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Creating a Mathematical Model to Predict Concrete’s Compressive Strength and
Applying Data-Driven Inverse Techniques

Ibrahim Namiq Faiaq, Shilan Othman Hussein and Taysir Emhemed Dyhoum

ABSTRACT: This study introduces a mathematical model for predicting concrete compressive strength and
employs data-driven inverse techniques. Six models are tested: Linear Regression, Pure Quadratic, Interaction,
Full Quadratic, Artificial Neural Network (ANN), and Adaptive Neuro-Fuzzy Inference System (ANFIS).
To evaluate inverse sensitivity, noise is introduced into the ANN models to assess how small errors in the
data affect the results for concrete compressive strength. Tikhonov regularization is applied to mitigate
these errors, ensuring reliable outcomes. The dependent variable, compressive strength (CS), is categorized
into low-strength, normal-strength, and high-strength concrete, with values ranging from 7.98 to 92.93 MPa.
Independent variables include coarse aggregate (CA), sand (S), cement (C), fly ash (FA), cement replacement
(CR), water-to-binder ratio (w/b), calcium oxide ratio (CaO), silicon dioxide (SiO2), and curing time (t).
Model performance is evaluated using multiple metrics, including the correlation coefficient (R?), objective
function (OBJ), scatter index (SI), mean absolute error (MAE), and root mean squared error (RMSE). The
results indicate that ANFIS outperforms the other models in both accuracy and efficiency, establishing it as
the most reliable approach for predicting concrete compressive strength.

Keywords: Mathematical modeling, concrete compressive strength, statistical metrics, inverse tech-
niques, regularization method.
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1. Introduction

Compressive strength is a crucial property of concrete and is vital for structural design and safety.
Since concrete is a heterogeneous mixture of cement, aggregates, water, and admixtures, its strength
can vary significantly. The physical, chemical, and mechanical properties of these components, along
with their ratios, greatly influence concrete’s ability to withstand compressive forces [19,2]. Compressive
strength is usually measured in laboratory tests using crushed concrete cubes or standard-sized cylinders
[17]. Although this method is accepted worldwide, it can be expensive and time-consuming due to the
use of costly materials and lengthy procedures. This research explores various modeling techniques,
including linear regression, pure quadratic, interaction, and full quadratic models, as well as artificial
neural networks (ANN) and adaptive neuro-fuzzy inference systems (ANFIS), to forecast the compressive
strength. These models have also seen extensive use in the literature [13,16,6,7,5,23,22] across different
datasets. For comparison, another study [14] trained and tested an ANN model on 236 datasets and
achieved the highest accuracy and reliability among the evaluated models. A sensitivity analysis indicated
that curing time is the most critical factor in predicting concrete’s compressive strength. Furthermore, a
separate study [18] employed 450 datasets for model development.

This study gathered 477 data points on compressive strength from existing research. The analyzed
concrete mixes included fly ash (FA) at 71-316 kg/m?, calcium oxide (CaO) at 0.31-32%, and silica (SiOz)
at 30.5-62.54%. Cement (C) content ranged from 67 to 356 kg/m?, with cement replacement (CR) varying
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between 18% and 100%. Coarse aggregate (CA) was present in amounts of 801 to 1246 kg/m3, while fine
aggregate (S) ranged from 522 to 905 kg/m®. The water-to-binder ratio (w/b) spanned 0.28 to 0.60, and
curing periods ranged from 3 to 365 days. The resulting compressive strengths (CS) varied from 7.98
to 92.93 MPa. To evaluate model reliability, compressive strength data are categorized into 5-34 MPa,
35-64 MPa, and 65-95 MPa groups, and the best-performing model is selected for each category. The
research examines various models that predict compressive strength through different approaches and
explores the effect of changing calcium oxide (CaO) and silicon dioxide (SiOz) ratios on the strength of
fly ash-enhanced cement concrete. Additionally, model reliability and accuracy are assessed using several
statistical metrics, including the correlation coefficient (R?), objective function (OBJ), scatter index (SI),
mean absolute error (MAE), and root mean squared error (RMSE).

Section 4 uses inverse problem methods to analyze how small errors impact the dataset. These errors
can be minimized using the Tikhonov regularization method; more details can be found in [20,9,8,12,11,
10]. The paper is structured as follows: Section 2 introduces the mathematical formulation, Section 3
discusses the results, and Section 5 presents the conclusions.

