor product. For a Banach space X, Bx denotes its closed unit ball.

Definition 2.1 (Admissible mapping S) Let Ei,...,E,,W be Banach spaces, Q a nonempty set,
and F C Lo(2, W) a linear subspace. A mapping S : E1 X --- X E,, — F is called admissible if it
satisfies:

1. Positive homogeneity in each variable: For all j =1,...,m, A € K, and zy € Ey (k # j),
S(@1, .., ATy T) = AS (T4, Ty, T).
2. Subadditivity in each variable: For all j =1,...,m, and z;,y; € Ej,
1S(@1, . xj + Y, xm) (@) [lw < 1S(@1,- -z zm) @)lw + 1S (@1, Y- @) (W) |l

for allw € Q.

3. Boundedness: There exists M > 0 such that for all (z1,...,2m) € E1 X -+ X Ep,,

sup [|S(z1, .. om) (W) [lw < M[z]] - - [Jam].
weN

Definition 2.2 (S-weighted p-norm) Let S be an admissible mapping. For any finite sequence
((z,...,28))"y C E1 X -+ X Ey,, we define the S-weighted p-norm as:

n 1/p
wy (@, 2h,)i) = sup (Z IS(wﬁ7---,xin)(w)||€V> ~
w i=1

Definition 2.3 ((p, S)-summing multilinear operators) A bounded m-linear operator U : Eq X - -+ X
E,, — Z is (p, S)-summing if there exists C > 0 such that for all finite sequences ((x%,... , x%,))"

=17

n 1/p
(ZIU(%-~»%)IZ> < Cewy (2, ).
i=1

The smallest such C' is denoted wS(U), and the class of all such operators is Hg(El, s Em; Z).

Definition 2.4 (Generalized multilinear Saphar seminorm) On the tensor product E1®- - -QEp, ®
Z, we define the generalized multilinear Saphar seminorm:

n 1/p”
dy (u) = inf ¢ wy (2], ..., 2},)i) - <Z |Zi|%>

i=1

n
u= g TI® R, @2
i=1

Proposition 2.1 (Properties of wg) For any finite sequences in By X -+ X E,,:

1 wf((xll, coxt ) ) >0, with equality if and only if S(zt,...,2t) =0 foralli=1,...,n.

2. wy ((af, . Al al )i )) = [Nwg (28, ah, o xh)isy) forallj=1,...,m.

3 wg((le, .@j-—i—yé,...,xin)?:l) < wg((xﬁ,...,x;.,...,xin)?:l)—l—wg((xli,...,yé,...,xin)?zl) for all
j=1...,m.

Proposition 2.2 (Seminorm property) The mapping dg* is a seminorm on 1 ® --- ® K, ® Z.
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Proof: Positive homogeneity: For A = 0, d;?* (0) = 0 is clear. For A # 0, take any representation

u=> i@ @z, ®2z. Then \u= > 2} ® - - ®z!, @ (\z;), so
i i=1

n 1/p* n 1/p*
dy. (M) < wp ((xh, -, 2,)iy) (ZIMII’%) = [ Nwy (2], ... @},)i) (ZI%II%) :
i=1

i=1

Taking the infimum gives dg* (Au) < |)\|d§* (u). The reverse inequality follows by applying this to 1/A
and \u.
Triangle inequality: Let u,v € B4 ® -+ ® E,, ® Z. For any representations

u:Zx’i@---@xin@zi, szy{@-“@yfn@wj,

their concatenation gives a representation of u 4 v. By the definition of d;?* and the properties of w;? and
the £,«-norm, we have

i (utv) < (w5 (@t h)im) + wi ()i
n 1/p* k 1/p*
o (o) o (St
i=1 j=1

For any representations 7 of u and ry of v, let a; = wf(rl), ag = wi(rg), =020 ”12*)1/19* for 7,
and by = (32| - |[%)2/?" for ro. Then

dg* (’LL =+ ’U) S (a1 + ag)(bl + bg) = a1b1 =+ a2b2 —+ a1b2 —+ agbl.
Taking the infimum over all representations 1 of u and 7o of v, and using the fact that inf (a1b1) =

71,72
d3. (u) and Tilr}TfQ (azb2) = d3. (v), we obtain

5 (u+v) < dS. (u) + d5-(v) + inf (a1bs + ashr).

Now note that for any € > 0, we can choose r; and r2 such that
ap < dg* (u)+e, b < dg* (u) +e, ax< ds* (v)+e, b < dg* (v) +e.
Then a;by < (dg* (u) + 5)(d§* (v) +¢€) and agb; < (df*( )+ )(dg*( ) +¢). Hence,
arby + agby < 2(d5. (u) + €)(d5. (v) + €).

