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ABSTRACT: This paper introduces and investigates the concept of Z-open sets in cubic intuitionistic fuzzy
topological spaces under Pcyp-order. We establish fundamental properties of Pcpr-Z-open sets and their rela-
tionships with other generalized open sets including §-open, preopen, and §-semiopen sets. Several character-
izations of P¢p-Z-open sets are provided through interior and closure operators. We prove that the family of
Pcir-Z-open sets forms a topology and investigate properties of Poyp-Z-interior and Peyp-Z-closure operators.
The results demonstrate that Popp-Z-open sets provide a unifying framework that generalizes several existing
notions of openness in cubic intuitionistic fuzzy topological spaces, with significant implications for modeling
hierarchical uncertainty in decision-making systems.
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1. Introduction

Uncertainty, indeterminacy, and vagueness are inherent characteristics of real-world phenomena that
classical mathematics often fails to capture adequately. Zadeh’s fuzzy set theory [10] initiated a paradigm
shift by allowing partial membership, while Atanassov’s intuitionistic fuzzy sets [1] further enriched
this framework by incorporating non-membership and hesitation degrees. The evolution continued with
interval-valued intuitionistic fuzzy sets [2] and cubic intuitionistic fuzzy sets (CIFS) [6,7], which integrate
both interval-valued and crisp representations of uncertainty within a unified structure.

The extension of these concepts into topology has yielded significant theoretical developments. Coker
[3] pioneered intuitionistic fuzzy topological spaces, while Jun et al. [5] introduced cubic sets, leading
to cubic intuitionistic fuzzy topological spaces (CIFTS). A crucial advancement was the incorporation of
order structures into CIFTS by Riaz et al. [9], who developed P¢pp-cubic and R-cubic intuitionistic fuzzy
topologies to model hierarchical and relational uncertainties.

Within generalized topology, Z-open sets were originally introduced by El-Magharabi and Mubarki
[4] in classical topological spaces as a unifying concept that bridges preopen, semiopen, and e-open sets.
Moogambigai et al. [8] later extended this concept to neutrosophic topological spaces. However, the
study of Z-open sets within the dual-order framework of cubic intuitionistic fuzzy topology remains
largely unexplored.

This paper addresses this gap by introducing Z-open sets under Pcrp-order in CIFTS. The Pcrp-
order provides a natural framework for modeling hierarchical decision-making where membership degrees
increase and non-membership degrees decrease along the preference hierarchy. Our contributions include:

e Formal definition of Pep-Z-open sets in CIFTS and establishment of their fundamental properties
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e Characterization theorems relating Per-Z-open sets to other generalized open sets
e Development of Pcrp-Z-interior and Perp-Z-closure operators with their algebraic properties

e Proof that the family of Pcyp-Z-open sets forms a topology finer than the original cubic intuitionistic
fuzzy topology

These results provide a robust theoretical foundation for applications in multi-criteria decision anal-
ysis, pattern recognition, and intelligent systems where hierarchical uncertainty modeling is essential.

2. Preliminaries
Let X be a non-empty universe of discourse. We recall essential definitions for our study.
Definition 2.1 ([1]) An intuitionistic fuzzy set (IFS) A in X is defined as
A= {(xa:U’A(x)vVA(x)) |z € X}’

where pa,va : X — [0,1] satisfy 0 < pa(x) +va(z) <1 for allx € X. Here pa(x) and va(z) represent
membership and non-membership degrees of x to A, respectively.

Definition 2.2 ([2]) An interval-valued intuitionistic fuzzy set (IVIFS) A in X is given by
A= {(=, [pa (@), nh (@), vy (@), vi(@)]) | = € X},
where 0 < py(z) < ph(z) <1,0<v,(2) <vi(z) <1, and pl(z) +vi(z) <1 foralze X.

Definition 2.3 ([6]) A cubic intuitionistic fuzzy set (CIFS) A in X is an ordered pair A = (A, \)
where:

o A={(ln3(@), pt @) [V (@), v @) |z € X} is an IVIFS
o A= {(ur(x),vr(z)) |z € X} is an IFS

satisfying 0 < p7(x) < u'g(ar) <1, 0<v;(z) < V}(x) <1, u}(m) + I/};(l‘) <1, and px(z) +vr(z) <1
forallx € X.

