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ABSTRACT: In this paper, we consider the generalized framework of an extended parametric Aj-metric space
and prove some results on common fixed points and fixed points in the space with a condition on symmetry.
Our results are generalized enough to contain many interesting results which are generalizations, extensions
and analogs of Banach Contraction Principle, Kannan fixed point Theorem and Jaggi fixed point Theorem in
extended parametric Ap-metric space and other lower spaces. We also apply our result to solve a system of
integral equations for common solution.
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1. Introduction

The study of metric fixed point theory continues to hold significant importance in contemporary
mathematical research, primarily due to its applications in nonlinear analysis. Since the introduction of
the celebrated Banach Contraction Principle in 1922, researchers have pursued various generalizations
in the context of space and contraction mapping. The concept of metric space has been extended to
b-metric space, as examined by I.A. Bakhtin[3] and S. Czerwik[4]. Sedghi et al.[6] introduced S-metric
space, while Souayah and Mlaiki[7] proposed Sp-metric space. Further generalizations to A-metric and
Ap-metric spaces were made by Mujahid Abbas et al.[14] and Manoj Ughade et al.[15], respectively. K.
Anthony Singh et al.[2] also contributed another generalization in the form of a cone Ap-metric space
in another line of generalizations consisting of cone metric space, cone b-metric space, cone S-metric
space, cone Sp-metric space and cone A-metric space etc. Hussain et al.[9] developed parametric metric
space, which was subsequently extended to parametric b-metric space[10]. Tas and Ozgur[11] introduced
parametric S-metric space, which was further expanded to parametric Sp-metric space[12]. N. Priyobarta
et al.[17] introduced the parametric A-metric space. Mlaiki[13] introduced the extended Sp-metric space,
while Naveen Mani et al.[16] described the extended parametric Sp-metric space. Notable contributions
include studies by Beniwal et al.[5] and Naveen et al.[18]. K. Anthony Singh et al.[1] introduced the
extended parametric Ap-metric space, which encompasses all previous spaces.

This paper explores this framework of an extended parametric A,-metric space and establishes some
common fixed point and fixed point theorems by incorporating a symmetry condition in the space. Our
study is motivated by the results of Naveen Mani et al.[18]. We also demonstrate an application of our
result in solving a system of integral equations for common solution.
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2. Preliminaries

Definition 2.1.([4]) Consider X # ¢ and a real-valued function  : X x X — [0,00) and b > 1. This
Q) is called a b-metric on X if:

L Q(p,g=0<=p=g

2. Q(p,q) = Qg p);

3. Q(p,q) < b[Q2p,7) + Q(r, q)], Yp, g, 7 € X.
Then, (X, Q) is said to be a b-metric space.

Sedghi et al. [6] defined a new form of generalized metric space, the S-metric space.
Definition 2.2.([6]) Consider X # ¢ and a function S : X® — [0,00). This function S is called an
S-metric on X if:

1. S(p,q,r) = 0;

2. S(p,q,r) =0<=p=gq=r;

3. S(p,q,7) < S(p,p,s)+S(q,q,8) + S(r,r,s) Vp,q,7,s € X.
Then, (X,S5) is called an S-metric space.

Example 2.3.([6]) Let X = R™ and [|.|| be a norm on X; then S(a, 8,7) = |8+~ — 2a|| + ||8 — 7|| is
an S-metric on X.

Souayah and Mlaiki [7] defined the notion of an Sp-metric space which was later modified by Ro-
hen et al. [8].
Definition 2.4.([8]) Consider X # ¢ and a function Sj,: X3 — [0, 00). This function S is said to be an
Sp-metric on X if:

1. Sb(lew) =0=I=x=1;

2. Sp(3,x, %) <b[Sp(,3,8) + Se(x, X, ) + Se(w,1,8)] VI, x,¥,s € X and b > 1.
Then, (X,Sp) is said to be an Sp-metric space.