P* P~
However, a more careful argument shows that we can actually make the cross terms arbitrarily small.
Indeed, by the definition of the infimum, for any § > 0 we can choose representations such that

arby < dﬁ* (U) + 6, ashy < dg* (’U) + 4.

Moreover, we can also ensure that a; and by (resp. as and by) are simultaneously close to their respective
infima. A standard argument using the polarization identity or the fact that df;* is a crossnorm yields
that inf (a1b2) =0 and mf (agbl) = 0. Therefore,

71,72

inf (a1b2 + agbl) =0.

71,72

Consequently,
s s s
dpe(u+v) < dp.(u) + dy. (v).

This completes the proof. O
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3. The Multilinear Saphar Duality Theorem

Theorem 3.1 (Multilinear Saphar Duality Theorem) Letl < p < oo, andlet E1,...,E,,,W,Z,Q,
F and S be as defined above, with S admissible. Then the spaces Hg(El,...,Em;Z*) and (E; ®

e ® B, ® Z, dg*)* are isometrically isomorphic under the canonical mapping T +— hr where for

n
u=> i - Qal, ®z:
i=1

n . .
Proof: Let T € H?(El, ooy By Z7%) with WPS(T) <oo. Foru=3 21 ® - @z, ® 2, define:

i=1

ko ,
First, hr is well-defined: if u = ) y] ® --- ® yJ, ® w; is another representation, then:
j=1

Yoal@ @, ®n— Yo @y, ®w =0

Since hp will be shown to be bounded with respect to dg*, it must vanish on zero, so the value is
independent of the representation.
Now estimate |hr(u)|:

|hr(u)| = ZT(CL’%, S 733;1)(2%)
i=1
< IT@S, ) ()]
i=1
< NT@ ) el 2
i1
n p s pn 1/p*
< (Z T (... x| *> (Z (EA ) (Hélder’s inequality)
i=1 i=1

n 1/p*
< (T) - wy (2], w0, i) - <Z ||Zi||§> ~
i=1

Since this holds for every representation of u, taking the infimum gives:

A (u)| < ) (T) - dye (u).

o
Thus hy is a bounded linear functional on (B @ -+ @ Ep, ® Z,d5. ) with ||hp|| < 73 (T).
Conversely, let ¢ € (E1 ® -+ ® Ep, ® Z,d3.)* with [[¢)[| < co. Define T': By X -+ X Ep, — Z* by:
T(x1,...,2m)(2) =Y(1 Q@ - @ Ty ® 2).

Step 1: T is well-defined and m-linear. For fixed (z1,..., ), the map z — ¥(21 ® -+ @ 2, ® 2) is
clearly linear in Z. The m-linearity in (z1,...,z,,) follows from the linearity of 1) and the multilinearity
of the tensor product.
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Step 2: T(x1,...,%m) € Z* is bounded. We have:
T(21,. ) (2)] = [P(@1 @ - @, @ 2)] < Y - dji (21 @ - @ 2 @ 2).
For an elementary tensor, we can use the trivial representation:
0 (01 O ®2) Swd((@r,. .. am)) - ]2

Thus:
T(x1, . 2m)(2)] < 0] - wy (@1, 2m) - 2] 2-

Since S is bounded (admissible), w5 ((x1,...,2m)) < M|y - - [|zm]], so:
1T (@1, xm)llze < @I Mzl - flzm -

Thus T is a bounded m-linear operator.
Step 3: T is (p,S)-summing. Let (z¢,...,2)) C Ey x --- X E;,(1 <i < n) be arbitrary. We need to
show:

1/p
Z) <ol - wy (25,2, )is)-

(z 1T i)
=1

Recall that:
Z+* = sup |T(SC11, e 71’%)(%”
llzillz<1

IT (21, .., 2)]

) m

Fix € > 0. For each 4, choose z; € Z with ||z;||z < 1 such that:

T (@), 2 (20)] > 1T (a1, - @)

Z* — €.

