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Positive Solutions for Nonlinear Fractional Differential Equations with a Disturbance
Parameter on an Infinite Interval

Zhaocai Hao, Lu Song*, Martin Bohner, Qiangian Gu and Panzhen Liu

ABSTRACT: This paper studies a class of integral boundary value problems of fractional differential equations
with a disturbance parameter on an infinite interval. By applying the upper-lower solution method and
fixed point index theory, the influence of the disturbance parameter on the existence of positive solutions is
rigorously analyzed. We have obtained that the boundaryvalue problem admits at least twopositive solutions,
one positivesolution or no solution. An example is provided to validate the results. The results of this study
provide a significant complement and refinement to some existing findings.
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1. Introduction

Fractional differential equations (FDE for short), as an extension of classical integer differential equa-
tions, have garnered significant attention in recent years across fields such as mathematics, physics,
engineering and biology, see [1,2,3,4,5,6]. Research on boundary value problems (BVP for short) of FDE
has achieved many important results, see [7,8,9,10,11,12,13,14,15,16,17,18,19].

FDE with disturbance parameters are a key focus in mathematics and applied sciences. As errors
are inevitable in solving many practical problems, these errors often affect the existence of solutions.
Therefore, it is meaningful to study BVP of FDE with disturbance parameters, see [13,14,15,16,17,18,19].
In [18], the authors studied the FDE

Dngl‘(t) :f(tvx(t))v te (071)7
x(0) = 2'(0) = 0,

1
(1) 91(s)z(s)ds + a,

0

(1) = /0 g2(s)z(s)ds — b,

where Df is the standard Riemann-Liouville fractional derivative of order o, 3 < o < 4, f :[0,1] x
[0,+00) — [0,4+00) is a continuous function, g1, go € L'[0,1] and a,b > 0. By using the Guo-
Krasnosel'skii fixed point theorem, the impact of the disturbance parameters a,b on the existence and
nonexistence of positive solutions is investigated.
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In [13], the authors investigated a class of Riemann—Stieltjes integral BVP of FDE with parameters
& (PODF,u(®)) + Mt ult) =0, te (0,1),
1
lim > Pu(t) =a, u(l) :/ u(s)dA(s),
t—0t 0
lim t'=*p(t) D, u(t) = 0,

t—0+

where Dg, and D§+ are the Riemann-Liouville fractional derivatives with 0 < a < 1, 1 < 8 < 2. Here,
A>0,a>0,pe C(0,1],(0, +oo)) f :0,1] x [0,+00) — [0,400) are given functions, f satisfies
Li-Carathéodory conditions, and fo s)dA(s) denotes the Riemann—Stieltjes integral with respect to A.
By using fixed point index theory, some new sufficient conditions for the existence of at least one, two
and the nonexistence of positive solutions are obtained. In [20], the authors studied the FDE

D%u(t) + pg(t) f(u(t)) =0, te(0,1),

uw(0) =v/(0) =0, wu(l)= )\/O u(s)ds,

where 2 < a < 3,0 < A < a, u > 0. Here D® is the Riemann-Liouville fractional derivative. The authors
obtained the existence of positive solutions if A € (0, «), as well as the influence of p on the number of
positive solutions to the problem. In [21], the authors studied the FDE

Dfiu(t) + Aa(t) f(t,u(t)) =0, te (0,+00),

w(0) = u'(0) =0, DI u(+00) Z ciu (&),

where 2 < a < 3, D§, is the usual Riemann-Liouville fractional derivative, a : [0,4+00) — [0,400),
f:0,1]x [O +00) = [0, 4+00) are continuous, 0 < & < & < -+ < &poa < +00,¢, > 0,i=1,2,--- ,m—2,

and 0 < Z i€ ' < T'(a). Under some new conditions, the authors employed a new method from [22]

to estabhsh the existence and uniqueness of positive solutions for any fixed A > 0. In [19], the authors
studied the fractional integral BVP

Dngl‘(t) + L](t)f(t,$(t)) =0, te (Ov +OO)7
z(0) =0, 2'(0)=0,

n

Dgflx(—i—oo) =6 [ z(s)ds+ A,
0

where Df, is the Riemann-Liouville fractional derivative of order o, 2 < a < 3, 3, 7 > 0 and A > 0,
f € C([0,400) x [0,4+00), [0,+00)) is continuous. By employing the Guo—Krasnosel'skii fixed point
theorem, they divided the range of parameter into intervals with at least two, one and no positive
solutions. In [23], the authors investigated the BVP

Dga(t) + f(t,a(t) =0, € (0,+0),

lim 27 %z(t) = lim Dy La(t) = / g(s)x(s)ds,
0

t—0 t—o0

where 1 < a < 2, D, is the standard Riemann-Liouville fractional derivative. The nonlinear term
f satisfies that for each r > 0, there exist constants k, M, > 0 and o1 € (—1,0) such that 0 <

f (t L i ) < M, totek for all t € (0,+00), |2| < r. By applying the monotone iterative technique,

the existence of positive solutions under some conditions was established and successive iterative schemes
for approximating solutions were obtained.
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In this paper, we are concerned with the BVP

DG (t) + q(8)f (1, 2(t) = 0, ¢ € (0, +00),
3 a2 R > (1.1)
}gr(l)t x(t) = %g% Dy z(t) = tlggo Dy x(t) = /0 g(s)x(s)ds + A,

where 2 < o < 3, Df, is the standard Riemann-Liouville fractional derivative, ¢ € L'[0, 00) is nonnega-
tive and ¢ # 0, [~ g(s) [% + 1{27:21) + so‘—ﬂ ds <1, f € C((0,00) x [0,00),[0,00)), f may be singular
at t = 0. For any = € (0,+00), f(¢t,z) #Z 0 on any subinterval of ¢ € (0,400). The following assumptions
will be employed in this paper.

(H1) For each r > 0, there exists ¢,.(t) > 0 on (0, +00), with gp, € L'([0, +00)) such that f(¢, 1;?,0;3 x) <
¢r(t), t € (0,400), 0 <z <

(H2) f(t,z) is monotone increasing with respect to = € [0, 400) for each ¢ € (0, +00).

The main features of this paper are as follows.

Firstly, this paper studies « fractional BVP with a disturbance parameter based on [23], where the
a is in (1,2]. To utilize the method of upper and lower solutions, we need to obtain some properties
(Lemma 2.3) of the Green function. These properties do not exist in the case of 1 < a < 2. So we change
the order of « into (2,3]. In addition, the control condition for the nonlinear term is more general. In
[23], the nonlinear term f satisfies that for each » > 0 there exist constants k, M, > 0 and o1 € (—1,0)
such that 0 < f (t, lﬁ_”:?x) < M, tte ™ for all t € (0,400), |z| < r. However, in this paper, we only
require that there exists a control function ¢, (t) > 0 on (0, +00), satisfying (H1). So, the control function
is more general and weaker.