Definition 2.4 ([9]) For two CIFSs A= (A,\) and B = (B, ) in X, the Peip-order is defined as:

ACp B <=

[na(2)] € g ()] [va(@)] 2 [va(@)];
AUB = @) < pul@),
P va(z) = vu(x)
[La(x)] 2 [pp ()], [vi(@)] € [va(o)],
A B <= @) > pu(@),
Fer va(z) < wu(x)

Definition 2.5 ([9]) A Pcp-cubic intuitionistic fuzzy topology (Per-CIFT) on X is a family Fpe, of
CIFSs in X satisfying:

(i) 0,1 € Fpeyy, where 0 = (([0,0],[1,1]),(0,1)) and 1 = (([1,1],[0,0)), (1,0))
(it) If A; € Feyy fori € A, then Up_, jep Ai € Free
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(iii) If A,B € Fpy, then ANpy B € Fpyy

The pair (X, Fpyy) is called a Pegp-cubic intuitionistic fuzzy topological space (Perp-CIFTS). Members of
Fpye are called Pegr-open sets.

For a CIFS A in a Pegp-CIFTS (X, Fpyy ), the Pegp-interior and Pepp-closure are defined as:

iNtpee (A) = U{g | G Cpyy A and G is Pegp—opent},

Perr

clpyy (A) = m{]: | A Cpye F and F is Pegp—closed}.

Peir
3. Structural Analysis of Pcp-Z-Open Sets

We now introduce the central concept of our study.
Definition 3.1 A CIFS A in a Pep-CIFTS (X, Fpy,) is called a
(i) Perr-regular open set (Pep-ros) if
A = intpe (clpey (A)),
(i1) Pemr-regular closed set (Pemp-res) if
A = clpe (intpe (A)),
Definition 3.2 For a CIFS A in (X, Fpuy):
(i) The Pcrp-d-interior is defined as:

d—intpy, (A) = U{]-" | A Dp.ye F and F is Pep—ros},

Peir

(i) The Perp-d-closure is defined as:

d—clpy (A) = ﬂ{}' | A Cpoye F and F is Pegp—res},

Perr
Definition 3.3 A CIFS A in a Pep-CIFTS (X, Fpyy) is called a
(i) Pcrp-0-semiopen set (Perp-0So0s) if
A Cpeg ey (6—intpes (A)),
(ii) Pcmp-0-semiclosed set (Pew-0Sc¢s) if

A =Pcrr intﬂ”cm‘ (6_CZ]PC]UF (-’4))7

(#ii) Perr-preopen set (Per-Pos) if
A gﬂ’cuw intﬂ”cw (CZPCM‘ (A))

(i) Perp-preclosed set (Pep-Pes) if
A :—)Pcnw CZPCW (intﬂ]’cw (A))

(v) Pemp-Z-open set (Pew-Zos) if

A gPCHrF intﬂ]’m (CZPCW (A)) Upere CZPCHF (67intﬂ”zcw (A) ) )
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(vi) Pep-Z-closed set (Pep-Zes) if
A 2 clpeg (intpes (A)) Npee intpeg (6—Cclpes (A)),
Definition 3.4 For a CIFS A in (X, Fpyy), the Pep-Z-interior and Pep-Z-closure are defined as:

Z—intpy, (A) = U{Q | G Cpy A and G is a Pep—Zos},

Perr

Z—clpey (A) = ({F | A Cpyy F and F is a Po—Zes}.