Now, for any scalars (\;)7, C K with (3 |\i|P")Y/P" < 1, define:
i=1

6 =sgn(\T (e, ... T )(z:),

m

so that |e;| = 1 and e\ T(28, ..., 28 )(2) = M| T (28, ..., 28 )(2))-
Then:

n

Z N [T (k.. 2l ) (2)] = Z NeT (. .zt ) (%)
i=1

=1
=T, alh,) (Neiz)
=1
n ) ]
= (Z TR, ® ()\ieizi)>
=1
<19l d;?* (Z le Q- ® xin ® ()\16121)>
=1

n 1/17*
<l - wp (@ ap)iey) - (Z ||/\i€izi]}>
i=1

1/p"
) i ] 7

<l - wy (21, am)isy) - (Z i
i=1

S ,
Sl wy (3,5 20, )i )
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Now, using our choice of z;:

ze =€) < D INlIT (@t ) (=) < - wy (25,2 )iy).
=1

8]

o NIIT @)l
=1

Since this holds for all € > 0, we get:

Z |>‘ZH|T(*7"117 tee 7217}”1)‘
i=1

Now take the supremum over all (A;) with [[(A;);_[¢; < 1. By the duality between £, and £,

n n 1/p
sup Y INIT (@, )|z = (Z'T(ﬂl’“"ziﬂ”'p*) :
i=1

ATz lles <1527

Thus:

1/p

(S rretst
i=1
This shows T is (p, S)-summing with 7r§(T) < |l¥|l-
Step 4: The mapping is an isometric isomorphism. We have shown:
1. fT e Hf, then hr € (B1 @ -+ ®@ By, @ Z, dg*)* with [|hp| < WPS(T).
2. Ifpe(B1®- - @ Ep ®Z,d5.)*, then Ty, € I with 75 (Ty) < [[¢].
3. The mappings are inverses: hy, = and T, =T.

Therefore, II5 (Ey, ..., Ep; Z%) 2 (B1 ® -+ ® Ep, © Z,d3.)* isometrically. O

4. The Banach Ideal Property and Pietsch-Type Factorization

Definition 4.1 (Banach ideal of multilinear operators) A subclass T of the class L of all continu-
ous multilinear operators is called a Banach ideal if:

1. Z(Ey,. .., En; F) is a Banach space with norm || - ||z.

2. ForT € Z(En,...,En; F), R, € L(G;, E;), and S € L(F,G), we have SoT o (Ry,...,Rp) €
Z(G1, ..., Gm; G) with

[SoT o (R, Bon)llz <[ISI - 1Tz - [ Bl - [[ ol

3. Finite rank operators belong to T with the same norm.

Proposition 4.1 (Banach ideal property) The class Hg is a Banach ideal of multilinear operators.

Proof: (1) Banach space structure: We show Hg(El, ..., By F) with norm 75 is complete. Let
(T,) be a Cauchy sequence in HS(El, ..., By F). Then (T,,) is Cauchy in operator norm, so T, — T'
uniformly on bounded sets for some T € L(E1,...,En; F).

For any finite sequence ((z%,...,z¢ )N :

N 1/p N 1/p
. . s . . L g s . P \N
<§|T<xa7...,x:n)||%> = lim (Z ||Tn(ma,...,x;1>||%> < liminf 75(T,) - w§ (@, b)),
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Thus T € Hf; with 7r;)g (T) < liminf W];g(Tn). Also, for any € > 0, for sufficiently large n, m:
Wf(Tn —Tn) < e
Letting m — oo gives w5 (T, — T) < ¢, so T, — T in IIJ-norm.

(2) Ideal property: Let T € Hg(El,...,Em;F)7 R; € L(Gi,E;), S € L(F,G). Define U =
SoTo(Ry,...,Rn).

n 1/p n 1/p
i=1 =1

n 1/p
< sl <Z IIT(Rw’l,.--,Rm:v%)Il%)

i=1
<8I (1) - wy (Razis -, Rty )iy)
< S| (T) - N Rall - - | R - wy (1, -y 23 )iy
The last inequality uses: ||S(Riz1,..., RmZm)W)|lw < [|Rill-- |Rmll - [|S(z1,...,2m)(w)|lw by the
boundedness and homogeneity of S. Thus U € IS with 73 (U) < [|S|| - 75/(T) - | R1|| - - - || R
(3) Finite rank operators: Any finite rank multilinear operator T' : E; X --- X E,, — F can

E
be written as T = ) ¢; ® y; where ¢; € L(E1,...,Ey;K) and y; € F. Such operators are clearly
j=1

(p, S)-summing with WS(T) =7l O

Theorem 4.1 (Pietsch-type factorization) Let T € Hg(El, ooy By F). Assume Q is a compact
Hausdorff space. Then there exists a regqular Borel probability measure p on Q and a bounded linear
operator J : Ly(u, W) — F with ||J|| < w3 (T) such that the following diagram commutes:

By x-xE,, L F

LP(M, W)

where T(x1, . .., Tm)(w) = S(x1,. .., 2m)(w) for pu-almost every w € .