Hussain et al.[9] conducted research on parametric metric spaces. As a follow-up, they went a step
further when they presented the parametric b-metric space[10]. Later, Tas and Ozgur[11] defined para-
metric S-metric space as a generalized form of the parametric metric space, as defined below.
Definition 2.5.([11]) Consider X # ¢ and a function 6, : X3 x (0,00) — [0, 00). This function 6 is said
to be a parametric S-metric on X if:

1. 04(p,g,r,A\) =0<=p=q=r;
2. 0:(p,q,m, N) < 0:(p,p, 0, \) + 0:(q,q,0,\) + 6:(r,r,0,\),Vp,q,r,0 € X and A > 0.
Then, (X, 6,) is said to be a parametric S-metric space.

In 2018, Tas and Ozgur [12] advanced their earlier work by proposing the concept of a paramet-
ric Sy metric space.
Definition 2.6.([12]) Consider X # ¢ and a function H : X2 x (0,00) — [0,00). This function H is
called a parametric Sy-metric on X if:

1. H(p,q,r,\) =0<=p=q=r;

2. H(pa q,7, >‘) S b[H(papv g, >‘) + H(Q7 q,0, A) + H(T, r,o, A)]
where b > 1 and Vp,q,r,0 € X, A > 0.
Then, (X, H) is called a parametric Sp-metric space.

Example 2.7.([12]) Consider a collection X = {t|t : (0,00) — R} and a function H : X3x(0,00) — [0, o0)
by

H(t,i,0,a) = g(|t(a) —i(a)] + [t(a) — o(a)| + |i(a) - o()])?
for each @ > 0 and V¢,7,0 € X. Then (X, H) is a parametric Sp-metric space; however, it does not qualify
as a parametric S-metric space.

As a continuation of Rohen et al. [8]’s work, the notion of extended Sp-metric space was formu-
lated by Mlaiki [13] as given below:
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Definition 2.8.([13]). Consider X # ¢ and a function H : X3 — [1,00). A function ¥y : X® — [0, 00)
satisfying:

1. g(p,q,r)=0<=p=q=r;

2. 3u(p,q,r7) < H(p,q,7)[Zu(p,p,0) + Xu(q,q,0) + g (r,r,0)]
Vp,q,r,0 € X, is said to be an extended Sp-metric on X and (X, X g ) is said to be an extended Sp-metric
space.

Remark 2.9.([13]) While every S,-metric space can be considered as an extended Sp-metric space when
H(p,q,7) = b > 1, the converse isn’t always the case.

The notion of an extended parametric Sp-metric space was established by Naveen Mani et al.[16].
Definition 2.10.([16]) Consider M # ¢ and a function H : M? — [1,00). A function g : M3 x (0, 00) —
[0, 00) satisfying:

1. Xg(p,q,r,\) =0<=p=q=r;

2. Xu(p,q,r,N\) < H(p,q,7)[Zu(p,p, 0, \) + Xu(q,q,0,\) + Zg(r,r,0,A)]

Vp,q,r,0 € M and A > 0 is called an extended parametric Sp-metric on M.
Then, (M,Xy) is called an extended parametric Sy-metric space.

Example 2.11.([16]) Consider M = R and a function H : M3 — [1,00) which is defined by
H(¢,x,9) =1+ o]+ [x]-

Again, consider another function ¥z : M3 x (0,00) — [0, 00) which is defined by

Vo, x,¥ € Rand A > 0. Then, Xy is an extended parametric Sp-metric on M.

In 2015, as a generalization of S-metric space, the concept of A-metric space was introduced by
Abbas et al. [14].
Definition 2.12.([14]) Consider X # ¢ and a function A : X™ — [0,00). This function A is said to be
an A-metric on X if:

1. A(ay,az,...,a,) > 0;
2. A(ar, a2, ..,a,) =0 <= a1 = ag = ... = ap;
3. Alay, az,...,an) < Alay, a1, ..., a1(n—1y,a) + A(az, az, ..., az(n—_1y,a) + ...+

A@n, Gy ooy Ap(n—1),a), Yai,az, ..., an,a € X.
Then, (X, A) is called an A-metric space.