2. Mathematical Formulation

This study aims to develop models for estimating the compressive strength of concrete. In mathemat-
ical modeling, it is essential to define input variables x and an output variable y. This research considers
nine input variables {x;, X2, X3, ..., X9 }, each with 477 observations collected from existing literature. In
engineering contexts, these nine variables represent coarse aggregate (CA), sand (S), cement content (C),
fly ash content (FA), cement replacement (CR), water-to-binder ratio (w/b), calcium oxide (CaQ), silicon
dioxide (SiO2), and curing time (t). These variables are treated as independent variables. The output
variable y corresponds to the compressive strength of concrete.

The models [14,16,6,7,5,23,22,1,21,24,3,15,4] and their formulations used in this study are listed be-
low, along with a flowchart explaining their operation. The dependent variable is y = [y1,¥2, .-, ¥n]”,
and the independent variables are x; = [x1;, T2;, ..., Tni] T, i = 1,9 and n = 477:

Linear Regression Model (LR):

9
y =08+ Bixi. (2.1)

i=1

such that the intercept is represented by [y, while the coefficients for the variables x; to xg are repre-
sented by (1 to B9, respectively.

Pure Quadratic Model (PQ):

9 9
Y =080+ Bixi+ Y Biroxi, (2.2)

i=1 i=1

where [y is the constant term, and Z?:l Bixi, Z?:l Bng? represent the linear and quadratic terms,
respectively.

Interaction Regression (IN):

9
y =205+ Z Bixi + Z BijXiX;. (2.3)
i=1

1<i<j<9

Bo stands for the intercept term, Z?:l Bix; for the linear terms, and Zl§i<j§9 Bijx;x; for the interaction
(product) terms.
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Full Quadratic Model (FQ):

9 9
y=Bo+ Y Bxi+ >, Buxix;j+ Y Biux;, (2.4)
i=1 1

1<i<j<9 i=

. . 9 .
where Sy indicates the constant term; > _, f;x; stands for the linear terms; Zl<i<j<9 Bijx;x; shows

the interaction terms; and Z?:l Biix? identifies the quadratic terms. The parameters of the model are
symbolized by the coefficients 3;, 8;;, and (;;.

Artificial Neural Network (ANN):

m 9
y = Zw]f (Z VX5 + b]) + bo, (25)
j=1 i=1

where v;; and w; are connection weights, b; and by are biases, and f(-) is an activation function. The
flowchart clearly illustrates inputting an ANN in MATLAB, helping you understand and implement it.
Hidden

Inputs neuron

2 ®
i

Ly ——> >, ———>

wa
Sigmoid transfer

——> Output
function

Wn

T, Weighted sum of
inputs + bias
This model scales data to the [0, 1] range using the sigmoid function d(z) = which transforms

real-valued inputs into this interval.

_1
14+e—%>

Adaptive-Network-Based Fuzzy Inference System (ANFIS):

N 9
y = w <5k0 +° Bkixi> : (2.6)
k=1

i=1

where: N is the total number of fuzzy rules, Sio and Bg; are the consequent parameters of the k-th rule,
Wy, is the normalized firing strength of the k-th rule, and Normalized Firing Strength The normalized
firing strength is defined as:

9

L (xi)
—N wk:HMA(‘k) Xi)
> m=1 Wm i=1

Wr =

where (i ,x) () denotes the membership function associated with the i-th input in the k-th fuzzy rule.
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3. Result Discussion

The dataset contains 477 samples divided into three subsets. The first subset, consisting of 333
samples (70% of the total), is used for training. The remaining 144 samples, which make up 30%, are
split evenly into validation and test sets, each containing 72 samples. All models (2.1)-(2.6) examined in
this study can be described as a linear algebraic system in the form of y = X3. The unknown parameter
vector (3 is estimated using the least-squares method, given by 3 = (X7 X)Xy, based on the provided
values of y. After calculating 3, the approximate y is obtained by substituting 3 into the equation
Yapproximate = X(XTX)~'Xy. Each model produces matrices of different sizes, resulting in different
parameter vectors 3 for the training, validation, and test datasets. With 477 observations, MATLAB
code is used to compute the results and generate the corresponding figures.
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strength.
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Figure 4: Comparison of the ANFIS model with (a)—(c) LR; (d)—(f) PQ; (g)—(i) FQ; and (j)—(1) IN across
training, validation, and testing datasets.
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Figures 1 and 2 illustrate how each independent variable individually impacts the concrete’s compres-
sive strength. Figure 1 features trend curves, whereas Figure 2 displays marginal plots generated through
various plotting techniques. Both figures show that the relationships between variables are unclear and
inconsistent. The data points are scattered, and most variables do not exhibit a clear trend when looked
at separately. Despite being created with different software, both figures arrive at the same conclusion:
each variable’s effect on compressive strength is minor and unstable. This indicates that compressive
strength depends on the combined influence of multiple variables rather than any single one. The next
figures, Figures 3 and 4, show that integrating all nine independent variables yields more accurate results.
These variables are included in the models analyzed in this study, indicating that the combined models
perform better than those based on each variable alone.

