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A New Class of Bernstein Operators with Shifted Knots and Statistical Approximation
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ABSTRACT: This article introduces a generalized Bernstein operators with two shifted nodes. We first
establish fundamental approximation tools, including estimates for moments and central moments. Using
these, we prove a Korovkin-type convergence theorem adapted to the scaling behavior induced by the fractional
integral. Further, we discuss convergence theorems and order of approximation in terms of first order modulus
of smoothness. Next, we study pointwise approximation results in terms of Peetre’s K-functional, second order
modulus of smoothness, Lipschitz type space and rt? order Lipschitz type maximal function. Lastly, weighted
approximation results and statistical approximation theorems are proved.

Key Words: Bernstein—Kantorovich operators, modulus of continuity, rate of convergence, statistical
convergence, Korovkin-type theorem.

Contents
1 Introduction and Preliminaries 1
2 Rapidity of Convergence and Order of Approximation 3
3 Direct Results 4
4 Approximation Properties Globally 7
5 A-Statistical Approximation 10
6 Conclusion 13

1. Introduction and Preliminaries

Approximation theory provides a foundational framework for representing complex functions with
simpler mathematical constructs, making it indispensable across a wide range of disciplines. In mathe-
matics and engineering, it underpins computational techniques for solving differential equations, modeling
geometric shapes, and designing efficient numerical algorithms. Beyond classical applications, it plays a
pivotal role in modern fields such as computer graphics, where it enables realistic rendering of curves and
surfaces, and computer algebra systems, which rely on approximation for symbolic computation.

The influence of approximation theory extends into applied domains such as control theory, where
concepts like control points and control nets are essential for analyzing parametric curves and surfaces-
fundamental tools in the design of engineering systems ([1], [2]). In recent years, the rise of artificial intel-
ligence, data science, and machine learning has further expanded its relevance. Approximation-theoretic
methods are now integral to developing algorithms for data analysis, pattern recognition, and predictive
modeling, enabling the construction of models that capture intricate relationships within datasets. On-
going research in medical science and related fields continues to explore and extend these techniques (
[3], [4], [5]), underscoring the enduring and expanding role of approximation theory in both theoretical
and applied contexts.

The first sequence of operators to support above application part was introduced by Bernstein [6].
Although, his motive was to provide a short and elegant proof of the approximation theorem of Weierstrass
with the assistance of binomial distribution as:

l
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where g belongs to C[0,1]. He proved that these operators approximate uniformly on [0, 1] to every
continuous function g € C[0,1]. The Bernstein operators have been one of the most extensively examined
positive linear operators in the area of approximation theory. However, these operator are not applicable
for discontinuous functions. Further, Kantorovich [7] introduced a sequence of operators which is a
generalization of the operators (1.1) over the space of Lebesgue integrable functions L[0, 1] as:

1 v+1
l T+1
Ki(g:u) = (14+1) u’ (1 — )= t)dt, we0,1].
i(g ( VE_O( V) /lil 9( [0,1]

Over the past decade, many generalizations, as well as modifications of Bernstein and Kantorovich
operators are presented by many authors and researchers, e.g., Alotaibi et al. [8], [9], Raza et al. [10],
Arif et al. [11], Mohiuddine et al. ([12], [13]), Aslan et al. [14], [15], [16], Nasiruzzaman et al. [17,21],
Nasiruzzaman [18], Ozger et al. [19], [20], Ayman-Mursaleen et al. [22], Rao et al. [23], Berwal et al.
[24], Alotaibi [25], Kajla et al. [26], Alotaibi et al. [27], Savag and Patterson [28], etc.

Recently, Usta ([29]) presented a new sequence of Bernstein operators for the function g, which are
continuous and defined on (0,1) with u € (0,1) as follows:

giuw) =7 Z ( ) v—lu)*u 1 —w) vy (%) , leN (1.2)

Remark 1.1 These operators given in (1.2) are restricted for the space of continuous functions only.

