Bol. Soc. Paran. Mat. (3s.) v. 2026 (44) 10 : 1-9.
©SPM - E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm do0i:10.5269/bspm.81991

Some Coupled Fixed Point Results Under Contraction Conditions using Linear and
Rational Expression in Dislocated Quasi b-Metric Space
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ABSTRACT: This research paper aims to investigate a few coupled fixed point results in dislocated quasi
b-metric spaces. We have established a coupled fixed point theorem for maps satisfying contraction condition
using linear and rational expression in dislocated quasi b-metric space. To support our stated theorem and
its corollaries, we have included an example.
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1. Introduction

One of the main topics of nonlinear functional analysis is fixed point theory, which has some interesting
implications to other areas of mathematics for demonstrating the existence and uniqueness of fixed points.
One of the most crucial and powerful result in this field is Banach contraction principle which was
established by S. Banach in 1922 [2]. Several routes have been explored for its generalization, such as,
by utilizing various contraction conditions and relaxing abstract space requirements.

The concept of b-metric originated from the works of Bakhtin [4] and Bourbaki [3]. Later Czerwik [6]
precisely defined b-metric space by providing an axiom that was weaker than the triangular inequality and
extended the findings in b-metric space. Following Czerwik, numerous studies that included fixed point
results in b-metric space were conducted. In 2016, Rahman and Sarwar [11] introduced the concept of
dislocated quasi b-metric space as a generalization of b-metric space and established Banach’s contraction
principle and other well known fixed point theorems. In 1987, Guo and Lakshmikantham [7] first described
the concept of coupled fixed point for partially ordered set. Later in 2006, Bhaskar and Lakshmikantham
[5] established the existence and uniqueness of a coupled fixed point theorem in partially ordered metric
space. Since then, several authors have proved coupled fixed point theorems in different generalized
metric space ( see [1,8,10,12,15]).

In the current research paper, we establish a coupled fixed point theorem for maps satisfying contraction
condition using linear and rational expression and we prove the existence and uniqueness of a coupled
fixed point in the context of dislocated quasi b-metric space.

2. Preliminaries

This section aims to provide an overview of the fundamental ideas and terminology utilised in this
research study, which will facilitate comprehension of the following section. It includes example along
with the definitions.
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Definition 2.1 (Bakhtin [4], Czrerwik [6]) Given that s > 1 is a real number and K is a nonempty set.
Let £: K x K — [0,00) be a function that meets the conditions listed below for all u,v,w € K :

A b-metric on K is one where ¢ satisfies the conditions from ¢(1) to £(4). It is referred to as a quasi
b-metric on K if it meets the conditions £(1),4(2) and £(4). ¢ is referred to as a dislocated b-metric on
K if it satisfies conditions £(2) to ¢(4) and ¢ is referred to as a dislocated quasi b-metric or in short(¢,
b-metric) on K if it satisfies conditions £(2) and ¢(4) and this notion was introduced by Rahman and
Sarwar [11].

Remark 2.1

1. The definition of dislocated quasi b-metric space and the idea of dislocated quasi metric space
are equivalent if s = 1. Every dislocated quasi metric is dislocated quasi b-metric, while the
converse is false.

2. Every quasi b-metric is a dislocated quasi b-metric, while the converse is false.
Example 2.1 ([9]) Let £ = R. Define £: K x K — [0,00) as follows:
L(u,v) = |u —v|* + 3Ju| + 2Jv| for allu,v € K.

Then (K, ¢) is a dislocated quasi b-metric space with the coefficient s = 2. (K, ¢) is not a b-metric space
as £(0,1) # £(1,0). It is obvious that (I, ¢) is not a dislocated quasi metric space.