Furthermore, Figure 3 shows that the ANN provides more accurate, stable, and reliable predictions
than traditional regression models across all datasets. Subfigures (a)—(c) compare ANN with LR, (d)—(f)
with PQ, (g)—(i) with FQ, and (j)—(1) with IN models. Meanwhile, the conventional models (LR, PQ, FQ,
and IN) display greater dispersion and larger errors, especially during validation and testing. Additionally,
Figure 4 presents a comparison between the predicted and measured concrete compressive strength from
the ANFIS model and several benchmark models for three datasets: training, validation, and testing.
Subfigures (a)—(c) compare ANFIS with LR, (d)—(f) with PQ, (g)—(i) with FQ, and (j)—(1) with IN models.
In all cases, the ANFIS predictions closely follow the 45° reference line and remain within the £10% and
+20% error bounds, indicating that ANFIS achieves higher accuracy and better generalization than the
other models.

To accurately evaluate the proposed models, their performance is measured using three key metrics:
Objective function (OBJ), Mean absolute error (MAE), and Scatter index (SI) [12, 26, 33]. These metrics
are used together because relying on only one can be misleading; a model might perform poorly on one
but well on others. OBJ, MAE, and SI are the most reliable for overall assessment. Figure 5 compares five
models—FQ, Interaction, PQ, LR, ANN, and ANFIS—across various metrics. In Figures 5(a-c), the ANN
model outperforms the regression-based models by having the lowest Objective (OBJ), Mean Absolute
Error (MAE), and Stability Index (SI), indicating it offers high accuracy and consistency. Conversely, the
FQ and LR models show higher errors and greater variability. The Interaction and PQ models perform at
a moderate level. Furthermore, Figures 5(d-f) indicate that ANFIS surpasses the other models, achieving
the lowest OBJ of 0.98 MPa, MAE of 0.23 MPa, and SI of 0.004, which reflects its superior accuracy
and stability. The FQ and LR models show higher error metrics, with LR especially displaying more
variability. Table 1 and Figure 6 illustrates the residuals of different models on the training, testing,
and validation datasets. The ANFIS-based models produce smaller, more consistent residuals nearer to
zero compared to other models. This indicates better accuracy and stability, confirming that ANFIS
outperforms the other models. Overall, ANFIS delivers the best performance throughout the training,
testing, and validation phases.



10

OBJ, (MPa)

OBJ, (MPa)

Figure 5: Measured models using three key metrics: (a) and (d) OBJ; (b) and (e) MAE; (c) and (f) SI,

IBRAHIM NAMIQ FAIAQ, SHILAN OTHMAN HUSSEIN AND TAYSIR EMHEMED DYHOUM

FQ  interaction P LR ANN
Models
(a)

FQ  interaction  PQ LR ANFIS
Models

(d)

Mean Absolute Error, MAE (MPa)

Mean Absolute Error, MAE (MPa)

training

Witesting

validating

FQ interaction PQ LR ANN
Models

(b)

training Wtesting W validating

e
&

&

N
g <
'; w

A

3

Al

b4
338
e
FQ interaction PQ LR ANFIS
Models

(e)

across training, validation, and testing datasets.

