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On the Zagreb Domination Energy of a Graph

Nayaka S. R., Purushothama S., Honnegowda C. K. and Puttaswamy

ABSTRACT: A degree—-domination based matrix, termed the Zagreb domination matrix, is introduced for a
simple connected graph G. Its spectral properties define a new invariant called the Zagreb domination energy,
with bounds derived in terms of order, size, degrees, and domination degrees. Exact formulas and inequalities
are established for standard and k—regular domination-regular graphs. The study further examines the effect
of t—splitting and t—shadow operations, linking eigenvalue inequalities with domination theory.
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1. Introduction

The concept of graph energy, introduced by Gutman as the sum of absolute values of eigenvalues
of the adjacency matrix, plays a central role in chemical graph theory and spectral graph theory [1], [2].
Degree-based refinements, notably the Zagreb indices and Zagreb energies, were developed to capture
finer structural information [3,4,5]. The first Zagreb matrix and its energy were investigated in [3,5,6],
while further bounds appear in [7,8]. Parallel to this, domination theory has become a fundamental
area of graph theory with extensive applications [9,10]. Recently the notion of domination degree and
domination topological indices, including domination Zagreb indices, were introduced in [10], thereby
bridging domination theory and topological indices. The concept of domination degree energy was recently
introduced in [20].

Motivated by these developments, we introduces the Zagreb domination matriz, obtained by placing
domination degrees on the diagonal of the first Zagreb matrix. The associated Zagreb domination energy
combines degree information with the structure of minimal dominating sets. Using standard tools from
matrix analysis [12,13] and eigenvalue bounds for graphs [14,15,16], we derive general inequalities and
evaluate the new energy for several graph families.

All graphs considered are finite, simple and connected. For a vertex v € V(G), the degree of v is denoted
by dg(v), its open neighbourhood by Ng(v), the maximum and minimum degree by A and §, respectively.
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Definition 1.1 A subset D C V(G) is a dominating set of G if every vertex in V(G) \ D has at least
one neighbour in D. A dominating set D is minimal if no proper subset of D is dominating. The
domination degree of a vertex v € V(QG) is defined by

ddg(v) = min{ |D| : D is a minimal dominating set of G and v € D }.

The concept of domination degree and various domination-based indices were studied in [10,11].
Let V(G) = {v1,...,v,}. The first Zagreb matrix FZ(G) is the n x n matrix [3,4,5]
dG(Ui)"i_dG(vj)? Z#ja ViV GE(G)7

0, otherwise.

FZ(G))z'j = {

It is real and symmetric, hence has real eigenvalues.

For a real symmetric matrix M of order n, we write its eigenvalues as A; (M) > --- > A\, (M).
We shall use standard facts about traces, Rayleigh quotients, Gershgorin discs and Cauchy—Schwarz
inequality [12,13].

2. Zagreb Domination Matrix and Energy

Definition 2.1 Let G be a simple connected graph with vertex set V(G) = {v1,...,v,}. The Zagreb
domination matriz of G is the n X n matrix

ZD(G) = [eij],

where
dg(vi) +da(vs), i #J, viv; € E(G),

cij =40, i # j, vv; ¢ E(G),
dde(v;), 1=7.
Clearly ZD(GQ) is real symmetric. Let its eigenvalues be
128> =&
We have . .
Y & =t(ZD(G) = > ddg(v), Y & =tr(ZD(G)).
i=1

veV(G) i=1

Definition 2.2 The Zagreb domination energy of G is defined by
ZE.(G) =Y |&il.
i=1

Note that
ZD(G) = FZ(G) =+ Dd(G), Dd(G) = diag (ddg(vl), - ,ddg(’un)),
which links the new matrix to the classical Zagreb matrix studied in [3,21,6].

3. Basic Properties and General Bounds

Define
S(G) = > (de(u)+da(v)?,  Dy(G)= > ddg(v)*.

weE(G) veV(G)

Then
tr(ZD(G)?) = 255(G) + D2(G).
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Proposition 3.1 Let G be a connected graph of order n. Then

ngl%}é) ddg(v) <& < Uér‘l/aé) (ddg(v) + Z(dg(u) + dg(’l)))>.

uU~v

Moreowver,

SRS

Y ddg(v) <& <
veV(G)

Proof: The lower bound follows from the Rayleigh quotient evaluated at the standard basis vectors. The
upper bounds follow from Gershgorin’s circle theorem and the fact that £ < >0 | &2 [12,13]. O

Theorem 3.1 For any connected graph G,
ZEq(G) > 21/25,(G) + Ds(G),

with equality if and only if all eigenvalues of ZD(G) are nonnegative or all nonpositive.