Secondly, compared with [13,18,19,20,21], we obtain more accurate results. In [13, Theorem 3.2], the
authors studied that there exists ap > 0 such that whenever 0 < a < ag, the problem possesses at least
one positive solution for all A > 0. There is still an unknown impact of the parameter a on the solution
in [ag, +00). [18] studied the effect of parameters a,b on the existence of solutions. They obtained that
there exist small enough ag, by and big enough a;, b; such that the problem has at least one positive
solution and none for (a,b) € [0,ao] x [0,bp] and (a,b) € [a1,+00) X [by, +00), respectively. There is no
discussion for (a,b) € (agp,a1) X (a1,b1). [19] studied the impact of a disturbance parameter A on the
number of positive solutions for A = 0, A € (0, \*) and A € [A**, +00), respectively. However, there is
no discussion for A € [A\*, A**). In [20, Theorem 3.2], conclusions (1)—(3), (5) and (7) indicate that there
exists g > 0 such that if g > po or 0 < g < o, the results regarding the nonexistence or existence of
positive solutions are obtained. The case where p = 19 has not been discussed. Conclusions (4) and (6)
indicate that the problem has a positive solution for every p > 0. The influence of the parameter p on the
number of solutions is not reflected. [21] investigated the existence and uniqueness of positive solutions
for any fixed A > 0. The impact of A on the existence and multiplicity of solutions is not reflected. We
made up for those omissions in [18,21,19,13,20]. We obtain that there exists A* > 0 such that the BVP
(1.1) has at least one positive solution for A = 0 or A = A\*, two positive solutions for 0 < A < \*, and no
positive solutions for A > A\*.

Thirdly, the method in this paper is the upper-lower solution method and fixed point index theory,
which are different from the Guo—Krasnosel'skii fixed point theorem in [18,19], and from a new fixed
point theorem for a class of generalized concave operators in [21,22].

Fourthly, our study is on an infinite interval, while the problems in [13,18,20] are on a finite interval
This will lead to more complex studies in compactness verification.

The paper is organized as follows. In Section 2, we introduce some necessary definitions and lemmas,
and we deduce some new properties for Green’s function of the BVP (2.1). In Section 3, we introduce
the comparison principle. In Section 4, we obtain the properties of positive solutions and some necessary
theorems to verify our main results. In Section 5, we establish the existence, nonexistence and multiplicity
of positive solutions for the BVP (1.1). In Section 6, we provide an example to illustrate the main results.
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2. Properties of Green’s Function and other Preliminaries
In this section, we provide some necessary definitions and lemmas.

Definition 2.1 ([24]) Let k: (0,4+00) — R be a function and ¢ > 0. The Riemann—Liouville fractional
integral of order o of k is defined by

¢
I§m<c>=ﬁ / (¢ - )2 k(s)ds, ¢ € (0, +00),

provided the integral in the right-hand side exists for each ¢ € (0,1).

Definition 2.2 ([24]) The Riemann—Liowville fractional derivative of order o for a continuous function
k: (0,+00) — R is defined by

no
Dg*”“)zr(nl—@)(j<> | = tuoas e 0400,

provided the right-hand side is pointwise defined on (0,1), where n is the smallest integer greater than or
equal to o, and I'(p) is the gamma function.

Lemma 2.1 ([24]) Let a > 0. If we assume u € C(0,+00) N L[0, +c0), then the FDE
Gru=20
has a unique solution
u(t) =it P F ot 4 eyt G R, i=1,2,--,n,
wheren —1 < a<n,necZ.

lz(0)[>~*

We consider the Banach space X = {C(0,00) : [[z| < +oc} endowed with [z = sup o,

t€(0,+00)
where o > —1 is any chosen constant. We also put

P={zxeX: z(t) >0, tec(0,+00)}.

Lemma 2.2 Suppose that h € L[0,+00)NC(0,+00) is a given nonnegative function. Consider the linear
fractional BVP

Dgyx(t) +h(t) =0, te (0,+00),
lim 3~ %z(t) = lim D 2x(t) = lim D2 'z(t) = h (s)x(s)ds + A 21)
2(t) = lim Dg"a(t) = lim Dga(t) = ; g(s)z(s)ds + A.

t—0

Then x is a solution of BVP (2.1) if and only if x € X and

ac(t)/OOOG(t,s)h(s)ds+>\[tal+ e +t“3], (2.2)

Y | D(a) T(a—1)
where
G(t,s) = Gy(t,s) + Ga(t, s) (2.3)
and
P=1 —/0 g(s) [F(a) + Tla—1) +so‘_3} ds.
Here

1 ol —(t—s)27l 0<s<t< +oo,
Grlt,s) = F(a){ ot 0<t<s<+oo,
tozfl ta72 1 e e}
Ga(t,s) = { + + to‘?’] @/ Gi(t,s)g(t)dt, 0<t,s < +oo. (2.5)
0

MNa) T(a-1)
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Proof: On the one hand, according to Lemma 2.1, we obtain that
z(t) = —I%h(t) — 1t — ot % — 5t 73, (2.6)

where ¢1, ca, c3 € R. Note that

t t a—1 [e'e]
t3—a/ (t — 5)*'h(s)ds :tQ/ (1-2) h(s)dsth/ h(s)ds — 0, t—0,
0 0 t 0

and by (2.6), we have

t37%%(t) = =37 I*h(t) — c11* — cot — c3,
DS Pa(t) = —IPh(t) — a1 D72t — eol'(a — 1),

Dyt a(t) = —I'h(t) — T («).

With the boundary conditions given in (2.1), we obtain

c3 = — /Ooog(s)x(s)ds -\

=T ( | atoratsgas + A) ,
1

= | [ oeas [Taass " gls)e(s)ds + -

Substituting these three values into (2.6), we obtain

o) = =100+ s | [ atateas [T nspasa) e
a—2

+ UOOO g(s)z(s)ds + )\} ﬁ +
ta—l ta—2

+oo a—1 ]
= —T°h(t) + [F(a) + Tla—1) —l—t"_?’] /0 g(s)x(s)ds + %/0 h(s)ds

toc73

/OO g(s)x(s)ds + A
0

(2.7)

t(x t(x—Q
+ A [ + + ta_?’] )

Na) T(a—-1)

So we have
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By incorporating (2.8) into (2.7), we have

3(t) = —ﬁ /Ot(t — 5)2Lh(s)ds + t;;:) /OOO h(s)ds + A (t;;:) + F(Z_—Qn + ta_g)

+ ﬁﬂ(a) + p(’zfl) +t“} H [ strenrianas
+/OO s 1/ h(r / g(s)A (;?a; + 1“(8;—21) +s“3> ]ds

- ;O;;) + r(t::) +10 3_ Ml()/ooo g(s) /Os<s — 1) h(7)drds
! ;m) " r<t«:_21> o w / <a) | piraras
T e R e I L
+ ta(_l) /oo h(s)ds — ﬁ /Ot(t — 5)* 1h(s)ds
/ Gt s)h(s)ds + % Fra(al) + r(ijn ““] ) (2.9)

where G(t, s) is defined by (2.3).