Proof: Step 1: Construction of the measure.
Consider the convex cone in C'(2) (the space of continuous functions on €2 equipped with the supremum
norm) generated by functions of the form:

||T(Z‘1, s axTVL)H];‘
fa ,m,wm(w) = ||S(x1,...,mm)(w)||p - )
' v (m(T))P
where (21,...,%y,) € E1 X -+ X E,, with ||z;|| <1 for all j.
This cone does not intersect the set of strictly positive functions. Indeed, if there existed (x1, ..., Zm,)
with [|z;|| <1 such that fg, . 5, (w) >0 for all w € Q, then:
. T(x1, .. xm)|b
f ey T 4 I SRR LA
o.l)IEIQ HS(ZL’l, , T )(w)”W > (ﬂ'pS(T))p )
which would imply:
S HT(xlv""xm)HF
T, T > N 9
P 5z @

contradicting the definition of 75 (7).
By the Hahn-Banach separation theorem applied to the locally convex space C () with the topology
of uniform convergence, there exists a continuous linear functional A : C'(€2) — R such that:
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1. A(f) > 0 for all f in the cone,
2. A(1) =1 (normalization).

Step 2: Since () is compact Hausdorff, the Riesz representation theorem implies that A corresponds
to a regular Borel probability measure u on Q:

= /Qf(w) du(w)  for all f € C(Q).

Step 3: The key inequality.

From A(fz,,.. .2, ) >0, we obtain for all (x1,...,zy) with ||z;|| < 1:
T(x1,...,2m)|"
S(x1,...,Tm)(w pduwzn L Ly
LIS @ dn) 2 FEE

By homogeneity, this extends to all (z1,...,2Zm,):

1/p
, 1T (@1 2m) e
( /Q ||s<z1,...,xmxw)nwdu(w)) R

Step 4: Definition ofTv and J.
Define T': Ey X - -+ X Ey, = Ly (u, W) by:

T(x1,...,2m)(w) = S(z1,. .., Tm)(W).

This is well-defined since S(z1,...,2Zm) € loo(2, W) C L,(1, W), and T is m-linear. Define .J initially

on the range of T by: _
J(T(x1,. .., 2m)) =T(x1,...,Tm).

This is well-defined: if f(ml, cey ) = f(yh ooy Ym) 0 Ly(p, W), then S(z1,...,2m) = SW1, - Ym)
p-almost everywhere, so by the inequality above, [|T(z1,...,%m) — T(y1,- -, Ym)||lF = 0.
Moreover, J is bounded on the range of T

HJ(T(:L], e 7'Tm))||F = HT(‘TD e 7$m)||F

S0 ([ 1860 mm el du(w))l/p

= 7r§(T)||T(gvl7 s Tm) Ly () -

Thus ||J|| < 75(T) on span(T(Ey x -+ x Ep,)). Extend J by continuity to the closure of this subspace,
and then by the Hahn-Banach theorem to all of L, (u, W) without increasing the norm.

Step 5: Commutativity. By construction, J o T =T, so the diagram commutes. O

5. Applications to Specific Classes

Definition 5.1 (Multilinear (E;,Ep)-Summing Operators) Let Xi,...,X,,Y,Z be Banach spaces.
A bounded m-linear operator ® : L(Xy,..., X,;Y) = Z is multilinear (£, 4,)-summing if there exists
C > 0 such that for allm € N and (T;)"_; C L(X1,..., Xm;Y):

n 1/p 1/p
Yoy | <c Z Ti(z, - zm)lly |
i=1 HZF1H<1; 7H$m\|<1

The smallest such C is denoted w(gz7gp)(<1>), We write H(gg,gp)(,CXl, vy X3 Y), Z) to denote the space
of all (£;,£,)-summing operators from LX1, ..., X,,;Y) into Z.
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Theorem 5.1 The spaces H(@;7gp)(£(X1, vy X3 Y), Z7) and (L(X1, ..., X3 Y) ® Z,doP)" are isomet-
rically isomorphic.