Example 2.2 ([11]) Let £ = R. Define £ : K x K — [0, 00) as follows:

O(u,v) = |2u — v]? + |2u + v|* for allu,v € K.
Then (I, ¢) is a dislocated quasi b-metric space with the coefficient s = 2.
Definition 2.2 ([11]) Let {u;} be a sequence in ¢, b-metric space (K, ¢) then

1. {u;} is known as convergent to u € K if lim;_, 4o €(uj, u) = 0 = lim;_, o £(u, u;).
In this case u is called a £, b-limit of {u;} and is written as lim; 4o uj; = u or u; — w.

2. {u;} is known as Cauchy sequence in (K, ) if for given e > 0, there exists ny € N such that for all
i,7 > no, £(ui,u;) < eorl(uj,u;) < e that is, lim; jy oo £(us, uj) = 0 = limy js400 (uj, u;).

3. A ¢, b-metric space (K, ) is called complete if every Cauchy sequence of points in K converges to
a point in K.
Lemma 2.1 (/11]) Limit of convergent sequence in £, b-metric space is unique.

Definition 2.3 (/2]) Let (K, ¢) be a complete metric space. Then S : K — K is called a contraction
mapping if there exists a constant « € [0,1) such that

£(Su, Sv) < al(u,v) for allu,v € K.
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Definition 2.4 Let S : £ — K be a self map, where K is a nonempty set. We say that u is a fixed point
of S if Su = w.

Theorem 2.1 ([11]) Let (K,¥) be a complete dislocated quasi b-metric space with constant s > 1. Let
S : K — K be a continuous contraction with contraction constant o € [0,1) such that 0 < sa < 1, then
S has a unique fixed point.

Definition 2.5 (/5]) An element (u,v) € K x K is called a coupled fixed point of the mapping S :
KxK—Kif S(u,v) =uand S(v,u) =v.

3. Main Results

Theorem 3.1 Let (K,¢) be a complete dislocated quasi b-metric space with coefficient s > 1. Let
S : K x K — K be a continuous mapping satisfying the following condition:

£(S(u,v),S(p,q)) < mll(u,p) + €(v,q)] + n2[l(u, S(u,v)) + £(p, S(p,q))]
p?

v,
+ 2[00, S(p. 9)) + £p, S(u,v))] 51)
«

na [ L(u,p)l(u, S(p,q)) ]+175 [ﬁ(u,S(p,Q))é(pys(p,Q))
s [(u,p) +lp,S(p, @) ] s | Lu,p)+Ep,S(p.q))

for all w,v,p,q € K and 11, 12,13, 74,75 are non-negative constants with 2sm; + (s + 1)n2 + (2s + 2)ns +
2sn4 + 2n5 < 1. Then S has a unique coupled fixed point in K x K.

Proof: Let ug and vy be arbitrary elements in K, let us define the iterative sequences {u,} and {v,} in
K as follows:

Upt1 = S(Un,v,) and v, 41 = S (v, uy) for n € N.

Consider

g(una un+1) - g(s(unfla 'Unfl)a S(unv Un))

From (3.1) we have

E(unaun+l) < m [g(un—lfun) + g(vn—lavn)} + 772[ (un 1, (un—lavn—l) + E(una S(unavn)}
+ L[ttt S (un, v0)) + Ut S(tn—1,v0-1))]

N4 f(un1,un)£(un175(un,vn))} L ! [K(un 15 S (s U ) (Uryy S (i, v3))

s ) + L, S (s o) Ctm—1 i) + (i, S (wns o)

Using the definition of the sequences {u,} and {v,} we have

E(’U'na un+1) < m [Z(unfh Un) + Z('Unfly Un)] + 772[6(”71717 un) + g(un; un+1]
bty ) + L )]