In 2025, Jha et al.[30] introduced stancu variant of the operators defined in (1.2) to achieve better
flexibility in approximation by using two shifted notde 0 < o < 8 as:

giu zz( ) (v — lu)?u”~ 1(1u)l“g<ﬁ;‘), leN. (1.3)

In addition of the above literature and to discuss the more flexibility in the approximations results given
by operators (1.3). we define generalized Bernstein type operators in Schurer sense as: For u € [0,1 + p]
and 0 < p < o0

I+p
1 l v+«
o, _ 2, v—1¢1 _  Nl+p—v—1
Giiplgiu) = l+puz_0( y )(V I+ p)u) v’ (1 —u) g<l+p+6>7 leN. (1.4)

Remark 1.2 For any g,h € C[0,1+ p] and a1,a2 € R, we have
GHp(alg + ash;u) = alGHp(g, u) + agGler(h u).
Which implies that the operator Gl+p( .) 1s linear operator.

Remark 1.3 Also for any g > 0, we must have Gl+p(g, u) > 0, which shows that the sequence of
operators are positive.

The structure of our research work is organized as follows: Section 1 compute some estimates for the
operators 1.4 in terms of test functions and central moments. In section 2, we study the uniform conver-
gence theorem and approximation order via of Korovkin theorem and first order modulus of continuity
respectively. In section 3, we discuss the local and global approximation results using first and second
order modulus of continuity, Peetre’s K-functional and weight functions in several functional spaces.

To discuss the existence and convergence of operators (1.4), we Consider e;(t) = ¢, i = 0,1,2. Then,
in the following Lemmas (1.2) and (1.3), we estimate the operators introduced in terms of central moments
and test functions.
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Lemma 1.1 [30] For the operators P} (.;.), we have following identities are obtained

Pi(eosu) = 1,
1
Pieisu) = m{(l*2)u+1+a},
« 1 2 2 2
Preg;u) = (l—l—ﬁ)Q{(l — T+ 6)u” + (5l + 2l — 6 — da)u + 1+ 20+ o} .

Lemma 1.2 Let G?‘J’r’i(.; .) be presented in (1.4). Then, the following identities are acquired

Gﬁ’i(eo;u) = 1,
o 1
Gl_;i(el;u) m{(lepr)qulJra},
o 1
Glihlesin) = <z+p+5)z{<<z +p)? = T+ 6)u + (5(1 + p) +2(1 + p)a— 6 — da)u

+ 1+2a+a2}.

Proof: From the result of Lemma 1.1, we prove above results of lemma 1.2. O

Lemma 1.3 Let ¢! (t) = (t—u)’, i = 0,1,2. Then, we have the central moments of generalized Bernstein
Stancu operators (1.4) as follows:

Growh(tyu) = 1,
1
GL®iw) = {2+ Aul+al,
1
Gﬁi(dfﬁ(t);u) = W{(63(1+P)+45+52)U2

+ (3(l—|—p)—6—404—25—2045)u—|—(1+2a+a2)}.

Proof: In the light of Lemma 1.2 and linearity properties, we can easily prove Lemma 1.3. O

Remark 1.4 If we take p = 0, then the estimates of the operators (1.4) reduces to the estimates of the
operators defined by Jha et al. ([30]).

Remark 1.5 [t is also noticed that G?jrf)(wZ(t); u) < Pr(¢2(t);u), which shows that the rate of conver-
gence of operators (1.4) is faster than operators ( [30]).

2. Rapidity of Convergence and Order of Approximation
Definition 2.1 Let g € C[0,1+ p]. Then, the modulus of continuity is defined as:

w(gvﬁ) = sup |g(u1) - g(U2)|, Ui, Uz € [Ov 1 +p]

[ur—uz|<7

Theorem 2.1 Let Glo‘_;g(.; .) be given in (1.4). Then, for all g € Cp[0,1 + p], G?‘f;(g;u) = g on each
bounded and closed subset of [0,1 + p|, where = symbol denotes uniform convergence.
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Proof: Using Korovkin result which implies the convergence is uniform, it is adequate to see that

hm G;:_f)( su) =t i =0,1,2,

uniformly on (0,1). In view of Lemma 1.2, we can arrive at the desired result. i

In the light of Shisha et al. [39], one can show the order of approximation via Ditzian-Totik modulus
of continuity.