Now, we prove z € X. It is obvious that 2 {ta( y T Ffa 2) +t*" 3} is continuous on (0,+00). From

(2.9), we need to confirm the continuity of fo G(t, s)h(s)ds on (0,400) next. It is not difficult to show
that G(t,s) is continuous and G(t,s) > 0 for (¢,s) € (0,400) x (0,400). For ty € (0,+00), for any
t, € (0,+00) and t, — tg (n — o0), we have

G(tn, s)h(s) = G(to, s)h(s) (n = ), s € (0,+00).

Since {t, }" is convergent, it is bounded. Therefore, there exist M; > 0 (i = 1,2, 3) such that ‘—‘ < M,

o a— o
‘F(a 1) tn 3| < Mj3. Due to fo { T(a) + p(a 1) + s 3} ds < 1, we have
|G(tn, s)h(s)| = |G1(tn, $)h(s) + G2 (tn, s)h(s)|

a—1 toz—l ta—2 3 [e’e] Ta—l
¥ — + - +t07°| —h(s / 7)dT
I(a) {r<a> Mo~ 1) ] 3" f Tyt

< M|h(s)], s € (0,400),

+

h(s)

where M = (i + 1)M; + i (M3 + Ms). Since h € L[0,4+00) N C(0,+0), by the Lebesgue dominated
convergence theorem, we have

+o00 +oo
G(tn, s)h(s)ds — G(to, s)h(s)ds, n — oo.
0 0

Therefore, we know that f0+°° G(t, s)h(s)ds is continuous on (0, 4+00). Thus z € C'(0,+00). Observe that

715376! G1(t t2 < 1 2.10
T ) S Ty ) < Tay (2.10)
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t3—a
1 +to+3

t2 t 1 1 e’}
I(a) (1 +to+3) + Mo —1)(1 4 779) + 1 —|—t"+3} E/o G1(t, s)g(t)dt

= (F(la) * F(al— 1) + 1) ;/000 ;O;al)g(t)dt
1 1 1
- (F(O‘) TTa-1 " 1) (L - wrm)) ’

where L = ﬁ(a) (14 [ t*g(t)dt). Consequently,

Galt,s) = [

t3fo¢

0< ;773 Glts) < Lo, (2.11)

where Ly = ﬁ + (ﬁ + ﬁ + 1) (L — w%(a)) So, we obtain

t37o¢
T3 |(t)]

/ootgaa(t Vh(s)ds + 2
| Tyl behis)dst

t2 t 1
() (L +73)  Tla)1+78) 14 t‘7+3]

o A 1 1
<L h(s)d = 1
< mo| e+ iy + e ¢
< 00.
Hence, z € X.
On the other hand, if 2 € X and x satisfies (2.2) and Dgyx € L'[0,+00), it is not difficult to prove
that x satisfies (2.1). The proof is completed. O

Therefore, if z € X, D3 2 € L'[0,+00) hold, in virtue of Lemma 2.2, x is the solution of BVP (1.1) if
and only if z € X and

2(t) = /0 Gt $)q(s) f(s,x(s))ds—i—% f(;) + P(t:: haal (2.12)

where G is defined by (2.3).

Remark 2.1 Compared to [25], there is a lack of proof for x € C(0,+00) in [23, Lemma 2.8], and we
have completed this part of the proof.

Lemma 2.3 G(t,s), G1(t,s) defined by (2.3) and (2.4) possess the following properties:
(i) G(t,s) and G1(t,s) are nonnegative continuous functions;
(ii) G1(t,s) is strictly increasing in the first variable;
(iii) 0 < % < Lo for 0 < s,t < +00, where Ly = ﬁ + (F(la) + 1) (L_ ﬁ);
(iv) G1(t,s) is concave in the first variable for 0 < s <t < 4o00;
(v) For any constant k > 1,

Gy (t,s)t3~ 1 Gy (t,s)t3
min 1(t5) — > v Sup 1t ) T (2.13)
i<k 1+tot Ak (1+kot3) 450 1+ttt

Ga(t, s)t>=@ 1 Ga(t, s)t>=@
min T3 = o+3 sup ot3
l<i<k 1417 1+k t>0 1+t

(2.14)
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Proof: Conclusion (i) is obvious. (iii) can be obtained from (2.11).
(ii) For any fixed s € (0, +00), let

() = ﬁ (' —(t—s)*""), s<t, te(0,+),
Io(t) = ﬁto‘_l, t<s, te(0,+00).
Then
l/ _a— 1 a—2 a—2 l/ _a- 1 a—2
10! T(a) 72— (t—s)*?] >0, U(t)= F(oz)t > 0.

Thus {4 (¢) is strictly increasing on [s, +00) and l5() is strictly increasing on (0, s]. For any ¢1,t2 € (0, +00)
and t1 < tg, if s & (t1,t2), then either 11(t1) < l1(t2) or la(t1) < la(t2). This implies G1(t1,s) < G1(ta, s).
If s € (t1,t2), from the definition and monotonicity of 1, l2, we have la(t1) < la(s) = l1(s) < l1(t2).
We claim that la(t1) < li(t2). In fact, if la(t1) = li(t2), then la(t1) = la(s) = I1(s) = li(t2). As Iy and
lo are strictly increasing, we have t; = s = t9, which contradicts with ¢; < t3. This fact implies that
G1(t1,s) < Gi(t2,s). Thus Gy(t, s) is increasing on t € (0, +00).

(iv) For 0 < s < t < 400, we get

0?G1(t,s) _ (a—1)(a—2)
ot? ()

(t* % —(t—s)*"?%) <0.

Therefore, G1(¢, s) is concave in the first variable for 0 < s < ¢ < 400.