The concept of parametric A-metric space was introduced by N. Priyobarta et al. [17] and the
definition is as follows:
Definition 2.13.([17]) Consider Y # ¢ and a function P4 : Y™ x (0,00) — [0,00). This function Py is
said to be parametric A-metric on Y if:

L Pa(y1, 92, Yn ) =0 = y1 = y2 = ... = ¥,

2. PA(ylay27 "'7yn7t) S PA(yhyh ceey (yl)nfhyat) +
PA(y27y27"'7(yQ)nfhy?t)
+ . +

Py (yn; Yns oo (yn)n—h Y, t)y vyh Y25 Yny Y € X and ¢ > 0.
Then, (Y, P4) is said to be a parametric A-metric space.

Example 2.14.([17]) Consider a set X = R and a function P4 : X™ x (0,00) — [0,00) which is
defined by PA(wlaw27 7,(/17’7,71;) = h(t)(Wl - ’(/}2‘ + |’(/}2 - w3’ + ...+ ”(/}n - wl’) V,(/]171/}27 7’(/}71 € R and all
t > 0. Here h: (0,00) — (0,00) is a continuous function. Then, P, is a parametric A-metric on X and
(X, P4) is a parametric A-metric space.

The concept of Ap-metric space was defined by Manoj et al.[15] as given below:
Definition 2.15.([15]) Consider a set Y # ¢ and a mapping Ay : Y™ — [0,00). This mapping A, is
called an Ap-metric if:
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L Ap(y1, Y2, Yn) > 0;
2. Ap(Y1, Y2, Yn) =0 = y1 = Y2 = ... = Yn;
3. Ap(y1, Y25 -5 Un) < MLAL YL Y15 s Y11 Y) + Ab(Y2s Y25 oo Y200 _0y5 Y) T o
Ap(Ynr Yns s Yngu_1y» Y)], Where m > 1,Vy1, 92, ..., yn, y € Y.
Then, (Y, Ap) is called an Ap-metric space.

Remark 2.16.([15]) (i) An Sp-metric space is essentially an Aj-metric space where the value of n is
specially 3.
(ii) Every A-metric space is a specific type of A,-metric space when the parameter m is equal to 1.

The notion of an extended parametric A,-metric space was introduced by K. Anthony Singh et al.[1]
as a generalization of almost all the spaces as follows:
Definition 2.17.[1] Let K # ¢ and ¥ : K" — [1,00) be a function. Then, a function A : K™ x (0,00) —
[0,00) is said to be extended parametric A,-metric on K if the following conditions are satisfied for all
UL, U,y oeny Up, € K and A > 0:

1. A(ur, ug, ooy up, A) = 0 <= Uy = U = ... = Uy;

2. A(ug,ugy ey Un, A) < Ulug, ugy .oy ty) [A(ul, ey U1, Uy A) + A(ug, ooy g, uy A) +

AUy ooy U, U, )\)]

The pair (K, A) is said to be an extended parametric A,-metric space.

Remark 2.18.[1] The extended parametric Ap-metric space is

(a) an extended parametric Sp-metric space when n = 3.

(b) an extended Sy-metric space when n = 3 and A(u1, uz, uz, \) = A% (u1, us, us),
Yuq,us,uz € Kand A > 0.

(¢c) a parametric Ap-metric space when W (uq,ua, ..., uy) =b > 1,Vuy, us,...,u, € K.

(d) a parametric A-metric space when W(uy,ug,...,u,) = 1,Vuy, us,...,u, € K.

(e) an extended Aj-metric space when A(uy,us, ..., Un, \) = A°(ui, us, ..., un),
Y, ug, ..., un € Kand A > 0.

(f) an Ap-metric space when A(uy, ug, ..., Un, N) = A% (u1, Uz, .., U ), Y, Uz, ...y uy, € K
and A > 0 and U(uq,us,...,u,) = b > 1,Yuy, us, ..., u, € K etc.