Peir

Proposition 3.1 The following inclusion relations hold for any CIFS A in (X, Fpy):

int]}”cm«" (A) QPCI]F Z_int]?cm (A) Q]P’CH A QPCI]F Z_CZ]P’UF (A) Q]P’CH CZPCHF (A)

Proof: Follows directly from the definitions of the respective operators and the fact that every Peyp-open
set is a Pemp-Zos. O
Theorem 3.1 In a Pep-CIFTS (X, Fpy), the following implications hold:

(i) Fvery Pcip-0-open set is a Pegp-open set

(ii) Every Pcip-0-open set is a Pep-d-semiopen set

(iii) Every Pcip-open set is a Pepp-preopen set

(iv) Every Pcp-0-semiopen set is a Pegp-Z os

(v) Every Pcrp-preopen set is a Pegp-Z os
Proof: (i) Let A be Pee-d-open. Then A = d—intpe,(A) = Up {9 | § Cpew A, GisPerr—ro}. Since
every Peyp-ros is Pepp-open, we have d—intpy, (A) Cpyy intpe, (A). Hence A Cpy, intpy, (A), implying A
is IP’CH:—Open.

(ii) Let A be Pcrp-d-open. Then A = d—intp, (A). Since the closure operator is extensive (B Cpy
clpe (B) for any CIFS B), we have:

5_inthw (A> gﬂ)cw Clﬂ”cm‘ (5_int]1”cw (A))

Substituting A = d—intp., (A), we obtain A Cp., clp, (0—intp., (A)), so A is Pep-d-semiopen.

(ili) Similar to (ii), using intpy. (A) Cpey 1NEpeg (lpgy (A)).

(iv) Let A be Pcrp-6-semiopen. Then A Cpy. clpy, (0—intpey (A)) Cpeyp b (0—intpe. (A)) Upgg
intpeg (Clpeg (A)), so A is a Pep-Zos.

(V) Let A be Pcp-preopen. Then A Creye NPeyy (Clﬂ”cw (A)) Crew Clpe (6_int[P’C1u«‘ (A) U 18Py (CZPCH]F (A)),
so A is a Pcp-Z 0s. O

Remark 3.1 The converse of the above theorem 3.1 need not be true, as verified by the following coun-
terexample 3.1:

Exzample 3.1 Let X = {x} be a singleton set and let Fp, be the Peyp-CIFTS on X defined by

‘FPCH]F = {07 Ia A}
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and the following cubic intuitionistic fuzzy sets are defined on X :
A = ([0.30,0.60], [0.20, 0.40], (0.50, 0.30)),
B = ([0.25,0.55], [0.35,0.55], (0.40, 0.50)),
C = (]0.20,0.75],[0.05, 0.45], (0.65, 0.15)),
D = (]0.35,0.75], [0.05, 0.35], (0.65,0.20)),
E = ([0.20,0.30], [0.50, 0.60], (0.25, 0.55)).
Now we classify the given sets:

(i) A is CIFp,-open but not CIFp,-6-open
(ii) B is CIFpy,-0-semiopen but not C1Fp.,-open
(#ii) C is CIFpy,-preopen but not CIFp,-open
(iv) D is CIFp.-Z-open but not CIFp.,-0-semiopen
(v) E is CIFp,-Z-open but not CIFpy,-preopen

Remark 3.2 The following inclusion diagram summarizes relationships among generalized open sets in
Pewp-CIFTS (arrows indicate proper inclusion as verified by Counterezample 3.1):

Pcr—0—open

ST

Per—open Pemr—6—semiopen

— T

Pcr—preopen Perr—Z —open

Theorem 3.2 A CIFS Ain (X, Fpyy) is a Pewp-Zos if and only if A = P—intp ., (A)Upy, S —intp., (A),
where P—intp., and §S—intp,, denote pre-interior and &-semi-interior operators respectively.

Proof: (=) Let A be a Pewp-Zos. Then A Cpy, clpege (0—intpy, (A)) Upey intpey (clpeg (A)).  Using
properties of pre-interior and §-semi-interior:

P_intPan (A) Ui 5S_intﬂ”ccm (“4) = (A NPepe intIPCHJF (CZPCHF (A))) UPcie (A NPep dﬂ”cm (é_int]?cn (A)))
=A MPerp (intPCH]F (CZPCHF (A)) Upce ClPCHF (67Z‘ntw’cm (A)))
= A

(<:) If A= P_intPCUF (A) UPce 5S_intpcw (A); then:

A= ('A MPee intﬂ]’cmﬁ (CZPCHJF ('A))> UpPcie (A P ClPCM (6_intpcu‘ ('A)))
=A MPer (intﬂ”m (Clﬂ"cw (A)) Upcie ClPrch (5_intﬂ”cm (A)))
gﬂ”w ’L‘T’Lt]pm, (CZ]P’CHF (A)) Uperr CZPCH‘ (671‘77’&?@11? (A) ) )

so A is a Pep-Z os. O

Theorem 3.3 The union of any family of Pep-Zos is a Pep-Z 0s. The intersection of any finite family
of Peir-Z 0s is a Perp-Z 0s.
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Proof: Let {A; | i € A} be a family of Peww-Zos. For each i, Ai Cpuy Clpes (0—intpey (Ai)) Upgy
Nty (Clpeg (Ai)). Then:

U A; Crew U (CZ]PCHF (6_int]}”cw (Al>) Upew 18P (Clﬂ”cw (Al>))

Perr,i€A Perr,i€A

Che e (6—intpa ( U Ai)) Upey intpeg (clp e ( U A))
P, i€A Perr,i€A

S0 UPm,ieA A; is a Pemp-Z 0s.

For finite intersections, let A and B be Pep-Zos. Using distributive properties and monotonicity of
closure/interior operators:

A mPCHF B QPCHIF (CZ]P’UF (5_intPCH]F (A)) UPICHF inth (ClchmF (A))) mPCH]F (CZPCHIF (5_int]P’<cm (B))
Uﬁ”cm intﬂ”cm (CZIP’CIIF (B))) QPCHF dﬂ”m (§_intﬂ”cm (A ﬂﬁ”cm B)) UPCH]F intPrch (CZPCHF (A m]P’an B) )7

s0 ANpyy B is a Pep-Zos. The result extends to finite families by induction. O

Theorem 3.4 For any CIFS A in (X, Fpus):
(i) Z—clp;(0) =0 and Z—clp,, (1) =1
(11) Z—clpyy(A) is a Perr-Zces
(iii) A Cpy. B implies Z—clp oy, (A) Cpoe Z—clpy. (B)
() Z—clpye(Z—clpy, (A)) = Z—clpy, (A)
(v) A is a Perp-Zcs iff Z—clpey(A) = A
Proof: (i)-(iv) follow directly from the definition of Z-closure and properties of Peip-order operations.
(v) If A is a Pewp-Zecs, then by definition A € {F | A Cpy, F,FisPewr—Zcs}, so Z—clpy,(A) =
Mo AF | A Ceye F, FisPor—Zes} Cpgye A. Since A Cpyye Z—clpe (A) always holds, we have equality.

Conversely, if Z—clpy:(A) = A, then A is the intersection of Pep-Zcs sets, hence itself a Pegp-Zcs
(by the finite intersection property extended to arbitrary intersections for closed sets). ]

Theorem 3.5 Let A be a Pep-Zes in (X, Fpoy). Then Pep—Z—cl(A) \pey A contains no non-empty
Pcir-closed subset of X.

Proof: Let A be a Pep-Zcs and let B be a Pegp-closed subset of Peyp—Z—cl(A) \pys A. Then:
B gIPCW PCH]F_Z_CI(A) mPCHJF (1 \PCM‘ A)

This implies B Cpy, Pop—Z—cl(A) and B Cpyp 1\pop A, 50 A oy 1 \poy B where 1\py, B is Perp-open.
Since A is Pcip-Z-closed, we have:

Perr—Z—cl(A) Ceep i \Pere B
Thus B Cpoy 1 \poy Perr—Z—cl(A), which gives:
B Cpeye Per—Z —cl(A) Npgg (1 \perr Perr—Z—cl(A)) = 0.

Hence B =0, proving the result. O

Theorem 3.6 A CIFS A in (X, Fpy,) is a Pep-Zes if and only if Peop—Z —cl(A) \pgy A is Per-closed.
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Proof: (=) If A is Pep-Z-closed, then Pep—Z—cl(A) = A, so Perp—Z—cl(A) \py A = 0, which is
Perr-closed.