(v) Firstly, we prove (2.13). For any s € (0,400), we know from (2.10) that the function
achieves its supremum in (0, +00) at one point & € (0,400). Let

. Gl(t, S)tBia Gl (g, 8)537(1
—inf{ €€ (0,400): su = :
n=1 {5 ( ) tE(SE), b ) 14 ¢3+o 1 £3+a

Gy (t,s)t3 =
113+

There are three cases to consider.
Case 1. 7 < +. From part (ii) of Lemma 2.3, we have

Gi(t, )t G (fs) ()

reik 1+tots = 14 kot
> Gl (777 8)773_(1
T 14 kot

S Gilpsn* ™ 1
- 1 + ko+3 1 + n0+3

1 Gy (t, s)t3«
=——F% Sup ——————=—
]. + ka+3 t€(0,+oo) 1 + t0+3
1 Gi(t, s)t>=@

D —
= IEA(1 1 kors) te(%l’lfoo) 1+ fo+3

Case 2. % <n <k. For fixed 0 < s < L from part (iv) of Lemma 2.3, we have

2k
G (3:5) = Gi(55:9) o Gilms) = G (55 9)
itw o 1%

- ) )3 o - ()]
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Therefore, we have

Then

1
For 5%

<s<

(

n— —

1
2k

o) o )03

1
>
— 2kn_1G1(77a5)
1
>
— 2knG1(777 )7
—a 3—«
o GG (E) (1)
%gtﬁk 1+ta+3 1+k0+3
3—a
> G1(777 )( )

1
% <t<k

Gi(t, s)t>=@

G (e ()

= 2k (1 + kot3)
_Gilns) (1)

(by (2.15))

770+3)7737

- an(1+ka+3) (1_|_770'+3)7737

1+ na+3

1

2kn(1 + k7H3) = k372 0 foo)

1+ na+3

sup

Gi(t,s)t3~«
14 to+3

Gy (t,s)t3~«

= 2k37an37o¢(1 + ko’+3) t€(0,400) 1 + to’+3

1

Gy

(t, )3~

2k8_20‘(1+k“7+3) 1

1

+ to+3
Gi(t, s)t3~@

> - o
= A1+ k73 pe(gne) L4773

[0}

1+ tot3

\ \/

Y

v

1+ kot3

Gi(g8) (1Y
1+kff+3 k

1+77

7 Gi(n, s)n®

—Q

G1 (a5 )(%)
Gi(n, s)n*~
Gl(%v )

1+mn
1_|_770+3

o+3 1 + k0+3

Gi(t,s)t3~

Gi(n,s) (1+

ko+3) k6

14+ n0+3

“5, Sup

t€(0,400) 14+ ta+3

sup

(2]{;)04*1770‘*1(]_ + ka’+3)k672a £€(0,400)
Gi(t,s)t3«

1

20 TRA(L 4 k7F3) ye(opme) 1+ 1070

1
AR + ko t3)

sup
t€(0,400)

Gy (t,s)t3~«

L tots

Gy (t,s)t3~«

1 +tot3

(2.15)

(2.16)

(2.17)
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For s

%

1
k>

_ 1 1\3—«
iy Gt G (58) (3)
i<k 14to+3 1+ kot3

G () 140 Galn ) ()P

Gi(n, )P~ 1+kot3  14q7+3
L Gi(h9) (1)6‘2" 1490+ . Gy(t, s)t?~
— Gi(n,s) \k L+ k%3 (0, 400) 1HE7T3
1497t Gi(t,s)t>

> PR A—
= jo—Tya—1f6-2a(] 4 ko+3) te(Sol,lfoo) 1+ ¢ot3

1 Gy (t,s)t3«
= sup @ —————
kaflna71k672o¢(1 + kd+3) £€(0,+00) 1+ to+3

1 Gy (t,s)t3~«
> > SUp ————
R4 k%) te(0,00) 1472

1 Gi(t, s)t3—«
>————— sup —
4k (1 +kF3) 10,400y 1+ t7F3

(2.18)

Therefore, from (2.16), (2.17) and (2.18), (2.13) holds for + < n < k.

Case 3. n > k. For 0 <s < ﬁ,we have

_ 1 1\3—
iy, Gt G () (5)
li<k 14tot3 — 1+ ko+t3

3—«a
_ Gilns) (3)
= 2kn(1+ kot3)
3—a
(%) L+07"3 Gi(n, s)n*~ @
2kn)P~* 1+ ko3 1497+3
1 Gi(t, s)t3~«

= okia(l t kot3) te(SOI,l-iI-)oo) 11 (ot3

1 Gy (t, s)t3—«
> ——— Sup
4kT(14+koF3) je(0,400) L H17F3

(by (2.19))

(2.19)

Gi(t,s)t3« 1 Gi(t,s)t>~@
n > sup ———————
<t<k 1+17F T AR 14+ kOT) (0, 00) 17T

(2.20)

For s > %,

t, )3 1 t,s)t3=
min Gt s) > sup Gult o)t 2 : (2.21)
<t<k 1+4t0F3 A1+ kF3) 10,400y 1472

-

Therefore, from (2.19) (2.20) and (2.21), (2.13) holds for n > k.



POSITIVE SOLUTIONS FOR NONLINEAR FRACTIONAL DIFFERENTIAL EQUATIONS 11

Next, we prove (2.14). For fixed s € (0, +00),

Ga(t, s)t3
mm ————-w—
L<i<k 14tot3
t2 t 1

Yot {u TEa) (L e 1) | 10

] ;/000 G1(t,s)g(t)dt

1/ Gi(t,s)g(t)dt| mi & T ' + ; o
;S mm s n
T Fisk (LH17F9)0(@) — p<ick (1+17F9)0(a — 1)

Y%

+ min ———
i§t§k1+t0+3‘|

>l/mG(t Jg(t)dt K + i o
=y ), THHI 1+ ko3 D(a)  (1+ k) D(a—1) 1+ kot3
1 1 [ 1 1
= T3 @/0 G1(t,s)g(t)dt {I‘(a) + Ta—1) + 1}
1 1 [ t2 t 1
1t keti g /0 Grltrs)glt)di sup {(1 T Na) | I+ e -1 1+ t‘7+3]

1 Ga(t, s)t>=«
——— sup ——————
14 ko+3 +€(0,4-00) 1+ to+3

The proof is now complete. O

Define an operator T': X — X by

[eS) a—1 a—2
(Tx)(t) :/0 G(t,8)q(s)f(s,z(s))ds Jr% lt—‘(a) + F(ta - +t*73|, te(0,+00). (2.22)

Since G(t,s) > 0, 0 < t,s < 400, ¢ is nonnegative and ¢ # 0, and for any = € (0,+00), f(t,z) Z 0 on
any subinterval of ¢ € (0,400), it follows that if = is a nonnegative fixed point of the operator 7', then x
is a positive solution of BVP (1.1).

Lemma 2.4 If (H1) and (H2) hold, then T : P — P is well defined and completely continuous.