Theorem 2.2 Let g € Cp(0,1). Then, operators Gl+p( .) giwen in (1.4), we have

G20 (g3 u) = g(w)] < 2w(g; 1),

where 7] = \/Gﬁi —u)Z;u).

3. Direct Results

Here, we recall a functional space as: Cp(0,1), where Cg(0,1) denotes a space of continuous and
bounded functions and Peetre’s K-functional is as:

Ky(g,1) = inf —h AR || o2 ,
2(9,7) heC%%Ll+p]{|g HcB[m1+p]+'UH HCBUL1+P]}

where C%[0,1+ p] = {h € C[0,1+p] : k', " € Cp[0,1 + p]} endowed with the norm
lgll = sup |g(u)].
O<u<l
Further, we recall second order Ditzian-Totik modulus of continuity is as:

wa(gi /M) = sup  sup |g(u+2v) —2g(u+v) + g(u)].
0<v</7 u€[0,14p]

We also have a relation from [31] page no. 177, Theorem 2.4 as follows:

Ky(g;7) < Cwal(g; /1), (3.1)

where C' is an absolute constant. Next, in order to discuss the approximation result, we consider the
auxiliary sequence of operator as:

(3.2)

~o o, 20+p—2)u+ 3+ 2a
G giw) =Gl+i<g;u>+g<u>—g( ( ) )

I+p+B8+1
where g € Cp[0,1+p], u >0 and !> 2. From (3.2), we get
Grioh(t)u) =1, G (i (t);u) = 0 and |GP5 (g u)] < 3|g]l- (3.3)
Lemma 3.1 Foru >0 andl > 2, we have
Gl (g u) = g(u)] < O(u)llg"].

where g € C3[0,1 4 p] and 0(u) = G0 (W2 (t);u) + (G0 (WL (L); u))2.

Proof: For h € C%[0,1 + p|] and in the direction of Taylor’s theorem, we have
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Now, by using the auxiliary operators @lojrf)(, .) introduced in (3.2) on both the sides in the above (3.4),
we have

t

Grzplg) —g() = g @EHLW) + G [ (- v @dvia).

u

In the light of (3.3) and (3.4), we have

2(l4+p—2)ut3+2a
I+p+B+1

B <2(l+p2)u+3+2a
l+p+p+1

~o) g

t

Gf:_f)(/(t — v)g”(v)dv;u)

u
2(l+p—2)ut3+2a

G0 (g3u) — g(u)] <

T ol p—u 342
p—2)u a "
— dv|. .
+ ( [T+ 51 v)g (v)dv (3.5)
u

Since,

t

[t =g @de| < ¢ - 19" (3.6)
therefore

2(l4+p—2)u+t3+2a

VAN Nu+ 3 +2
| ( (+p— )U+ + a—’U)g”(U)dU

21 +p—2u+3+2a 2
g(( ) —u) PARNCY,

I+p+p+1 I+p+p+1

u

In account of (3.5), (3.6) and (3.7), we find

2
. . 2 4p—2u+3+2 ,
G253 (g30) — ()] < Gl+ﬁ<wz<t>;u>+< R “—u) }g ||
w)lg"|

We arrive at the required result. O

>

Theorem 3.1 For g € C%[0,1 + p|, there exists a constant C > 0 such that

| Gy (g3 w) = g(u) |< Cuwn(g; V/O(w)) +w(gs Gi (4 (D);w)),

where O(u) is in Lemma 3.1.