(<) Suppose Perp—Z —cl(A) \pyys A is Pemp-closed and A is Pep-Z-closed. By the previous theorem,
Perr—Z—cl(A) \pey A containf no non-empty Per-closed subset. Since it is itself Pep-closed, we must
have Pegp—Z —cl(A) \pey A = 0. Therefore Perp—Z—cl(A) = A, so A is Pegp-Z-closed. O

Theorem 3.7 Let A be a CIFS in (X, Fpep). Then zy ) € Pow—Z—cl(A) if and only if UNp., A #pe O
Jor every Pep-Zos U containing x4, g)-

Proof: (=) Suppose v(4,p) € Perr—Z—cl(A) and let U be a Pcrr-Z 0s containing x5y If UNpey A =peys

0, then A Cpop 1\pold where 1\p U is Perp-Z-closed. Hence Pegp—Z—cl(A) Cpep 1\popU, contradicting
T(a,p) € Pepp—Z—cl(A) Npyys U.

(<) Suppose (.5 ¢ Por—Z—cl(A). Then 1 \p., Per—Z—cl(A) is a Pew-Zos containing x(q,g)
that is disjoint from A, contradicting the hypothesis. O
Theorem 3.8 Let A be a CIFS in (X, Fpy,). Then:

(Z) P(CH]F_Z_CI(-A) = 5S_C1PC][]F (A) Npee P—Clpeg (-A)
(i1) Per—Z—int(A) = §S—intp, (A) Upy, P—intp., (A)

where P—clp,, and P—intp, denote pre-closure and pre-interior operators, and 6S—clp., and §S—intp
denote d-semi-closure and 0-semi-interior operators.

Proof: (i) First note that Pegp—Z—cl(A) Cpye S —clpye (A) Npgye P—Cclpeg (A) since every Pemp-Zcs is
both d-semi-closed and pre-closed.
Conversely, since Pegp—Z—cl(A) is Pep-Z-closed:
]P)C]UF_Z_CI(A) gﬂ”cm‘ intﬂ)zcw (6_C1PCH]F (]P(C]HF_Z_CI(A))) (P CIPCHF (intﬂ”a:m (]P(CH]F_Z_CI(A)))
QPCH]F intPcn]F (5_C1PCHF (A)) P CIPCHF (int]P’an (A))
Therefore:
6S_C1P€CM‘ (A) NP P_CIPCHJF (-’4) = (A U intﬂ]’mr(a_Cchw(A))) P ('A Upcip CIPCM‘ (int]P’cu ('A)))
= A Upg; (intpey (6—Clper (A)) Moy Clpeg (Intpey (A))) CSpew A Upee Porr—Z—cl(A) = Perp—Z—cl(A).

(i) Follows from (i) by taking complements and applying De Morgan’s laws under Pep-order. O

Theorem 3.9 Let A be a CIFS in (X, Fpy,). Then the following are equivalent:
(i) A is a Pep-Zos

(11) A Cppy 0 P—clpy (P—intp., (A))

(iii) There exists a Pep-preopen set U such that U Cpey A Cppye 0P—clpe, (U)

(iv) 6P—clpy, (A) = 6 P—clpg, (P—intp., (A))

where § P—clp, (B) = B Upy, intp., (0—clpy, (B)) denotes the d P-closure operator.
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Proof: (i) = (ii): If A is Peip-Z-open, then by the decomposition theorem:
A =Pep—Z—int(A) = §S—intpg, (A) Upy, P—intpg,, (A)
= ('A Py Cchcuw((s_intPan (-’4))> Ui (A MPeye 0Py, (dﬂ”cm‘ (A)))

Crer CIIP’CMF (5_intPrch (“4)) UPcre int]P’CH (Cl]P’m (A))
Using properties of d P-closure:

A (O 5P—C1PCHF(P_intPCW (-A))

(1) = (iii): Take U = P—intpy, (A), which is Perp-preopen by definition.
(11i) = (ii): If U Cpey A is Pegp-preopen, then P—intp, (A) Dpee U, so:

6P—CIPCHF(P_intPCHJF ('A)> QPCH]F 6P—C1Pcw (U) :—>1P’CHJF A

(i) < (iv): Direct consequence of the definition of 0 P-closure operator and monotonicity properties.

O

Proposition 3.2 Let A be a Pep-Zos in (X, Fpyy,). Then clpe, (A) is a Pegp-0-semiopen set.