Proof: The proof follows with a similar approach as in [23, Lemma 2.8]. O

Lemma 2.5 If x is a positive solution for BVP (1.1), then we have

()3 o 1

. 2.23
%Igigk 1 + ta+3 — 4k4(1 + ko’+3) Hl‘” ( )
Proof: From (2.13) and (2.14), we get
G(t,s)t3~2 Gi(t,s)t3~2 Ga(t, s)t3—2
min Gt st 5~ > min Gilt )t 3 min Galt )t 3
1<y 14toF 1<k 14toF L<i<k  14tot
1 Gi(t, s)t>=@ 1 Ga(t, s)t3=«
> sup sup
4k4(1+k0+3) +>0 1 _|_ta+3 (1 _|_ka'+3) +>0 1 _~_trr+3
3—a 33—«
> 1 sup Gl (t, S)t : G1 (t, S)t
AEY (1 +ko+3) 50 | 1+ tot3 1+4¢to+3
1 G(t,s)t3~
= sup (t,5) . (2.24)

- 4k4(1+k‘0+3) >0 14 ¢ot3
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Therefore, we have

02 s [ i SO r(0)
0

min >
Loi<k 14toF3 L<i<k 14tot3

A t? t t

P p<isk {F(a)(l T79)  Tla—D+e) 1+ t0+3]
* G(t,s)t>*q(s) f(s,2(s)) <

) / ¢

sup
t€(0,4-00) 1+to+3

AR k k ]

T T+ e® Tk ) T 15k

1 * G(t,s)t3=
> - 0 =80
4k (1 4 ko t3) te(s()lylfoo)/o 1+4to+3 a(s)f(s,(s)) ds

TN N — +1]
¢ D) Tla=1)

1 * Gt s)t> @
> _—~ 7
T AR+ k) { te(?fo@/o 1o (s, 2(s) ds

12 t t
TP st {Fm)u ) T Tla - D+ ) 1y t0+3] }

o0 s 33—«
L sup { / GUSTE ) F(s,2(s)) ds

>
AR+ ETT) e (0,400) 1+ tots

A 12 t t
+t3 [I‘(a)(l ) P Ta— D0+ 1T t”+3]
1

= T e -

This completes the proof. O

Lemma 2.6 ([25, p. 88]) Let P be a cone of the Banach space X, Q C X be a bounded open set and
zero element 6 € Q. Suppose T : PN — P is a completely continuous operator. If x # pTx for any
x € PNoQY and p € [0,1], then i(T,PNQ, P) =1.

3. Comparison Principle
Let 6 € X, Dy, 6 € L'[0,+00), and we call § a lower solution to the BVP (1.1) provided that § meets
— D+ 0(t) < q(t) f(¢,0(t), t € (0,+00),
: 3—a —1; a—2 — T a—1 < > )
%L{%t 5(¢) %g% Dy =o(t) tlggc Dy o(t) < /0 g(s)d(s)ds + A
Let w € X, D$ w € L*[0,400), and we call w an upper solution to the BVP (1.1) provided that w meets
— Dgrw(t) = q(t) f(t,w(t), t € (0,+00),
: 33—« —1; a—2 — T a—1 > >
}%t w(t) }1_% Dy w(t) tlggc Dy w(t) > /0 g(s)w(s)ds + .
Lemma 3.1 If z € X satisfies D, x(t) € L*[0,+00) and
Dg x(t) <0, te(0,400),

: 33—« —1; a—2 . H a—1 > >
fim 4 a(t) = Jim D200 = Jim D3a(t) > [ gl)a(s)as,
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then x(t) > 0 for t € (0,400).
Proof: Let

y(t) = —=D§iz(t) >0 for ae. te (0,400).

Note that

t—0

A = lim 37z (t) — /0C><J g(s)x(s)ds
= }g% D8‘+_2x(t) - /OOO g(s)x(s)ds

I T a—1 _ *
—tli)rgoDO+ x(t) /0 g(s)x(s)ds

> 0.

We know from Lemma 2.2 that the BVP
— Dgva(t) =y(t), te (0,400),

li
t—0 t—o0

m 37 x(t) = %g% D§2a(t) = lim DS a(t) = / g(s)z(s)ds + A
0

has a unique solution

i a—1 a—2
x(t) = /0 G(t,s)y(s)ds + % [;(a) + F(ta 5 + ta3:| .

We can deduce that z(¢) > 0 for ¢ € (0, +00). O

Remark 3.1 If all conditions of Lemma 3.1 are satisfied and X\ > 0, then we can further conclude that
z(t) > 0 fort € (0,+00).

Theorem 3.1 Assume (H1) and (H2) hold. Given that the BVP (1.1) possesses a nonnegative lower
solution § and an upper solution w, with §(t) < w(t) for t € (0,400), then the BVP (1.1) guarantees at
least one positive solution x for which 6(t) < x(t) < w(t) holds for t € (0, +00).
Proof:

ftw(t), x> wl(t),
B(t,z) =4 ft,z),  6(t) <z <w(t),
f(t,0(t), = <o),
where ¢t € (0,400), z € X. Since f € C((0,+00) x [0,400)), we get F € C((0,+00) x [0,+00)), too.
Based on (2.12), it can be deduced that the BVP

Dgra(t) +q(t)F(t,z(t)) =0, te (0,400),
. 3 . a—2 . a—1 e (31)
lim t°~“x(t) = lim Dy "z (t) = tlirrolo Dy x(t) = /0 g(s)z(s)ds + A

t—0 t—0

is equivalent to the integral equation

oo a—1 a—2
x(t) = /0 G(t,s)q(s)F(s,x(s))ds +% [;(a) n r(ta 5 Ha_s] .

Define an operator @ : X — X by

(Qz) (t) = /000 G(t,s)q(s)F (s, z(s))ds + % [f_‘o;a) + F(t:: 0 + to‘“ﬂ , te(0,400), zelX.
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We can easily show that @) : P — P is completely continuous since its proof is similar to that of Lemma
2.4.
Let Q; = {z € P : ||z|| < Ro}, where the constant

+oo
Ry = LO/O q(s)cprH(S)dS + % [P(la) + F(al_ 1) +1

Obviously, € is a closed and convex set. From (H1), (H2) and the definition of F', we obtain that

o+3 43—«
0< F(t,2(t)) < f(t.w(t)) = f (t 1t+3fa tlﬂci(fg) <o), te(0,400), e  (3.2)

Then

1+ tots I'a) T(a-1)
=Ry, te€ (0, +OO), T € Q. (33)

= (Qz) (1)) e s A1 1
f SLO/O ()| (s)ds + " { + +1

Thus ||Qz|| < Ry, which implies @ : Q1 — ;. Based on the Schauder fixed point theorem, we know that
Q@ has at least one fixed point z. Then the BVP (3.1) possesses a positive solution z.