N. Rao, M. AYMAN-MURSALEEN, D. KUMAR AND A.K. YADAV

6
Proof: For g € C[0,1+ p] and h € C%4[0,1+ p] and in account of the definition of @f;ﬁ(, .), we yield

g(w)| < G779 = hiw)[ + (g — h)(w)] + |GP5 (hs ) — h(u)]

2(l+p—2u+3+2a
( I+p+5+1 >_ (w)]-

G0 (g5 u) —

+19

In the direction of Lemma 3.1 and inequalities in (3.3), we yield

2(l+p—2)u+ 3+ 2
( l+p+pB+1 >M@

1G5 (g5 u) — g(w)| < 4llg— | +|GFY5 (hs ) —h(u)|

< 4llg = hll + IR | + (g GE (¢ — w)iw).

In view of (3.1), we arrived at required result. O
Here, we recall the next result in Lipschitz type space [38], which is given as:
Lipfy ()= {g € Col0.1 + 1]t lo(0) g <31 e 0.1},
(t+CGut+Gau?)?
where 0 <~ <1, M > 0 and (1, > 0.
Theorem 3.2 Let g € LuDCl’<2 (v) and the operators Glﬂ)( .) given in (1.4). Then, we have
G0 (g5u) — g(u)| < M (Cﬂff@glﬂ) , (3.8)

where 0 <y < 1, (1,6 € (0,1) and A(u) = G2 (V2 (t); u).

Proof: For v =1 and u > 0, we yield
G (gsu) = g(w)| < G (19(t) — g(w)lsu)

1+p\9
~ tf
< MGZO‘ [t = ul U .
(t+ Gu+ Cu?)=

1 1
Since < , for all v € (0,1), we get
t+ Gu+ (u? Ciu + Cou? ( ) &

MG R u))t

o, [
|Gl+p(g7 ) Q(U)| < (<1u+<2u2)% l+p

L aw )
<M<<1u+ w) ,

which proves the result of Theorem 3.2 holds for v = 1. Further, we consider for v € (0,1) with the
account of Holder’s inequality via p = % and q = %, one get

(S

1G5 (g5 u) — g(u)] < (G2 (19(t) — g(w)] 75 w))

+p ga
~ t—ul?
0 74 e e g Uil
- <Gl+p<(t+41u+€“2u2)7u>>

J
2
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1 1
Since < , for all w € (0,1), we have
t+Gu+Gu?  Gu+ Qu? .1

Giu+ Gu? Gu+ Cou?

Gl - <M<M(lﬂw"“>2sﬂ('w”f~

Hence, we get the proof of Theorem 3.2. O

Moreover, we investigate approximation result locally in the direction of r*" order modulus of conti-
nuity. Lenze [37] gave the Lipschitz-type maximal function as:

~ t) —

Wr(g;u) = sup M, u € [0,14 p] and r € (0,1]. (3.9)
tAute(0,00) |t — Ul

Theorem 3.3 For g € Cp[0,1+ p| and r € (0,1]. and for all uw € [0,1 + p|, one get

r
2

Grigiw) = g(w)] < Bnlgiw) (Aw))
Proof: It is found that

G (g5 u) = g(u)] < G (1g(t) = g(u)l; w).

In view of (3.9), we have

G5 (giu) — g(w)] < Bs(g; W) G0 ([t — ul"s ).

In account of Holder’s inequality witth the aid of p = % and g = we have

2T’

G735 (giu) — g(w)] < Br(giu) (G0 (1t — ul*;u)) 2.

Which completes the required result. O

4. Approximation Properties Globally

5 SuppObe that v(u) = 1+ 4?0 < u < 1 is a weight function. Then, B,(0,1) = {g(u) : |g(u)| <
My(1 4 u?), here M, is a constant based on g and C,(0,1) represents the space of continuous function

in B,(0,1) equipped with ||g(u)||, = sup \g(z)l and C*(0,1) = {g € C,(0,1) : lgn 9 — k. where
u€(0,1) “

v( v(u) —

constant k is depending on g}.
Ditzian-Totik modulus of smoothness for the function g defined on the closed interval [a,b] with
a,b > 0 is defined by

wp(g,M) = sup  sup |g(t) — g(u). (4.1)
|[t—u|<7 u,t€la,b]

One can easily note that for any g € C,(0, 1), the modulus of smoothness given in (4.1) tends to zero.