4 é(un—17un)€(un—lvun+l):| M5 |: E(un—la un+1)£(unaun+l)
S E(unflaun) +£(un7un+1) S é(unflaun) +€(unaun+1))
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Simplifying we get

g(una un+1) S nl[g(unflvun) + g(vnflavn)] + 772[6('“471717“71) + e(unuunJrl]
+ TL; [$[(wn—1,tn) + €(tUn, Unt1)] + SE(Un, Unt1) + (Un—1,Up)]]
14 |:€(un17un>[£(unlaun) +£(unaun+l)):|
+ —s
s C(un—1,un) + (Un, Upy1)
+ @s {[ﬁ(unl, up) + g(unvunJrl)]g(umunJrl)}
s L(Up—1,Un) + (U, Unt1))
S mU(un—1,Un) + L(Vn—1,vn)] + 02 [0(tUn—1,Un) + £(Un, Uni1)]
+ n3[2€(un—laun) + QE(Unaun+1)} + n4€(un—laun) + 775€(un7un+1)

Simplification gives

Uit
1 —(n2 + 203+ s

(i, 1) < m+n2+2n3+m

= (un,,un +
1—(n2+2n3+1ns) (tn=1, )

)K(vn,l,vn)

Similarly we can show that

m+n2+2n3+m

m
< L(vp—1,vn) + C(up_1,un
1—(n2+2n3+775)( 1) (tn—1, 0n)

1—(n2+ 203 +n5)

g(’l)n, UnJrl)

Adding (3) and (3.3) we get

211 +n2 + 213 +
[(tn, tpg1) + (Vn, Vpyr)] < T T2 7 213 T 14

Utp—1,Un) + €(Vp—1,Vn
STl 2 ) ) )

_ 2mi+4me+2n3+na
Let ¢ = 1—(n2+2n3+ns5)

Then s¢ < 1, since 2sm1 + (s + 1)n2 + (25 + 2)n3 + sna + 215 < 1.

Therefore,
[z(una un-i—l) + E('Una Un+1)] < C[é(un—la un) + é(vn—la Un)]

Also
[E(’U/n, un+1) + E(Una Un+1)] S <-2 M(’U'nf% unfl) + g(vnf% ’Unfl)]

Proceeding like this, we get
Brt1 = [U(tn, uny1) + €(vn, Vng1] < C[(ug, ur) + €(vo, v1)] = ("B

Using the b-triangular inequality we have

s(¢

s(¢

2

5 (U(tnt2, tm) +(vn12,vm))

E(uru um) + é(’l}n, vm) Un, un+1) + E(un+17 um) + E(’Una Un+1) + E(“n«kly /Um))

<
< 5(0(un, Uns1) + €V, Vng1)) + 82 (g1, Ung2) + L(Ung1, Vng))

(
(

_|_

< $Bn+1 + 326n+2 4+ ... F+s"T"8
S (SCn + SQCn-&-l 4 Sm—ncm—l)ﬁl
=sC"(L+sC+ .. 4+ (sO™ "B

<s¢" B

1
1—sC
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Since ¢ < 1, we get limu, m—oo0[{(tUn, Um) + £(Vn, V)] =0
= limy, m—o0 £(Un, Um) = 0 and limy, ;00 £(Vn, V) = 0.
Similarly we can show that lim,, ,—c0 £(Um,un) = 0 and limy, m—eo £(Vm,v,) = 0. Thus {u,} and

{v,} are Cauchy sequences in complete dislocated quasi b-metric space K. So there exist a,b € K such
that lim,yco 4y, = @ and lim,—ocv, = b. Since S is continuous and S(uy, v,) = Upy1, we have

ltmp o0 S(una 'Un) = limn%oounJrl

S(lzmn—>oouna lzmn—)oovn) = limn—)oo“n—}-l

= S(a,b) =a

Also as S(vn,un) = vpy1, we can show that ¢(b,a) = b. Thus (a,b) € K x K is the coupled fixed point of
S in K.