Next, we prove §(t) < z(t) < w(t) for t € (0,400). Let v(t) = x(t) — (t) for t € (0,+00). According
o (H2), we get

Dgyo(t) = —q()F(t, (1)) — DG+ 0(t) < —q(t)F (¢, z(t)) + q(t) f(£,0(t)) <0,

lim 3~ *v(t) > / g(s)x(s)ds + A — / s)ds — A= /
t—0 0

lim Dy~ Zo(t) > /000 g(s)z(s)ds + A — /Ooog(s)d(s)ds —-A= /000 g(s)v(s)ds,

t—0

thm Dy Lu(t) > / g(s)z(s)ds + A 7/ g(s)d(s)ds — A :/ g(s)v(s)ds.
e 0 0 0

t) > 0fort € (0, +00), which indicates that x(t) > §(¢) for ¢t € (0, +00).
Similarly, it can be proven that z(t) < w(t) for ¢t € (0,400). Therefore, each solution x of BVP (3.1)
satisfies d(t) < x(t) < w(t) for ¢t € (0, +00). That is, F(¢,x(t)) = f(¢,2(t)) and = is a positive solution of
BVP (1.1). 0

According to Lemma 3.1, we get v(

)
t

4. Properties of Positive Solutions
Theorem 4.1 Suppose (H1) and (H2) hold.

(i) If there exists a constant X\ > 0 such that BVP (1.1)x has a positive solution zx, then for each
0< A<\, BVP (1.1), has a positive solution xx and
A tafl toz72

¥ F<a)+r(a_1)+t°“’3 < ax(t) < ax(t), t € (0,+00);

(i) If there exists a constant A > 0 such that BVP (1. 1) does not have positive solutions, then for each
A> ), BVP (1.1), does not have positive solutions.
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Proof: (i) If 2y is a positive solution of BVP (1.1)y, then by (2.12), we have

by tafl ta72

xx(t) :/0 G(t,s)q(s)f(s,xx(s))ds + m L_‘(a) + Mo —1) tho‘g} , t€(0,400).

Therefore, we can obtain that for any 0 < A <\,

> A [ta_l + e +ta_3} > 2 VH + i +t“—3} t e (0,400)
“ Y |D(a) T(a-1) “ Y [IMNa) T(a-1) ’ ’ '

zx(t)

ta—l

We can easily show that xy is an upper solution of BVP (1.1),. Next we show that % {F(a)—&-rz(;_zl)—kto‘_3
is a lower solution of BVP (1.1),. We have

(0%

D5

A ta_l ta_Q a—3 ) _
(M) b ) = 0< g(t)1(1,5(1)),

lim)‘tg_a ta_1+ te + >3 —hmi £ + t +1 _A
t=0 ¢ \TI'(a) TI'(a—1) =0y \T(e)  T(a—1) S

So % % + F’Ezifl) + ta_?’} is a lower solution of BVP (1.1),. Thus according to Theorem 3.1, we obtain

that for any 0 < A < X\, BVP (1.1), has a positive solution ) and

by tafl ta72
= +

Y |T(a) T(a—1)
(ii) Assume that there exists a constant Ao > A, such that BVP (1.1), ~has a positive solution. By

the conclusion of (i), we can infer that BVP (1.1), has a positive solution since A < Ao, which contradicts
the assumption. B O

+ to‘g} <aa(t) < ax(t), te(0,+00).

Denote

o+3 o+3
7 (65 ) 7 (b5 )

fo =limsup sup ——, fo =liminf inf ——M=
20 1€ (0,F00) * vt e[}k v (4.1)
1 AT ()AL + ko+3)2
P1 = .

= o v P2 3
Lo [, q(s)ds + i[ﬁ + ﬁ + 1] ko+1 f% q(s)ds

Theorem 4.2 If (H1) and f° < p1 hold, then there exists a constant A, > 0 such that BVP (1.1), has
at least one positive solution.
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Proof: Since f° < p;, there exists a constant r; > 0 such that f (t, 1t+3_t_”:3 u) < pru < piry for any

t € (0,400) and u € (0,71]. Set B,, ={x € P :||z|| < r1}. Choose

A € [0, p171]. (4.2)
Then, for any z € B,
1+to'+3 t370¢
f(t,fﬂ(t))f<t, < t3—a ) 1+t0+3x)
3—«
<Pyt ?)
< pir1,  t€(0,+00). (4.3)

By part (iii) of Lemma 2.3 and (4.3), we have

B3 Ta(t)| [T G(t, )3~ A, [tot ta—2 a 3]
e A O L | e A P e

+oo 2
< Lopir / (s)ds + A ! + ! + :
opry f b [ T(@@+t7%3) " D(a—1)(1+to+3) '« 1+ to+3

oo 1 1
SLomm/ q(s)ds + 222 {r + +1} =7y, te(0,+00).

0 G (@) Tla—1)
So T'(By,) C By,. According to the Schauder fixed point theorem, we obtain that T has at least one
fixed point in B,,. Thus BVP (1.1), has at least one positive solution. O

Theorem 4.3 If (H1) and fo, > py hold, then there exists a positive constant A such that BVP (L.1)5
has no positive solution.

Proof: Assume that BVP (1.1), has a positive solution x for any A > 0. By fo > p2, there exists a
constant ro > 0 such that

1 tUJrS 1
f <t, ;_au> > pou, t€ {k’k} , U >ra. (4.4)

Take the special constant

T(o)D(a — DE(1+ k7+2)
I'(a—1)+T(a)k+T(a)T(a— 1)k2 T2

We know that BVP (1.1)5 has a positive solution x5. By (2.12), we have

(4.5)

=2

400 )\ to— 1 ta—2 3
550 = [ G eso)ds + 5 | o+ ez ] € 00
Therefore
g3—a > A S 1
1+s”+3 ~ [ 1+s‘7+3) +F(a—1)(1+s”+3) + 1+8‘T+3:|
S e e ek
— 1 + k”+3) Pla—1)(1+kot3) 14 kot3
XD(a —1) + T()k + D(a)(a — 1)k2
“ ¢ T(a)l(a— D1+ kF5)
=2ro>1ry, SE |:]1,k’:| . (46)
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By (4.4) and (4.6), we get

1 + Scr+3 537a

53704
f(s,25(s)) = f (s, e 1+80+3xx(5)> > pzmxx(s), s € [/i’k] . (4.7)