Theorem 4.1 Let g € C,(0,1) and the modulus of continuity wyt1(g;7) be given on [a,b+ 1] C (0,1).
Then, for any u € [a,b], we get

||Gl+p( D)= gHC’[a,b] < 4Mq(1 + bQ)ﬁS(b) + 2wb+1(9§ V 71s(b)),

~ a, 2 .
where 75(b) = urél[?z] Gl+p(’l/) (t);u).
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Proof: For u € [a,b] and ¢ € (0,1), we get
I Uil

l9(t) — a(u)] < 4BT,(1 + 1)t — w)® + ( )wb+1<g ). (42)

Using operator Gﬁ’_g(.; .) on in 4.2, we get
|G (g5 u) — g(u)| < AM,(1+ 6°)GPi (v (t); w)
Gy (It = ulsu) _
+ (1 + l”’ﬁ>wb+1(g;n)-

Further, in the light of Lemma 1.3 and u € [a, b], we have
a ~ ~ ﬁl b ~
GR) gl < ANT,(1+ B b) + (1 ¥ Vﬁ”>wm<g; )

We take 77 = 7;(b). Then, one can easily arrive at the desired result. O

Remark 4.1 Throughout the paper, we consider test function as e;(t) = t', i = 0,1, 2.

Theorem 4.2 ([35], [36]) Suppose that the sequence of positive linear operators (Ly)n>1 acting from
C,(0,1) to B,(0,1) satisfies the conditions

lim ||L,(e;;.) —eill, =0, wherei=0,1,2,
n—oo

then, for g € C,’:“(O, 1), we have
Jim [[Lng = gll, = 0.

Theorem 4.3 For g € CZ:“(O, 1). Then, we have

Jim |G (g:u) = gl = 0.

Proof: To prove the result of above Theorem, it is adequate to show

hm HGH_p(ei; J—ceill, =0, fori=0,1,2
In account of Lemma 1.2, it is obvious ||G§X+’i(eo, ) —1J|, =0, also
2(l4+p—2)u+ 3+ 2«
l+p+pB+1
(l+p—5—6)u+ 1 3+ 20
= su sup —-.
[+ B+ Ly 1+ [+p+ B+ 1o 1+

”Ga’ﬂ(el;') elHVu = Ssup
I+p (u) = we(01) v(u)

For a large value of [, we get ||Gl+p(€1; ) —eill, = 0.

Also,
| (L +p)* =7 +p) - 6)u’
B, Ly <!l
G35 (e2; ) —eall < ((Z +p+ B+ 1)2> uZI(IOI,)l) 1+ w?
1 {6(1+p) —8+ (2(1 + p) — H)a}u
————— | sup
(I+p+B+1)2 ) e 1+ u?

n 1 s 7+ 9a + 3a?
(I+8+1)2 ue(ol?l) 14+u2

This implies that ||Gl+p<€2, .) —eall, = 0 as I = oo. Hence, we complete the result of Theorem 4.3. O
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Theorem 4.4 Let g € C{:“(O7 1) and ¢ > 0. Then,

y G2 (g5u) — g(u)|
=09y c(er (1 4 u2)1+¢
u€(0,1)

=0.