Proof: We have > 1" | &2 = tr(ZD(G)?) = 252(G) + D2(G). The inequality > 1", |a;| > 2y/>_;_, a? for
real numbers a; with at least one positive and one negative entry is standard; equality holds if all a; share
the same sign. Applying this to a; = &; gives the claim. O

The Frobenius norm inequality ZE4(G) < /ny/>_ &2 yields:

Corollary 3.1 Let G be a connected graph of order n. Then

= V25:(G) + Da(G) < ZEa(G) < v/iy/Z55(G) T Da(G).

4. Regular and Domination-Regular Graphs

A graph G is k—regular if dg(v) = k for all vertices v. We call G domination-regular if there
exists a constant « such that ddg(v) = « for all v.

Proposition 4.1 Let G be a k-regular domination—regular graph of order n with common domination
degree o. Then
ZD(G) = al, + 2kA(G),

where A(G) is the adjacency matriz of G. If M1, ..., \, are the eigenvalues of A(G), then

and

ZE4(G) = |a+ 2kAi.
=1

Proof: For a k-regular graph, (FZ(G));; = 2k whenever v;v; € E(G) and 0 otherwise, hence FZ(G) =
2kA(G) [3,5]. Domination regularity ensures Dg(G) = al,, so ZD(G) = al, + 2kA(G). The eigenvalue
relations follow from the spectral mapping theorem. O

Example 4.1 (Complete graph) For G = K,,, dg(v) = n — 1 and every single vertex is a minimal
dominating set, so ddg(v) = 1 for each v [9,10]. The eigenvalues of A(K,,) are n — 1 (once) and —1 with
multiplicity n — 1. By Proposition 4.1,

& =14+2(n—1)>2 &=1-2(n—-1),2<i<n,

and
ZEq(K,) = |14+2(n—1%+ (n—1)[1 —2(n—1)|.
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5. Paths, Cycles and Grid Graphs

We now derive explicit expressions for ZE;(G) for some families whose domination degrees are well
understood [9,10].

For the cycle C,, (n > 3), it is known that v(C),) = [n/3] and every vertex belongs to some minimal
dominating set of cardinality 2, hence dd¢, (v) = 2 for all v [9]. The eigenvalues of A(C,,) are \; =
2cos (222),0 < j <n—1 [14]. By Proposition 4.1 with k = 2 and o = 2,

2—|—4c05< WJ)‘.
n

For the path P, (n > 2), the domination number satisfies v(P,) = [n/3] and the domination structure
is described in [9,10]. Every branch vertex of P, belongs to a minimal dominating set of size [n/3]; end
vertices may belong to minimal dominating sets of the same or larger sizes depending on n. Consequently,
the diagonal of ZD(P,) is non-constant. The eigenvalues of A(P,) are \; = 2cos 311, 1<j<n [14].
Writing ZD(P,,) = FZ(P,)+ Dq(P,) with a diagonal perturbation, general eigenvalue interlacing yields:

Theorem 5.1 Forn > 3,

n—1

ZE4(C, z_:

7=0

Theorem 5.2 Forn > 2,

2v(Pn) < ZE4(Pn) < ZE((Py) + v max | ddp, (v),
ve

where ZE1(P,,) is the first Zagreb energy of P, [6].

The inequality follows from Theorem 3.1 and Weyl-type eigenvalue bounds for diagonal perturbations
[12,15]. Closed formulas for ZE4(P,) can be obtained for small n by direct computation.

Let G = P,,0P, be the rectangular grid graph, the Cartesian product of two paths [19]. Degrees lie in
{2,3,4} and domination numbers and structures are well studied for grid graphs [9]. The eigenvalues of

A(G) are

+ 2cos

Aij = 2cos
m—+1 n+1

, 1<i<m, 1<j5<n

[19,15]. If domination degrees are constant on interior and boundary vertices according to the classifica-
tion in [10], then ZD(G) may be written as

ZD(G) = 2Dyq + 4A(G) + Diu,

where Dyq and Djy are diagonal matrices reflecting the domination degree partition. Consequently the
Zagreb domination eigenvalues satisfy

s Vs
= s 44
&j = ag; + (COSm—I—l +cosn+1>,

where a;; € {apa, @int } depends on the vertex type. Hence, we have the following result.