By (2.23), we have

w5 () 1 |
SO T et T A (1 kors) 1A

Based on (4.5), (4.6), (4.7) and (4.8), we have

e BT )
Josl = 252
+00 1) (L)3~@
:/0 G(k’()l()l;+3 q(s)f(s,xx(s))ds
) 2 9 €9 N ¢ M ¢ ‘“(i)“‘]

+ A k> i L1
PIr@ (14 ()77 T (1 ()7F) T
P % k g3—a ) |
7 F(oz)(lzi,chs)/l 4(8) T 5ora@(s)ds + 72 (by (4.5), (4.6) and (4.7))
P2k’a+1 1 k |
= T(a) (1+k”+3)”$x|4k4(1+ka+3)/}c q(s)ds+ry  (by (4.8))
= [zl + 72,

which is a contradiction. Thus, there exists a big enough constant A > 0 such that BVP (1.1)5 has no
positive solution. O

Theorem 4.4 Let I C [0,400) be a bounded set. If (H1) and foo > pa2 hold, then there exists T > 0 such
that ||z|| < 7, where x is the positive solution of BVP (1.1), ;.

Proof: Since fo, > po, there exists a constant r > 0 such that f (t, 1t+3,tf:3 u) > pou for any t € [%, k]

and u > r . Let 7 = 4k* (1 + k‘7+3) r. Suppose that BVP (1.1),.; has a solution # satisfying || > 7.
By (2.23),

3% (t) 1 1] > 1
min x —— T av
Loick 1+t0T3 = Ak (14 kot3) "1 = 4k (1 4+ ko 13)

T=r.
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By part (ii) of Lemma 2.3 and (2.23), we have

which is a contraction. Therefore, the conclusion is proved. O

5. Existence, Nonexistence and Multiplicity of Positive Solutions

Theorem 5.1 If (H1), (H2), fo < p1 and foo > p2 hold, then there exists a constant A* € (0,400) such
that

(i) BVP (1.1) has at least one positive solution for A =0 and X\ = \*;
(ii) BVP (1.1) has at least two positive solutions for each A € (0, \*);

(ii) BVP (1.1) does not have any positive solution for each A € (A\*, 4+00).

Proof: Let
A={X€[0,4+00) : BVP (1.1), has at least one positive solution} .

Then by Theorem 4.2, we know that A # (). According to Theorem 4.3, we can show that A is a bounded
set. Therefore, A has a supremum, which we indicate as A* = sup A.

Firstly, we prove that BVP (1.1),. has at least one positive solution. Since \* = sup A, there exists
a sequence {A\,,} C A that satisfies A,, < A*, A,y = A* as m — 4o00. Let x),, be the solution of BVP
(1.1),,, - In view of (2.12), we know that BVP (1.1), is equivalent to

+00 a—1 a—2
x,, (t) = /0 G(t,s)q(s)f (s,za, (s))ds + % lt"(a) + F(ta - +t*73, te(0,400), (5.1)

where m € N*. According to Theorem 4.4, there exists a constant 7 > 0 such that ||z, || < 7. Based
on Lemma 2.4, we can easily show that {z, (¢)} is relatively compact. Then we know that {z,  }
has a convergent subsequence, we assume that {x,, } itself converges to xyp and zg € P. Therefore,

f_:tai:;‘x,\m(t) — xo(t)‘ — 0asm — oo, t € (0,+00). So |z, (t) —zo(t)] = 0 as m — oo, t € (0, +00).
In addition, since f € C((0,+00) x [0, +0), [0,400)), we have

q(8)|f(s,zx,,(s)) — f(s,20(5))] =0 as m — o0, sé€(0,+00).
By (H2) and part (iii) of Lemma 2.3, we get

G(t,s)t3

1o 1) |F(5,20,(5) = (s, 20(9))] < 2Log(s)er(s), 1,5 € (0,+00), meNT.
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Then, by the Lebesgue dominated convergence theorem, we have

“+oo 3—«
/0 %q(s) [f(s,za,, (5) — f(s,z0(s))|ds =0 as m — o0, te€(0,+00).

Therefore

14 to+3 14 to+3

400 §)3— +oo )3~
| i) - [ G o smn(s))as
0 0

“+o00 s 33—«
S/O %4(8) [£(s,25,,(s)) = f(s,20(s))] ds

—0 as m— oo, te€(0,+00). (5.2)

Am
L

In addition, due to the continuity of [tkl R tc‘_?’} with respect to m, we have

T'() I'(a—1)

by tafl ta72 i
f { + + t“s} -

2* tafl toz72
MNa) T(a-1)
From (5.1), (5.2) and (5.3), we have

E F(a)+F(a—1)+ta3] as m—oo, te€(0,+00). (5.3)

+oo A a1 ta—2 o3
xo(t) = ; G(t,s)q(s)f(s,xz0(s))ds + m [I‘(a) + Tla—1) +t } , t€(0,4+00).

Hence, x¢ is a positive solution of BVP (1.1),.. By the definition of \*, we know that BVP (1.1), does
not have positive solutions for each A € (A\*, +00).

Finally, we prove that BVP (1.1), has at least two positive solutions for A € (0,A*). For any given
A € (0, ), there exist A, A € A such that 0 < A < A < A. Let 7, z be the solutions of BVP (1.1)y and
BVP (1.1),, respectively. We can easily verify that z is a lower solution and Z is an upper solution of
BVP (1.1), and z(t) < Z(t) for t € (0,+0c). Then, according to Theorem 4.1 and Remark 3.1, BVP
(1.1), has a positive solution 1 for the given A, and z(t) < z1(t) < Z(t), t € (0,400). Choose A > AF
Then A < A* < A. We define K, : P — X by

tafl ta72

+oo
) ()= [ Gl salis+ L | fm b g 17 te (040)

where v € [\, A]. Let
f&z@), = >z(),

F(t,x) = q f(tx),  z(t) <z <z(1),

[ x(t), = <z(t),

N

where t € (0,400), © € P. Define an integral operator [A(A, :P— X by

(Ry) ()= T Gt s)a(s) (s u(ds + L[t T jems] e (0, 400)
Ty TR v [T(@) " Tla—1) ’ T

where v € [\, A]. We can easily prove that K, and I?w are completely continuous for each v € [, A]
according to Lemma 2.4. Next we demonstrate that BVP (1.1), has another positive solution zo # x;
with the given A\, which is equivalent to proving that K, has a fixed point x5 # 1. That means we need
to prove (5.12) below, which requires verifying (5.9) and (5.11) below first.

To prove (5.9), we first confirm (5.6) and (5.8) below. By Theorem 4.4, there exists 7 > 0 such that
any fixed point z., of K, satisfies

lzy|| <7 foreach €[\ A (5.4)
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Let
Q={zeP: |z| <7 z(t) <z(t) <Z(t), t € (0,+00)}.