Proof: Since |g(u)| < ||g|l, (1 + u?), for any real fixed number ug > 0, we get

G2 (g3 1) — g(u)] |G (g5 ) — g (u))| 1G5 (g3u) — g (u)]

su < su + su
B ) L A CIAYE) K C R I

<G (g5u) — 9@l 0,1

+ gl sup M sup _ gl
Cuzuy (T4 u?)iHe usuo (1 +u?)1+e

= Wl + Wz + W:s, say.
Now,

g1l

- lg(u)| lgll, (1 + u?)
Ws = sup < T+

wzug (14 U?)1HE ™z (14+u?)tHe

IN

In view of Lemma 1.2, it gives

GP 1+t%u
lim sup —Hp( ):

l~>oou6[uO71) 1—|—U2

Therefore, for any arbitrary € > 0, there corresponds n; € N with

G*P 1+t%u 1 2)¢
l+p( 5 ) _( + up) E—I—l, for all I > [;.
u€[ug,1) 1+u ||g||l/ 3

That is

; Gl 85u) g, e
Wy =llgll, sup —=2 < Y4 S foralll >
lolle swp =0 maye < ) T3

Hence, we get

o lgll. €
Wo+ Wi <2 ——F—+ .

2+ W3 < (1 +u?) + 3
llgll,.

If we take ug to be so large that Ttud)e

< §, then, we have

~ - 2
W + W < 36 for all 1 > I;.
Now, from Theorem 4.1, there corresponds Iy > [ with
~ a 6
Wi = GP{(g:) = gllcou < 5 for all I > L.

I+p

Let I3 = max(ly,l2). Then, with the aid of the (4.3), (4.5) and (4.6), we get

. G2 (g3u) — g(u)]
u€(0,1) (1 +u2)t+e

< €,

which completes the desired result.
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5. A-Statistical Approximation

Here, we recall a few abbreviations and notation from [32,33,34]. Suppose that A = (a;,) represents

non-negative infinite summability matrlx Then, for a sequence z := (z,) is said to be A-statistically
convergent to L, that is st4 — lim z = L, if for all € > 0
li{n Z a;, = 0.
vi|zy L|>e

Consider ¢ = {¢;} to be a sequence with the following conditions

stA—li}nqlzland stA—lilmqll:a, 0<a<l. (5.1)

Theorem 5.1 Consider A = (a;,) to be a nonnegative regular summability matriz and g = {q} sequence
with (5.1) and q € (0,1), I € N. Then, for every g € C°[0,1 +p|, sta — hm ||Gl+p(g, J—gll, =0.

Proof: From Lemma 1.2, we get

sta —lim IG7% (e03u) — eoll, =0

and
I [2(l+p—2u+3+2a
G™ (el;.)—u||,,: sup ‘ —u
1 (l+p—-5-Pu 1 3+ 2«
= sup sup —————.
1+u2u€[0,1+p] l+p+ﬂ+1 1+u2u€[0,1+p]l+p+ﬂ+]—
Now

I := {l ||Gl+p(el;u)—u|| 26},

f2::{l:<l—5—ﬁ>> }

l+p+B8+1~

~ 3+ 2
Iy:=¢l: —m >
I+p+pB+1
This implies that I; C I U I3 and this shows that Z ap, < Z ay, + Z ay,. Therefore, we get
V€[1 V€I2 VEIS

DO ™

DN ™

sta— li}n ||G?_f.p(€17 u) —ul, =0. (5.2)
Now, in the light of Lemma 1.2, we get

1
1G22 (e23u) — wPligs < sup
Hpe ‘ w€[0,14p] v(u)

1
(l+p+p5+1)2

{((z L P2~ T+ ) — 62

+@u+p)8+ma4mu+(;+3a+a%}u?
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> €
v

G . — l_(l+p)277(l+p)77 €
TV (l+p+B+1)2 T3

For € > 0, we have the following sets

Gy:= {l : HGZQ_,;_@(GQ;U) — 2

Vv

s ), 60+p) —8+2(l+pa—da _ €
G?"_{l' (I+p+B+1)2 >3}

~ 74+ 9a + 3a? €
Gy:=<1: > — 3.
! { 3(l+p+ﬁ+1)2—3}

We note that G; C Gs U Gs U G.. Therefore, we get

Zalug Zalu+ Zalu+ Zalu'

Vedl V€G~2 l/Eés V€é4
As | — oo, we have
stg — li{n ||G;1_~’_p(€2; ) —esa], =0. (5.3)
Hence, we complete the required result. O