Scater index, SI

Scater index, SI

training Wtesting

#validating

FQ interaction PQ
Models

(c)

Btraining  © testing  ®validating
03 %
a4
El
I
o
S a3
2]
3 S
a S
02 v 5
% 3 x
- § ¢ 3%
B bl helis]
" <., C
=X ki
. < b}
L] 8
s
01
®
o
<
El ; -
g3
El

FQ interaction PQ
Models

()

LR ANFIS



CREATING A MATHEMATICAL MODEL TO PREDICT CONCRETE’S COMPRESSIVE STRENGTH 11

LR —ANN Triing D =333 P —AW

¥ T ® ¥
Trisig : |
% | ! 5 5
z | ! 7 :
i | ) B H
s | [ A
: ¥ i
£ | 1 1
g i u
Do Lo HE
H i i
i H ! i
iy | | [ I A !
\ ! | | |
| ! | |
15 \ | 15 | A5 |
| | | I
x5 ' ! X | x5 |
| ! | |
% | ! E ! ! ® I !
020406010 120 140 160130 200 20 40 26 28 300 20 40 360380 400410 40 460 480 020 406080100 120 140160180200 22 240 20 260 00 20 40 360390 40 40 40 460 480 0204060 80100120 140 160 180 200 20 240 260 260 30 30 340 360 380 400 420 40 460 450
Data St Number Dat St e Dt St Number
(a) (b) (c)
IN —AW Training Data =333 —IR —ANFIS —PQ —ANFIS
Tesing Data=T2
< Valdatng Data =72
¥ T T
! 1
| |
3 1 1 : 7
H B H
I ! | H g
% | M M
£ H H
H H | K :
i i
E 3
! [ H H
! |
. I
5 | |
| |
I
x5 i :
I
1 |
5 .
020 40 60 50 100 120140 160 180 200 220 240 260 280 300 320 340 360 380 400 420 440 460 480 ¥ -
020 4060 S0 100 120 140160150 200 2 240 260 250 0 20 40 36 390 40 410 40 460 450 02040608010 120 140 160 180 200 20 40 26 29 30 320 340 360 380 400 410 40 40 40
Dita St Numbr Data et Number Dt S Number
(d) (e) ()
FQ —ANIS IN —ANFIS
% ¥
i Triiey
= (o] !
5 5 | I
g : -
Y o | i 1 [
N N | Wl |
1 1 1 |
i H s | |
7 ] i
i i
3 H ) W
g 4 H 5 | I N
11 [1 i
' ‘p ! |
| ! )
Ky Ll |
| |
) | |
x5 ] h h
' |
B K
020 4060 80100 120 140160130 20022 240 260 260 300 20 40 30 39 4 410 40460 480 020 40 60 8 100120 40 160180200 20 240 260 260 00 120 40 36 30 40 10 40 460 480
ita S Number Daa St Number
() (h)

Figure 6: Comparison of residuals across different models, emphasizing the better performance of the
ANFIS model.

Figure 7(a) shows the Taylor diagram evaluates the performance of different models—LR, PQ, IN, FQ,
ANN, and ANFIS—against the actual reference data (Actual CS). It shows that ANFIS (shown in green)
has the highest correlation and the closest standard deviation to the reference, making it the most effective
among the tested models. Conversely, models like LR (red) and PQ (cyan) exhibit lower correlations and
larger standard deviations, indicating weaker performance. As a result, ANFIS is identified as the most
accurate and reliable model for this data set. Figure 7(b) shows the effects of input variables on output.
(t) has the strongest influence, then (w/b) and (FA). The other variables have smaller effects, indicating
less impact.
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Figure 7: (a) Comparison between developed models based on standard deviation and the correlation
coefficient between measured and predicted CS using all datasat. (b) Sensitivity analysis examines how
changes in an independent variable influence a dependent variable.

4. Inverse Data Analysis

This section examines the impact of small errors on accuracy. Such errors may arise from laboratory
processes, during recording, from approximate data, or within the models themselves, which often nor-
malize data to the [0, 1] range rather than using raw input. For this reason, multiple models are tested
to reduce errors. The study highlights mathematical techniques for handling data uncertainty, mainly
Tikhonov regularization, which helps stabilize solutions and lessen the influence of data errors.