Obviously, 1 € Q. Then  C P is a nonempty open bounded subset. Due to (H1), (H2) and the
definition of F, similar to (3.2), we can prove that F'(¢,z(t)) < oz (). Similar to (3.3), there exists a
constant Ry > 7 > 0 such that H[?VxH < Ry for (v,2) € [\, A] x P. Let Br, = {x € X : ||z| < Ry}
Then Q C PN Bg,. Actually,

x#uf(vx, x € PNOBg,, wel0,1]. (5.5)

Otherwise, suppose there exist o € PNJBg, and pg € [0, 1] such that g = /«Lof?'y$0~ If uo € (0, 1], then
Ry = ||zo|| = 1o HI?A,JJOH < poR1 < Ry, which is a contradiction. If pg = 0, then we have zy = 0 and
then Ry = ||zo|| = 0, which contradicts Ry > 0. By (5.5),

i(fg,PmBRl,P) —1. (5.6)

To prove (5.8), we confirm that K does not have fixed points on P N (Bg, \2), next. If zq is a fixed
point of Ky on PN (Bg,\2), then

(4

< o G(t7 S)q(S)f(S,E(S))dS +
+oo

zo(l) = /0 Gt $)q(s) (s, a0(s))ds + >
+oo

'ta—l

ta—2

[(@)
't(x—l

+

+

MNa-1)
ta—2

[T'(a)
'tozfl

P(a—1)
ta72

+ ta—S

+ tOl—3

<, Gt s)q(s)f(s,T(s))ds +

= 7(0),

<> & >

+ + o8

I T'(a) T(a-1)

t € (0,+00).
By the same token, we get that zo(t) > z(¢) for ¢ € (0,+00). Then

2(t) < zo(t) < T(t), te (0,4+00). (5.7)

From the definition of F', it follows that F(s,z(s)) = f(s,2zo(s)). Consequently, xq is also a fixed point
of K. Based on (5.4), we know that ||zo| < 7. Thus zo € Q, which contradicts zg € P N (Bg, \Q).
Hence, K does not have any fixed points on P N (Bg, \). Therefore, from the solvability of the fixed
point index,

i (fg, PN (Bp,\Q), P) = 0. (5.8)
Since K 0= K, by the excision property of the fixed point index, we obtain
i (Kx,PNQ, P) :z'(IA{A,PmQ,P)
= (fﬁ, PN BRI,P) —i (fg, P (Br,\), P)
=1. (5.9)

Next we prove (5.11). We know from the definition of A\* and the fact of A > \* that BVP (L.1)5
does not have positive solutions. That is, K5 has no fixed point in P. Therefore, from the solvability of
the fixed point index,

i (K3, PN Bg,,P) =0. (5.10)

Define H,, by

Hy(x) = K yarui(®@), pel0,1, z€PNBg,.
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Obviously, H,, is completely continuous. We have H,(x) # « for (u,z) € [0,1] x PN OBg,. Otherwise,
if there exists (uo, o) € [0,1] x P N JBg, such that H,, (zo) = o, then

K(l*/ybo)/\Jr/LoS\(xo) =x9, x9€ P, ||.’L‘QH = R;.

Therefore, zg is a solution of BVP (1.1),_, . 5. By (5.4), we get [[zol| < 7, which contradicts

lzo|| = R1 > 7. By (5.10) and the homotopy invariance of the fixed point index, we have
i (K, PN By, P) =i (Hy, PN Bg,,P) =i (H,, PN Bg,, P) =i (K5, PN Bg,, P) =0.  (5.11)
According to (5.9), (5.11) and by using the additivity property of the fixed point index, we have
i (Kx, PN Bgr,\Q,P) =—1. (5.12)

So K has a fixed point 2o € PN Bg, \Q. Therefore, BVP (1.1), has a solution zo € P N Bg, \ Q. Since
z1 € Q, it follows that xo # x;. Hence, BVP (1.1), has at least two positive solutions for A € (0, A*).
The proof is completed. O

6. An Example

In this section, we demonstrate our results through the following example. Consider the BVP

1
1 t~se tsint
D% x(t) + ettt 2 St 0, te(0,400),
(1+1%)?
. 1 IRT % T % _ _ 925
}g%zﬂx(t) = }g% Dy, x(t) = tlgrolo Dg,x(t) = 5/, e “*x(s)ds + A.
Here, BVP (6.1) is a special case of BVP (1.1) if
11 1 . L t~%e~lsint ,
a=r, oc=0, g(s)zBe , qt)y=e", f(t,x)zwx

Clearly,

00 Safl Sa72 3
“72 1 ds =~ 0.234 1
/0 g(s) {F(a)jLF(a—l)jLs s 349 <

and f € C((0,400) x [0, +00)). If ¢, (t) = E58Lr2 then we get

t8

+oo
/ q(8)pp(s)ds =~ 0.3032r% < 400
0

and f (t, 1:%3:)3) < p,(t) for t € (0,400), 0 <2 <r. Thus (H1) holds. (H2) obviously holds.
4
Let £ = 2. From (4.1), we have p; & 0.2769, py =~ 3346.7165,
1442 .
f (ta ( 1 )x) e tsint (6.2)

O =limsup sup ——t2 2 2 —limsup sup =
z—0t+ t€(0,400) T z—0t te(0,4+00) L8

(o))
foo = liminf inf ——2 2 —liminf inf —a = 00> po. (6.3)
z—+00 te[1 2] x r—=+00 te[d,2] 3

Therefore, all the conditions of Theorem 5.1 have been verified.
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According to Theorem 5.1, we know that there exists a constant A* such that BVP (6.1), has at least
one positive solution for A = 0 and A = A*, two positive solutions for any A € (0, \*), and no positive
solution for A € (A*,+00). Below we give a more accurate range for A*. Based on (6.2), there exists a

sufficiently small r; > 0 such that f <t, (1?3) x) < p1r1 for € (0,7], t € (0,400). Here, we might as
4

well assume 71 = 0.2. By (4.2), let A\, = p17 =~ 0.05538. By Theorem 4.1 and Theorem 4.2, BVP (6.1),

has a positive solution for A € [0,0.05538]. Based on (6.3), there exists a sufficiently large r > 0 such

that f (t, <1+t3) x) > pory for x € [rg,4+00) and t € [3,2]. Here, we might as well assume r = 1000. By

1
(4.5), let A = 20 LIRS () ) & 8102.92. By Theorem 4.1 and Theorem 4.3, BVP (6.1),

does not have positive solutions for A € (8102.92, +00). Thus, we know that A* € [0.05538, 8102.92).
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