Further we examine the rate of A-Statistical approximation in the account of Peetre’s K-functional
for G| +p( e
The Peetre’s K-functional of g € Cg[0,1 + p| is

K(g:7) = inf { —h illh }
(9:7) heoi 1 lg = hllcso,1+p + AlRlloz 0,145

where 77 > 0 and
C%0,1+p] ={g€Cp[0,1+p]:¢,9" € Cp[0,1+p]},

endowed with the following relation of norm
||9||C,23[o,1+p] = llglleso0,14p + ||9/||CB[0,1+p] + ||9H||CB[0,1+p]~
Theorem 5.2 Suppose that g € C3[0,1+ p]. Then,

sta — hm||Gl+p(g, ) = glleao,+p =0

Proof: In the light of Taylor’s theorem, we have
1
9(t) = g(u) + ¢/ (w)(t — u) + 59" WA (¢ — w?,

where t < ¢ < u. On operating the operators Gﬁi( ;.), both sides in the above equation, one get

G (g5) — 9u) = ¢ ()GEWA): ) + 30" (WG WA(1)5w),

which yields that

||Gl+p(ga ) - QHCB[0,1+p] < ||9/||CB[0,1+p]HG?J’rf,(elﬁ~)||CB[0,1+p]

+ ||g/,||CB[0,1+I)] \\Gﬁf)(eﬁ, ')QHCB[O71+P]
- ‘71 + ‘727 say. (54)
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From Egs. (5.2) and (5.3), we have

lilrn Z an, = 0,

vENVI> &

li{n Z a, = 0.

VvEN: V> &

From the (5.4), one has

lilm Z al,,glilm Z al,,—l—li%n Z a.

VEN:||G0 (gi) gl g 0,141 2€ VEN:V1>§ VEN: V225

Therefore st — hm HGH_p( ) = hllego14p — 0. as I — oo,

Which, arrive at the required result. O

Theorem 5.3 Let g € C3%[0,1+ p|. Then,
1G7:2 (95 ) = gllonionsp < Mwa(gi /),

where 1) = G2 (er = 5)lleppoasn  + NGTE(er = 9% )llesp14ms and
l9llez 0140 = l9llcso1+p + 119 lcs0,1+5 + 119" lCp0,145)-

Proof: Let h € C%[0,1 + p]. Using (5.4), we obtain that

IG5 (1) = Bllosoass) < 10 lesioamlGiin((er = )i Mospo 4
+ 21K s G (er = % Msto e
< Aillhlloz 0,145)- (5.5)
Now, for every g € Cp[0,1+ p] and h € C3[0,1 + p], from (5.5), one get
IG5 (95°) = gllespase < 1Go(g:7) = Gieo(hs Yl onio.a4n)
+ ||G?+’f;( ) = hllesoap + 19— Pllesoi+p)

< 2|h = glleaoaip + IG5 -) = Bllogfo,ir)

< 2[[h = gllepo1+p Fllgllez 0,145
In view of Peetre’s K-functional, we have
IG5 (9:) = gllesoass) < 2K2(g; 1)
and
HGHP(Q’ ) = gllepoite < M{wa(g; /7) + min(L, 7)|gllcpo,145 -
In view of (5.3), we have

sta — 1jlmﬁ =0, therefore st4 — li{nw(m \/ﬁ) =0,

Hence, we arrive the proof. O
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6. Conclusion

In this study, we introduce generalized Bernstein type operators with two shifted nodes and estimate

some lemmas to support approximation results in subsequent sections in terms of test function and cen-
tral moments. Next, the convergence results and approximation rate in the sense of Korovkin theorem
and classical modulus of continuity are studied. Further, we investigate direct results of approximation
via Peetre’s K-functional, modulus of continuity of second order, Lipschitz space of functions and Lips-
chitz type r*" order maximal function. In the last section, we discuss global approximation results and
convergence results in terms of statistical approximation.
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