Uniqueness: Let (a,b) and (a1,b1) be two distinct coupled fixed points of S in £ x K. From (3.1)
we have

l(a,a) = {(S(a,b), S(a,b))
< mll(a,a) + £(b,b)] + n2[l(a, S(a,b)) + £(a, S(a,b))]

% (0(a, 5(a,5)) + (o, S(a, D) + 2 [e(é() K(Z;Séa@b)gn}

15 [£(a, S(a,b))l(a, S(a,b))
+ { ((a a) + £(a, S(a,b)) ]
73

=m[l(a,a)+ £(b,b)] + n2[l(a,a) + £(a,a)] + ?[E(a, a) + 4(a,a))
ng | f(a,a)l(a,a) ns [ f(a,a)l(a,a)
[ﬁ >] T [6 ]

_’_7

s | 4(a,a) + L(a,a (a,a) + l(a,a)
<mll(a,a) + £(b,b)] + 2n2f(a,a) + 2173 la,a)+ %ﬁ(a,a) Zsf(a a)
< mll(a,a) +£(b,b)] + 2n2{(a,a) + (2773 + 11 +15)[¢(a, a) + £(b, )]

l(a,a) < (m + 2n3 4+ na + n5)[l(a, a) + £(b, b)] + 2n2€(a, a) (3.4)
Similarly we can show that
£(b,b) < (1 +2n3 + ma +15)[€(a, @) + £(b,b)] + 22£(b, b) (3.5)
Adding (3.4) and (3.5) we have
[(a,a) +£(b,0)] < (2m1 + 4n3 + 214 + 215 + 2n2) [((a, a) + £(b, b)]
Since 2m; + 4n3 + 214 + 215 + 212 < 1, so above inequality is possible only if [£(a, a) + £(b,b)] = 0 implies
la,a) =L(b,b) =0 (3.6)

Following similar steps we get
((al,al) = g(bl, bl) =0 (37)
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Now consider

E(a,al) = K(S(a,b),S(al,bl))
< mll(a,ar) + £(b,b1)] + n2[¢(a, S(a,b)) + £(a1,S(a1, b1)]
l(a,a1)l(a,S(a1,b1)) }
a,a1) + £(a1,S(a1,b1))

+ %[ﬁ(a, S(ar,b1)) + £(ay, S(a, b))] + %4 L(
@ [((a,S(al,bl))ﬁ(al,S(al,bl))}
s l(a,a1) + €(ar,S(a1,b1))
=mll(a,a1) + £(b,b1)] + n2[l(a,a) + (a1, a1)]

73 etag [ £(a,a1)l(a,ar)
+ - [la, a1) + Har, a)] + — {f(a,a1)+€(a1,a1)}

e el

Using (3.6) and (3.7) we have
La,a1) <mllla,ar) +£(b,b1)] + Z—S[E(a,al) +{(ay,a)] + %E(a, ap)
< mfa, ) + €6, b))+ 2 [s(E(a,a0) + Uar, @) + £(5,51))]

+ %[s(é(a, ai) + £(b,b1))]

(L= (m +ns +n4))n(a, a1) < nsl(ar, a) + (n1 +n3 + na)€(b, b1) (3.8)
On similar steps we can get
(L= (m + 3 +n4a))l(b, b1) < m3l(b1,b) + (m + 13 + na)l(a, a1) (3.9)
Adding (3.8) and (3.9) and then simplifying we get
[£(a,ar) +£(b, b1)] < E[E(ar, a) + €(b1, D)] (3.10)
where £ = m
Similarly we can get
[l(ar,a) + £(b1,b)] < &[l(a,ar) + £(b, b)) (3.11)

Adding (3.10) and (3.11), we get

[l(a,a1) + £(b,b1) + l(a1,a) + £(b1,b)] < E[l(a,ar) + £(b,by) + £(a1,a) + £(by,b)]

Since £ < 1 so the above inequality holds only if

[f(a, (11) + g(b, bl) + K(al, a) + f(bl, b)] =0

which implies that ¢(a,a1) = 0,4(b,b1) = 0,4(a1,a) = 0 and £(by,b) = 0.
It follows that a = a; and b = by that is, (a,b) = (a1, b;) which contradicts our assumption.
Therefore, (a,b) is a unique coupled fixed point of S in K x K. O
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Corollary 3.1 Let (K, ) be a complete dislocated quasi metric space and S : Kx K — K be a continuous
mapping satisfying the following condition:

S (u,0), S(p,0)) < mlECu,p) + £v,0)) + 1[0, S(a,0)) + £, S0, )]
S lf( (0. 0) + G, S, 0)] + 0 | ot B 1)

£(u,p) +L(p, S(p,q))
n f(u,S(p,q))ﬁ(p,S(nq))]
£(u,p) +€(p, S(p, q))

for all u,v,p,q € K and 11,12, 73,14, 15 are non-negative constants with 2n; + 21 + 4ns + 2n4 + 275 < 1.
Then S has a unique coupled fixed point in K x K.