Proof: Since A is Pep-Z-open:

A g]P’m CIPCW (5iintPCTIF (A)) U]P’mnr intPCﬂF (CIPCTF (A))
Taking Pcrr-closure on both sides:
Clﬂ”cm‘ (A) g]}”cw Cl]P’cm‘ (CIPcuw((s_intPcmﬁ(A)) U]PCMJ:‘ int]P’mF (CIPCHLF (A)))
ngcw Clﬂ’cm (é_intpcw (A)) UPICHF CchmF (intﬂ’cm (CIP@W (“4) )) = CIPUF (5_intﬂ”cm (A>)
Hence clpy, (A) Cpyp Clpege (0—intpy, (A)), so clpe, (A) is Pep-0-semiopen. O

Proposition 3.3 Let A be a Perp-Zos in (X, Fpey) such that —intp, (A) = 0. Then A is a Pep-preopen
set.

Proof: Since A is Perp-Z-open and §—intp,, (A) = 0: A Cpy clpyy (—intpe (A))Upyyintpa, (clpes (A)) =

Clﬂ”cw (0) UPere intﬂ”cuw (Cchw ('A)> = OUIF’CIIF intIPanF (CI]P’CUF (A)) = inth’anF (CIPC]UF (A)) . Therefore A gPCI}F int]P’ccm (Clﬂ”cuw
(A)), so A is Pegp-preopen. O

Theorem 3.10 For any CIFSs A, B in (X, Fpys):
(i) Pep—Z—cl(0) =0
(i) A Cppy Pep—Z—cl(A)
(iii) Perp—Z—cl(A Upoy B) = Pom—Z—cl(A) Upyy Pe—Z—cl(B)
() Pep—Z—cl(Pep—Z—cl(A)) = Per—Z —cl(A)
Proof: (i) and (i) follow directly from the definition of Pcrr-Z-closure.
(111) Since A Cpop AUpgy B and B Cp A Upy, B, we have:
Perp—Z—cl(A) Cpoy Per—Z—cl(AUpye B) and Perp—Z—cl(B) Cpoy Perr—Z—cl(A Upy, B),

SO P(CM?—Z—CI(A) Upce ]P’(CI[IF—Z—CI(B) Cpe ]P’(C]UF—Z—C](A UPcr B)
Conversely, since Pep—Z—cl(A) and Pegp—Z—cl(B) are Pemp-Z-closed, their union is also Pepp-Z -
closed (by Theorem ??7). Since AUpqy B Cpyye Perr—Z —cl(A) Upyy, Perr—Z—cl(B), we have:

]P)C]UF—Z—Cl(A UPerr B) Cper PCHF—Z—CI(A) UPerr P(CHHT—Z—CI(B).

(iv) Since Pegp—Z—cl(A) is Pewp-Z-closed, by the fived-point characterization (Theorem ?7?), we have
P(CH]F—Z—CI(P(CH:—Z—CI(.A)) = P(C]UF—Z—CI(.A). O
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Definition 3.5 A CIFS A in (X, Fpy) is called locally Pegp-Z-closed if A = U Npy, F where U is
Pemr-open and F is Pemp-Z-closed.

Theorem 3.11 A CIFS A in (X, Fpyyg) is locally Pep-Z-closed if and only if A = U Npy, Per—Z—cl(A)
for some Pcrp-open set U.

Proof: (=) If A is locally Perp-Z-closed, then A = U Npyy, F where U is Pep-open and F is Pegp-Z -
closed. Then:

A QPCIF PCHF—Z—CI(A) me PC]I]F—Z—CI(.F) = ]‘—
Therefore:
A CPe u ) PCW—Z—C](A) CPew u NPee F=A,

so A=U MNPeyp P@HF—Z—CI(A),
(<) If A =UNpy Perr—Z—cl(A) with U Pegr-open, then since Pegp—Z—cl(A) is Pep-Z-closed, A
18 locally Perp-Z-closed by definition. O
Theorem 3.12 Let A be a locally Perp-Z-closed set in (X, Fpgy,). Then:
(i) Peir—Z—cl(A) \pyp A is Perp-Z-closed
(i) AUpqy (1 \pey Perr—Z—cl(A)) is Pemp-Z-open