The figures and Table 1 clearly show that ANFIS and ANN perform significantly better than the
other models (LR, IN, PQ, and FQ). While ANFIS surpasses ANN, it has difficulty handling noise
effectively due to its high computational complexity. ANFIS involves roughly 512 parameters per input,
making it computationally demanding. As a result, noise is introduced only into the ANN model in
this analysis. To introduce noise into Equation (2.5), a Gaussian distribution is added to the bias term
[20,9,8,12,11,10]. As shown in Figure 8(a), the residual error nears zero, indicating that noise impacts the
data and causes overestimation and underestimation. A negative residual near dataset 3 indicates higher
noise sensitivity. Overall, noise causes residual instability. To address this issue, Tikhonov regularization
Yapproximate = X (X7 X 4+ M)~ Xy is used to stabilize the results, as illustrated in Figures 8(b) and 8(c),
where this research uses an optimal regularization parameter, A = 10~2. Exploring different A values
helps identify the best option. While methods such as the L-curve criterion or Lo-norm minimization
[15] can be used to select A, this approach empirically optimizes Yapproximate- Figures 8(b) and 8(c) show
that regularization improves accuracy and reduces noise.
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Table 1: Compares models across three datasets: training, testing, and validation, with R?, RMSE, MAE,
SI, and OBJ

Training “333 data”
Measure Metrics | INV-ANN | ANFIS | ANN FQ IN PQ LR
R? 0.98 0.98 0.95 0.84 | 0.739 | 0.739 | 0.532
RMSE 2.19 1.87 3 5.624 | 7.225 | 7.221 | 9.699
OBJ 2.72 0.98 3.35 | 14.325 | 8.179 | 7.366 | 14.035
SI 0.04 0.04 0.06 0.115 | 0.148 | 0.148 | 0.198
MAE 1.56 0.84 1.87 | 4.435 56 | 5.674 | 7.697
Testing “144 data”
R? 0.49 0.99 0.35 | 0.414 | 0.425 | 0.131 | 0.089
RMSE 2.2 0.09 2.33 2.624 | 2.878 | 3.737 4.23
OBJ 1.1 0.01 1.25 | 10.709 | 2.417 | 0.537 | 0.384
ST 0.06 0.01 0.09 | 0.103 | 0.113 | 0.147 | 0.166
MAE 1.3 0.02 1.67 | 2.077 | 2.336 | 3.101 | 3.459
Validating “144 data”
R? 0.81 0.99 0.71 | 0.586 | 0.316 | 0.341 | 0.279
RMSE 1.91 0.17 2.11 2.65 3.35 | 3.871 | 4.385
OBJ 0.31 0.02 0.35 | 0.517 | 0.897 | 1.639 | 4.911
SI 0.1 0.01 0.13 | 0.157 | 0.199 | 0.23 0.26
MAE 1.3 0.04 1.6 2.006 | 2.447 | 2.984 | 3.537

5. Conclusion

This research developed a mathematical model to predict concrete compressive strength and applied
data-driven inverse methods. The inverse analysis showed that even small measurement errors can signif-
icantly affect the results; therefore, Tikhonov regularization was applied to improve stability and robust-
ness. Six predictive models were tested: Linear Regression, Pure Quadratic, Interaction, Full Quadratic,
Artificial Neural Network, and Adaptive Neuro-Fuzzy Inference System. These models incorporated nine
independent variables: coarse aggregate, sand, cement, fly ash, cement replacement, water-to-binder ra-
tio, calcium oxide ratio, silicon dioxide, and curing time. Notably, curing time was identified as the
most influential variable. Model performance was evaluated using several statistical metrics, particularly
the coefficient of determination (R?). The results demonstrate that the Adaptive Neuro-Fuzzy Inference
System consistently outperforms the other models in terms of accuracy and reliability, confirming its
effectiveness in predicting concrete compressive strength.
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Appendix
2 n . .
R = Zi_(wzj;c) x (y@—y) ). wmap- Liza(lyi — 2i]).
V@i —1)? x /32 (yi — §) n
OBJ: < Ny % RMSEt;‘f’MAEtr) + (ntst % RMSEt;t+MAEtSt) ,
Tall Ry +1 Nall R, +1
RMSE — | 2= W 2T o0 inder = N0, gy — RMSE
N N Y

where; xi= predicted value, yi = tested value, T = average of predicted value, § = average of tested data,
nan = total number of training and testing datasets, n. = number of the training dataset, n:;s; = a a
number of the testing dataset, N = total data, and N20 is the total number of predicted to the measured
data of compressive strength ratio ranging from 0.8 to 1.2. R? and a-20 index values typically range
from 0 to 1, with 1 indicating optimal performance. The RMSE, MAE, and OBJ values vary from 0 to
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0o. The ideal value is zero. Furthermore, if the SI value is smaller than 0.1, the model is deemed to be
high-performing. In contrast, the SI value ranges from 0.1 to 0.2.
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