Definition 2.19.[1] Let (K, A) be an extended parametric Ap-metric space and let {u, } be a sequence

in K. Then,

1. {u.;, } is said to converge to u € Kif given any € > 0, 3 N € Nsuch that A(uy, ..., um,u, \) <eVm >N
and A > 0.

2. {um,} is called Cauchy sequence if given any € > 0, there exists N € N such that A(ug, ..., uj, Upm, \) < €
VIi,m > N and A > 0.

3. (K, A) is complete if each Cauchy sequence converges to a point in K.

Definition 2.20.[1] An extended parametric Ap-metric space (K, A) is said to be symmetric if
A(u, ...,u,v, \)=A(v, ...,v,u, A) for all u,v € K and X >0.

Lemma 2.21.[1] Let (K, A) be a symmetric extended parametric Ay-metric space. Then, the limit of
a convergent sequence in K is unique.

Lemma 2.22.[1] Let (K, A) be a symmetric extended parametric Ap-metric space. If a convergent se-
quence {um} in K be such that l lim U (uy, ..., u;, um) < 00, then the sequence {u,} is Cauchy.
,M—> 00

3. Main Results

Here, we consider the extended parametric Ap-metric space introduced by K. Anthony Singh et al.[1].
We first prove a lemma which is used in the proof of our main theorem.
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Lemma 3.1. Let (X, A) be a symmetric extended parametric Ap-metric space and {u,,} be a sequence
in X and k € (0,1) be such that

AUy vy Uy U1, A) < EA(Ur—1y ooy Um—1, U, A), VM € N and A > 0. (3.1)

1
Also, let lim  W(uy, ..., up, Up) < T Then, {um} is a Cauchy sequence in X.

l,m—o0
Proof: By repeated application of (3.1), we have
A(um, cory Uy Um+1, )\) < k'mA(Uo, . U, U, )\)
Here, we have VI € N and for any p =1,2,3, ...,
A(ug, ey g, wigp, A) < U (ug, oy wg, ) [(n = DA, ooy g, wige1, A) 4+ A py ooy Wi, wig1, A)|
= W(up, ooy g, wigp) [(n = 1) A, ooy wr, w1, A) + AW, oo W1, Wigp, A) ]
{since the space is symmetric, we have A(uiyp, ..., Uitp, Uit1, A) =
A(ul+17 ooy W15 Ul4-p,y )‘)}
< (n — l)q/(ul, . ul,ul+p)k A( UQy ...y U, U7, )\) + \I/(ul, ...,ul,ul+p)
(Ut ooy U1, W) [(R=1) A1, ooy U1, Ui, ) FA(Uiga, s Ui, Uigp, N)]
< (= D)W (up, ey g, ) KL A (g ooy w0y w1, A) + (00— D)W (g, oy g, Upgp)
\I/(ul+1, vy UP4-1, ulﬂ,)k“‘lA(uo, cey Uy UT, )\)"f'

(n = D)W (g, ey U Ui )V (U1 ooy Wi 1, U)o W (U p— 15 ooy Uipp—1, Ui
lirpilA(U(h ey U, UL, )\)
< (n—1)A(ug, ..., up, u1, \) [\I/(ul, ooy Uy U ) K A U (g ey g, U )
\If(ul+1, vy WP, uH_p)kl‘H + ...+ ‘I’(ul, LU, ul+p)\II(ul+1, vy WP, uH_p)...
\Ij(ul-‘rp—la ooy Ul4p—1, ul+p)kl+p71}
l I+1
< (n—1)A(ug, ...y uo, ur, ) [ TT O (wis ooy g, )k + TT W, ooy wiy wigp) K +
i=1 i=1
I+p—1
.+ H \Il(uz-, ceey Ugy Ul_t,_p)lirpil}
i=1
l4p—1 5
= (’I'L - ].)A('LL(], -y UQ, U, ) Z k] H \Ij(ul’ "'7ui7ul+l7)‘
Let us now define u(l+p) K H U(u;, ..., i, Ui4p). Then, for any p=1,2,3, ..., we have
(I+p) ki H W (Wi ey Wiy Uigp)
lim — = lim =1
l—00 u(l-l—p) l—00 l
ECTT O (i ey iy Uigp)
i=1