(iii) A Cpey Perp—Z—int(A Upgy, (1 \pey Porr—Z —cl(A)))

Proof: (i) Since A is locally Pegp-Z-closed, A = U Np oy Perr—Z—cl(A) for some Perp-open set U. Then:
Pegr—Z—cl(A) \pee A = Perp—Z—cl(A) Npey (1 \pey U Npee Per—Z—cl(A)))
= Perr—Z—cl(A) Nbg (1 \pew U) Ube (1 \pex Perr—Z—cl(A)))
= (Perp—Z—cl(A) Moy (1 \Be U)) Uberr (Perr—Z—Cl(A) by (1 \eie Perr—Z—cl(A)))

= PC]UF_Z_CI(A) MPegp (1 \PCH[F U),

which is the intersection of a Pep-Z-closed set and a Pep-closed set, hence Pep-Z-closed.
(i1) and (ii) follow from (i) by taking complements and applying interior operator properties. O

Definition 3.6 A CIFS A in (X, Fpyy) is called a Perp-D(c, 2) set if intpy, (A) = Pegp—Z—int(A).

Theorem 3.18 A CIFS A in (X, Fpyy,) is Perr-open if and only if it is both a Peyp-Z os and a Pep-D(c, 2)
set.

Proof: (=) If A is Pcip-open, then it is Pep-Z-open (by Theorem 3.1(iii)). Also, since A is Peip-open:
int]pm (A) - .A = PCH]F—Z—iIlt(.A),

so A is a Perp-D(e, z) set.
(<) If A is both Perp-Z-open and a Pep-D(c, z) set, then:

.A = PCH]F—Z—int(A) = int]p@u, (.A),

so A is Pcp-open. O
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4. Real Life Application: IoT-Based Smart Greenhouse Monitoring

Ezxzample 4.1 (Smart Greenhouse Monitoring Using Pcr-Z-Open Sets) Modern  greenhouses
use electronic sensors to monitor important environmental conditions such as temperature, humidity,
soil moisture, and light intensity. These sensors help maintain the best environment for plant growth
automatically.

However, in real life, sensor readings are never perfectly accurate. For example:
o Temperature sensors may fluctuate slightly due to air circulation,

o Humidity sensors may have delayed response,

o Soil moisture sensors may vary during watering,

e Light sensors may change suddenly due to clouds.

Because of these uncertainties, the greenhouse control system must make decisions even when mea-
surements are not perfectly precise.

Step 1: Mathematical model of the greenhouse system
We represent the greenhouse system using a simple model with one control point:

X = {z}

Each environmental condition is represented using a cubic intuitionistic fuzzy set (CIF'S), which can
be understood in simple terms as a way to describe:

e the expected safe range,
e the possible error range,
e and the confidence level of the measurement.

For example:

e Set A: Temperature state This represents stable temperature where the system can safely operate.

e Set B: Humidity state This represents humidity that fluctuates slightly but still follows a general
pattern.

o Set C': Soil moisture state This represents soil moisture that changes slowly and predictably.
e Set D: Light intensity state This represents light that may change suddenly due to clouds.

o Set E: Combined system state This represents situations where multiple environmental factors
change at once.

Step 2: Understanding control capability of the system
The greenhouse control system can handle different types of environmental conditions differently.
Using the mathematical theory developed in Example 3.1, we classify the states as follows:

e Open state (A) — Directly controllable
This represents stable temperature. The system can immediately adjust heating or cooling.

Ezxample: Maintaining temperature at 25°C.
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e 0-semiopen state (B) — Noisy but manageable
Humidity fluctuates slightly but remains predictable.
Ezxample: Humidity varying between 60% and 65%.

The system applies small adjustments.

e Preopen state (C) — Predictable state
Soil moisture changes slowly and can be predicted.
Ezxample: Soil drying gradually after watering.

The system can schedule irrigation.

e Z-open states (D, E) — Compler and uncertain states

Light intensity may change suddenly due to clouds, or multiple conditions may change simultane-
ously.