Proof: Let s =1 in Theorem 3.1, we get corollary 3.1. Thus our established theorem is a generalization
of corollary 3.1. O

Corollary 3.2 Let (K,¢) be a complete dislocated quasi b-metric space with coefficient s > 1. S :
K x K — K be a continuous mapping satisfying the following contraction condition:

£(S(u,v),S(p,q)) < mll(u,p) + £(v,q)] + n2[f(u, S(u,v)) + £(p, S(p, q))]

UEI w1 [ A p)l(u, S(p,q))
+ (6w, S(p, q)) + £p, S(u, )] + wp) + €0, S0, q))

for all u, v, p, ¢ € K and 1,12, 13, 74 are non-negative constants with 2sn;+(s+1)n2+(2s+2)n3+2sn4 < 1.
Then S has a unique coupled fixed point in K x K.

Corollary 3.3 Let (K,¢) be a complete dislocated quasi b-metric space with coefficient s > 1. S :
K x K — K be a continuous mapping satisfying the following contraction condition:

(S(u,0),5(p. ) < ml6u,p) + £(v,0)] + e[, S(u,v)) + E(p, S(p. )
+ 21w, S(p.0)) + €. S(u.v))]

for all u, v, p,q € K and 11,72, 73 are non-negative constants with 2sn; 4+ (s+ 1)n2 + (25 +2)n3 < 1. Then
S has a unique coupled fixed point in K x K.

Corollary 3.4 Let (K,¢) be a complete dislocated quasi b-metric space with coefficient s > 1. S :
K x K — K be a continuous mapping satisfying the following contraction condition:

£(S(u,v), S(p,q)) < mll(u,p) + £(v,q)] + n2[l(u, S(u,v)) + £(p, S(p, q))]

for all u,v, p,q € K and 1y, 12 are non-negative constants with 2sn; + (s+1)n2 < 1. Then S has a unique
coupled fixed point in K x K.

Example 3.1 Let K = [0,1]. Define £: K x K — [0, 00) by ¢(u,v) = |u—v|? + |u for all u,v € K. Then
(K, ¢) is a complete dislocated quasi b-metric space with the coefficient s = 2. Since £(1,1) # 0, hence
(K, ¢) is not a quasi b-metric space. Also it is not a dislocated b-metric space since #(1,2) # £(2,1).
Define a continuous mapping S : K x K — K by

1
S(u,v) = guv
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for all u,u € K.
Since |uv — pq|? < |u —p|? + |v — q|2, |uv| < |u| + |v| holds for all u,v,p,q € K. Then

1 1

£(S(u,v), S(p, Q)) = E(guu, qu)

L 2+ Ll
—|uv — —|uv
36 pa T g

1
< gglle = pI” + 1o = g’ + llul + o]

L

36
1

< Zllu— P+ ful + o — gl + ]

= Sl p) +U(0,0)

So for n; = % and 1y = 13 = 14 = 15 = 0 all the conditions of Theorem 3.1 are satisfied and (0,0) € K x K
is the unique coupled fixed point of S in K x K.

4. Conclusions

We can show that the analogous findings in the setting of dislocated quasi metric space may be
inferred from our results by assuming s = 1. Any interested researcher can conduct their thesis work
on this subject by looking for the presence and uniqueness of fixed points for maps meeting various
contraction conditions in dislocated quasi extended b-metric space or any other generalisation of metric
space.
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