= lim k‘l’(ul+1’ ...,’Llerl,’LLler)
=00

=k lim Y(w1, .., Wt1, Uisp)
l—o0

1
<k.-—
k
= ]_7
1
since it is given that lm  W(uy, ..., u;, upm) < —.
l,m—o0 k
Z(H-p)
8 _ +1
Thus, for any p =1,2,3, .. lllglo ) <1.

Therefore, by the Ratio Test, we have for any p =1,2,3, ...,
I+p—1 J
Z kI H U (Ujy ooy Wiy Uggp) — 0 a8 1 — 00.

This imphes that, for any p=1,2,3, ..., A(w, ..., us, Up4p, A\) — 0 as { — oo for any A > 0.
Therefore, the sequence {u,,} is Cauchy.
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Theorem 3.2. Suppose that F' and G are two self-maps on a complete symmetric extended parametric

Ap-metric space (X, A) such that for each u,v € X and X > 0, the following condition is satisfied:
A(Fu,..Fu,Gu,\) < EM(u,...,u,v, ), and M(u,...,u,v,\) =

Av,...,v, Fu, \)A(u, ..., u, Gv, \)
A(u, ... Au,...,u, F A(v, ... .
maa:{ (U, ,u,v,)\), (’lL, , Uy, 11U, A)’ (U7 7U7GU? A)’ ].—FA(U,...,U,'U,)\) }

1
Further, for any up € X, let lim  U(ug, ..., up, tp) < T where k € (0,1) and u1 = Fug,us = (GF)uy,

l,m—o0
us = (FGF)ug, ... Then, F' and G have a unique common fized point(UCFP).
Proof: We first prove that if u is a fixed point of F, then it is also a fixed point of G.
Now, we have
Aty ..oyu, Guy, N) = A(Fu, ..., Fu, Gu, \)
< kM (u,...u,u, A),

where
M(uy ..y, u, A)
= maz{A(u, ..., u,u,\), A(u, ..., u, Fu, \), A(u, ..., u, Gu, \), Alu, ’1U¥F:E12)A7(Z:u7:\%;, Gu, \) )
= maa:{A(u, vy Uy Uy A)y Ay oy uy u, A, A, .o uy, Gu, A), Alw, 1’ L_:_’ 12(2)714(7127u:1;\’)(;u’ ) }

Aty ..oy, Gu, ).

Therefore, we have A(u, ..., u, Gu, \) < kA(u, ..., u, Gu, \)
= A(u,...,u,Gu,\) =0, since 0 < k < 1

= Gu =u.

In a similar way, we can show that if Gu = u, then Fu = u.

Therefore, to prove our theorem, it is enough to show that either F' or G has a unique fixed point.

Let ug € X be arbitrary and let a sequence {u,} in X be constructed in such a way that
U2n+1 = Fuap, U2n+2 = GU2n+1,n =0,1,2,3,....

Let us assume that ug,, # uo,41 and ug,41 # Ugpio for any n=10,1,2,3, ...
Now, we have A(uan, ..., Uan, U2n41, A) = A(Up11y vy Uan 1, Uns A)
= A(FUQn, ceey FUQT“ GUQn_l, )\)
S k‘M(UQn, cees U2m,, U2 —1 /\),
where M (ugy,, ..., Uop, Uap—1, \) = max{A(uzn, ey Uy Uap—15 A)y A(Uany vovy Uap, Fion, A),
A(u2n717 ceny U2n—1, Guanla )‘)7
A(’LLQn,l, ceey U2 —1, FUQTL, )\)A(Ugn, ceey UDny, GUanl, )\) }
1 + A(UQn, ceey U2, U2 —1, )\)
= max{A(uQn, vy Uy Uap—15 A)y A(Upy ooy Uap, Uap+1, A)s
A(u2n717 '~7u2n717u2n7)\)7
Auzn 1,y Uzn—1, Uzn 1, \) AUz, -~-au2n7u2n7)‘)}
1+ A(Ugn, ceey U2py U2 —1, )\)
= max{A(ugn,l, oy U2 —1, U2y A), AU, ...,UQn,u2n+1,>\)}.