Theorem 5.3 For the grid graph P,,[P,,

m n
ZE4(P,0P,) ZZ

Qijj +4(cos 1 + cos n]:1>

where a;; are the domination degrees determined in [10].
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6. Complete Bipartite and Tripartite Graphs

We now state the formulas already obtained in a compact form.
Proposition 6.1 Let G = K, ; with r,s > 2. Then ddg(v) =2 for all v and

ZE(K,s)=4(r+s)+2(r+s—2).

Proof: Any pair (u,v) with u in one part and v in the other is a minimal dominating set of size 2; no
smaller dominating set exists. The first Zagreb spectrum of K, s consists of eigenvalues 2(r+s), —2(r+s)
and 0 with multiplicity r +s—2 [3,6]. Adding 21, shifts each eigenvalue by 2 and the result follows. O

Proposition 6.2 Let G = K, ., 7 > 2, and suppose ddg(v) =2 for all v. Then
ZEy(Kypy)=124+4r|+ |2 —4r|+ 3r—2) - 2.

7. Graph Operations

We briefly consider how Zagreb domination energy behaves under some graph operations, following ideas
used for Zagreb energy in [5,22,23].

Given a graph G, its t—splitting graph S;(G) is obtained by adding ¢ copies of each vertex and joining
each copy to neighbours of the original vertex. The Zagreb matrices of S;(G) were analysed in [5].
If G is k—regular domination-regular with domination degree «, then

ZD(S,(G)) = Ay ® FZ(G) + D, @ I,

for suitable (¢t 4+ 1) x (¢ + 1) matrices A;, Dy determined as in [5]. Consequently, if &3, ...,&, are Zagreb
domination eigenvalues of G, then the Zagreb domination spectrum of S;(G) consists of multiples of ¢;
by the eigenvalues of A;, shifted by diagonal entries of D;. Therefore,

ZE4(S:(G)) = ¢; ZE4(G),

for an explicit scaling factor ¢; depending only on ¢ and the regularity parameters, analogous to the
factors obtained for Zagreb energy in [5].

The t-shadow graph D;(G) is built from ¢ copies of G by joining corresponding vertices to neighbors in
each other copy [22]. For regular domination-regular graphs one can express

ZD(Dy(G)) = (t+1)*J441 @ FZ(G) + D, ® I,
where J;y1 is the all-ones matrix and D; a diagonal matrix. This yields

ZEy(Dy(G)) = (t+1)°ZEa(G) + (t+1) Y dda(v),
veV(G)
mirroring the behavior of Zagreb energy [5,22].
8. Bounds in Terms of Order and Degree

Let G be a connected graph of order n and size m. Let A, § be the maximum and minimum degrees
of G and ddmax, ddmin the maximum and minimum domination degrees. Using the approach of [16,17,18]
we obtain:

Theorem 8.1 For any connected graph G,

2/2m(26)2 + nddZ, < ZE(G) < 23/2m(@A)2 + nddZpy + v/ dda.
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Proof: For each edge uv, 26 < dg(u) + dg(v) < 2A. Thus

2m(26)% 4+ ndd?;, < tr(ZD(G)?) < 2m(2A)? + ndd>

min max"*

Combining these with Theorem 3.1 and Corollary 3.1 yields the required bounds. |

Corollary 8.1 Let G be a k—regular domination—regular graph of order m and size m with common
domination degree cc. Then

2v/4mk? + na? < ZE4(G) < V/nv4mk? + na?.

In particular, for the complete graph K,,

2v/2n(n —1)3 +n < ZE4(K,) < v/ny/2n(n —1)3 +n.

9. Conclusion

The Zagreb domination matrix enriches degree-based spectral invariant by incorporating domination de-
grees on the diagonal. The resulting Zagreb domination energy admits exact expressions for several graph
families, scales predictably under basic graph operations and satisfies bounds expressed through order,
size, degrees and domination degrees. Further study may focus on extremal problems and connections
with other domination-based indices.
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