Ezxample:
Cloud suddenly blocks sunlight — temperature drops — humidity changes.

The system must use intelligent adaptive control.

Step 3: Easy interpretation of the diagram
The diagram in Remark 3.2 shows levels of stability:

e Top level: Very stable conditions (easy to control)
e Middle level: Moderately stable conditions (predictable, manageable)

e Bottom level: Highly uncertain conditions (require intelligent control)

Why Pcir-Z-open sets are important
Pemr-Z-open sets help model the most realistic situations where:

e measurements are uncertain,
e conditions change suddenly,

e multiple environmental factors interact.

This allows greenhouse systems to make better automatic decisions, improving plant growth and re-
ducing manual intervention.

Conclusion
This mathematical model helps greenhouse systems:

e understand stable conditions,
e predict changing conditions,

e and handle uncertain conditions intelligently.
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Thus, Pcrrp-Z-open sets provide a powerful and practical tool for smart greenhouse control.
Simple numerical example from real greenhouse

Suppose a smart greenhouse measures temperature using a sensor.
The ideal temperature for plant growth is:
24°C to 28°C
But due to sensor uncertainty, the reading is not exact.
Suppose the system represents temperature using a CIFS
A = (]0.60, 0.80],[0.10,0.20], (0.75,0.15))

This means:

e [0.60,0.80] — Temperature is in the safe range with 60% to 80% confidence.
e [0.10,0.20] — There is 10% to 20% uncertainty.

e (0.75,0.15) — Owerall confidence is 75%, hesitation is 15%.

This corresponds to a stable temperature state.

Thus, A is a Pcip-open set.

This means:

The greenhouse system can safely control temperature automatically.
FEzxample action:

Turn heater ON slightly if temperature drops.

Now consider light intensity measured during cloudy weather:

D = ([0.40,0.70], [0.20, 0.40], (0.60, 0.25))

This means:

o Light level varies between 40% and 70%.

o Uncertainty is higher due to cloud movement.
e (Confidence is moderate.

This state is not fully stable but still manageable.

Thus, D is a Pcrp-Z-open set.

This means:

The greenhouse system must use intelligent adaptive control.
Ezample action:

Turn artificial grow lights ON automatically.

Similarly, soil moisture measured as

C = ([0.50,0.75],[0.10,0.30], (0.70,0.20))

represents predictable moisture level.

Thus, C' is a Pcp-preopen set.

This allows predictive irrigation scheduling.
Ezxzample action:

Start watering in 30 minutes.

Summary
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Environmental Condition | Mathematical Type Control Action
Temperature Open Direct automatic control
Humidity d-semiopen Small adjustments
Soil moisture Preopen Predictive irrigation
Light intensity Z-open Intelligent adaptive control
Combined uncertainty Z-open Advanced intelligent control

This example shows how Pcrr-Z-open sets help real greenhouse systems make intelligent decisions even
when sensor readings are uncertain.

5. Conclusion

In this paper, we introduced and investigated Peip-Z-open sets in cubic intuitionistic fuzzy topologi-
cal spaces under the Pcrp-order framework. We established that Pep-Z-open sets form a topology .FE»ZW
finer than the original Pep-cubic intuitionistic fuzzy topology, with fundamental decomposition theorems
PC]HF—Z—CI(.A) = 5S‘C1]P’CW (.A) QPCW P—Cl]pcm, (.A) and IP’(C]HF—Z—int(A) = 5S—int]pm (A) U]}DW P—int]pm (A) UNL-
fying §-semiopen and preopen structures. Through the concepts of locally Pep-Z-closed sets and Peyp-
D(c,z) sets, we characterized Pcp-open sets as those simultaneously being Pemp-Zos and Pegp-D(c, z)
sets. The practical applicability of this hierarchy was demonstrated in IoT-based smart greenhouse moni-
toring systems, where the nuanced inclusion relationships among generalized open sets provide an effective
mathematical framework for modeling environmental uncertainties with varying degrees of stability and
sensor reliability. This work significantly enriches cubic intuitionistic fuzzy topology and opens avenues
for applications in intelligent decision-making under hierarchical uncertainty.
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