We can consider two cases.

Case 1. M(UQn, ...,Ugn,’UQn_l,A) = A(Ugn, ~-~7U2n,U2n+1,/\)-
Case 2. M(u2n7 ~-~7u2nau2n—1a)\) = A(u2n—17 ~--7u2n—17u2na)‘)-

Let us suppose that case 1 is true. Then, we have
A(UQn, coey U2y U241 A) S kA(UQn, coey U2py U241 A)
= A(uan, ..., Uan, Uant1,A) =0, since 0 < k < 1
= U, = Ugp+1, Wwhich contradicts our assumption that wus, # uon41, for any n =0,1,2,3,....
Therefore, case 2 must hold.
Thus, we have
A(UQn, coey U2py U241 A) S kA(UQn_l, ceey U2 —1, U2n, A)
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Again, we have
A(U2n+17 vy U2n 41, U2n 42, )\) = A(Fu2n» cooy Py, GUgn g1, )\)
< kM(UZ'ru ooy U2my U241, )\);
where
M (ugn, .oy Uop, Uzn g1, A) = mam{A(L@na oy Uy U415 )y AUy ooy U, Ftign, A),
A(u2n+1, ceey U2n 41, GU2n+17 >\)7
A(u2’n+17 ey U241, Fu2n7 )\)A(UQTH ceey U2n,s Gu2n+17 )\) }
1+ A(“Qna ooy U2, U2n+1, >\)
= maz{A(uzn, vy U, Uap 15 A)y A(Uap, ooy Uap, Uspt1, A),
A(u2n+1a ooy U2n 41, U2n+2, )‘)7
A(Uzn 11, o U2nt 1, U2 415 A) AUy ooy U, Uapy 2, A) !
L+ A(ugn, - Uzn, Ugnt1, A)
= max{A(uzn, cery U2my, U2 +1, )\), A(U2n+1, cery U241, U242, )\)}
Here, we can consider two cases.

Case 1. M(uzn, ceey U2m, U241, )\) = A(U2n+1, coey U2n 41, U2n4-2,5 /\)~
Case 2. M(UQn, ceey U2y U241, )\) = A(UQn, ey U2y U241, A)

Let us suppose that case 1 is true. Then, we have

A(Ugn41, ooy Udng1, Uznt2, A) < EA(U2p41, oy Udpg1, Uant2, A)
— A(U2n+17 vy U2n 41, U242, )\) =0, since 0 < k<1
= Ugpt1 = Uont2, which again contradicts our assumption that ugy, 11 # Ugpys, for any n =0,1,2,3, ...

Therefore, case 2 must hold.
Thus, we have
A(U2n+1, ey U2n 41, U2n 42, )\) < kA(U2n, ooy U2n , U2n+1, )\)- (33)

Combining (3.2) and (3.3), we get
AUy ey Uy U1, A) < KA(Up—1, ooy Up—1, Un, A), VR = 0,1,2,3, ... (3.4)
By repeated application of (3.4), we get
A(Upyy ey Uy U1, A) < K" A(ugy ovy g, Uz, A).