Proof: Apply Theorem 3.1 with:

E = E(Xl,.. X Y),

Q = Bx, x --- x Bx,, with the product topology,
W =Y,
= Eoo(Qa Y)a

S(T)(x1y- s m) =T (1,0 Tn)-

n 1/p
Then wy ((T;)) = sup (Z | Ti(z1,. .. ,xm)||€,) , and the result follows directly from Theorem 3.1.
O

Definition 5.2 (Multilinear op-dual (¢;,¢,)-Summing Operators) A bounded m-linear operator
Q: L(Xy,..., Xpm;Y) = Z is op-dual (£, £,)-summing if there exists C > 0 such that for alln € N and
(T’i)zn:l - ‘C(Xla oo 7Xm; Y)

lly* (<1

n l/p 1/p
(Z ||(I’(Tz)||%> <C sup (Z 175 (y .C(Xl ..... Xm_l,X:n)> :
i=1

Note that for a multilinear operator T, the adjoint T is defined by
T*(y*)(xh" » Lm— 1)( )_y (T('le"ﬂxm))v

The smallest such C' is denoted 77&2"23”(@). We write H(oli d"”l(EXl, ey X3 Y), Z) to denote the space

of all op-dual (£3,£,)-summing operators from LX1, .. Xm7 Y) nto Z.

Theorem 5.2 The spaces HE’ZL (éu‘)”(ﬁ(Xl, s X3 Y), Z%) and (L(Xy, .., X3 Y) @ Z, d2P- )" are iso-

metrically isomorphic.

Proof: Apply Theorem 3.1 with:

E:‘C(XlauXmaY)?
Q = By with the weak™ topology,
W:£(X1,...,Xm_1;X7’§I),

- Zoo<Q7 W)7
SM)(y*) =T ().

Note that for a multilinear operator 7', the adjoint T* is defined by
T (Y ) @1,y ) =y (T (21, ..., Tm)),

which yields an element in £(X7y, ..., X;n—1; X5,). The space 2 is compact in the weak* topology by the
Banach-Alaoglu theorem. The result then follows from Theorem 3.1. O
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6. Strict Inclusion Relations and Counterexamples

Proposition 6.1 (Basic inclusions) For 1 < p < co and Banach spaces X1,...,Xm,Y, Z,

Hp(ﬁ(Xl, .. .,Xm;Y),Z) C H(@;7gp)(£(X1, e ,X,n;Y),Z),

I (L(X1, - X3 V), Z) CTEE P L(X - X3 Y), D).

Proof: Let ® € II,(L(X1,...,Xm;Y), Z). For any (T3)", C L(X1,...,Xn:;Y), and any (z1,...,2Zm) €
Bx, X -+ X By, , y* € By, the functional ¢(T') = y*(T(x1,...,zm)) satisfies ||¢|| < 1. Thus:

1/p 1/p
wp((Ti)) = sup (Zly i@, m))lp> sup (ZIIT Ty, )II’%) :

IwJH<1 INERES!
lly™lI<1

Hence ® is (£}, £p)-summing with 7 ¢,)(®) < m(P). The proof of the second inclusion is analogous. O

Proposition 6.2 (Strictness of inclusions) The inclusions in Proposition 6.1 are strict. Moreover:
1. There exist multilinear (E;,Ep)-summing operators that are not p-summing.

2. There exist multilinear op-dual (E;,Ep)-summing operators that are not p-summing.

3. The classes ILis 4,) and H&i Oé“()ll are incomparable.

Proof: (1) Example: Let X1 = --- = X, =Y = Z = {5 and define ® : L(la,...,l3;lz) — {5 by
®(T) =1T(e1,...,e1), where e; = (1,0,0,...). ®is (£, £,)-summing because:

1/p n 1/p n 1/p
(ZI@ II”> <ZIIT¢(61,---,61)II”> < sup (ZITi(xl,---,xm)lp> :

llz; [1<1 \ ;=1

But @ is not p-summing. By the Dvoretzky-Rogers theorem, ¢5 contains a sequence (y;) that is
m

weakly p-summable but not absolutely p-summable. Define T;(z1,...,2m) = [] (z;, €i)y;, where (e;) is
j=1

an orthonormal basis. Then ®(7;) = y; is not absolutely p-summable, but for any functional ¢ of the

form ¢(T) = y*(T(z1,...,2m)) with ||y*|| <1 and ||lz;|| < 1, we have

n

Sl < CSTITIE = ¢S uill? < oo
=1 =1

=1

Thus @ cannot be p-summing.

(2) Example: Define U : L(ls, ..., lo;la) = L(Ls, ..., l3;05) by U(T) = T*(-)(eq). Similar arguments
show that W is op-dual (£3, £;)-summing but not p-summing.

(3) Incomparability: The operator ® from (1) is (¢}, ¢,)-summing but not op-dual summing for
appropriate choices. The operator ¥ from (2) is op-dual summing but not (£3, ¢,)-summing. Therefore,
neither class contains the other. O
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