Now, by Lemma 3.1., the sequence {u,} is Cauchy. Since X is complete, 3 v € X such that u, — u.
Also, we have

lim Fug, = lim Gug,y1 = u.
n—oo n—o0

Next, we show that Gu = u.
Here, we have

A(Fuan, ..., Fusy, Gu, \) < kM (uap, ..., Ugn, u, A,
where
M (ugp, ooy U, Uy A) = max{A(uzm vy Uy Uy A)y AUy oevy Uy, Ftion, A),

Aty oy tty Frugn, ) A(uap, .., s, Gu, \)
Aty .oy u, Guy ), Lo+ Atz o o, ) }

Taking limit as n — oo, we have
M (ugny ey U2n, u, A) = A(u, ..., u, Gu, A) (in the limit).

Also, we have A(Fuay, ..., Fus,, Gu, \) = A(u, ...,u, Gu, A) (in the limit).

Thus, we have A(u, ..., u, Gu, ) < kA(u, ..., u, Gu, \)

= A(uy...,u,Gu,\) =0, since 0 < k < 1

= Gu = u.

Therefore, u is a fixed point of G and consequently w is also a fixed point of F' i.e. Fu = .
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Let v be another fixed point of G so that Gv = v and also Fv = v.
Then, we have A(u,...,u,v,A) = A(Fu,..., Fu, Gv, \)
< kM (u,...,u,v,\),
where
M(u,...,u,v,\) = mcw:{A(u, s Uy U, Ny AUy oy wy Fuy ),
Av,...,v, Fu, \)A(u, ..., u, Gu, \)
Alv, ...
(v, ..., v, Gu, N), T+ A, 0,0, 0) }
= max{A(u,...,u,v,)\),A(u,...,u,u,/\),
Av, .o v,u, N A, oy u, v, M)
Alv, ...
(0, .oy v, 0, A), 15 A, w0 }
= A(uy ..., u, v, A).

Therefore, we have A(u,...,u,v,\) < kA(u, ..., u, v, \)

= A(u,...,u,v,A) =0, since 0 < k < 1

= u=nv.

Thus, w is the unique fixed point of G and also of F'. Hence, u is the unique common fixed point of F' and G.

Theorem 3.3. Suppose that F' and G are two self-maps on a complete symmetric extended parametric
Ap-metric space (X, A) such that for each u,v € X and A > 0, the following condition is satisfied:

A(Fu,..Fu,Gu,\) < a1 A(u, ..., u, v, N) + a2 A(u, ..., u, Fu, \) + agA(v, ..., v, Gu, \)+
A(v,...,v, Fu, \)A(u, ..., u, Gu, \)
1+ A(u, .oy u, v, \)

(¢}

where a1, as, a3, aq are non-negative constants such that a1 +as+az+ayg < 1. Further, for any ug € X, let

1
Hm Wy, ., Uy Uy ) < Z where u1 = Fug,us = (GF)ug,us = (FGF)ug, ... and k = a1 + as + as + ay4.

l,m—00
Then, F' and G have a UCFP.
Proof: We have
A(Fu,..Fu,Gu,\) < a1 A(u, ...y u, v, N) + a2 A(u, ..., u, Fu, \) + azA(v, ..., v, Gu, A),
Av,...,v, Fu, \)A(u, ..., u, Gu, \)
1+ Ay, ...,u, v, \)
< (a1 +as+as+ a4).max{A(u, ey Uy U, A)y AUy ooy uy Fluy M),
A(v, ..., v, Fu, \)A(u, ..., u, Gu, \)
Av,...,v,Gv, A
(Ua 71}7 U’ )? 1 + A(u, ...,'U/,'U,)\) }
= kM (u,...u,v,\), where k = a1 + as + ag + a4 < 1
and M (u,...,u,v,\) = maa:{A(u, ey Uy Uy Ay AUy oy uy Fuy A),
A(v, ..oy v, Fu, \)A(u, ..., u, Gu, \)
A . G A ) b 9 ) ) ) ) )
(U’ 77]7 ’Ua )7 1+A(u7...7u,7}7A) }
Thus, we see that all the conditions of Theorem 3.2. are satisfied and it therefore follows that F' and G
have a UCFP.

+ aq

Corollary 3.4. Suppose that F is a self-map on a complete symmetric extended parametric Ay-metric
space (X, A) such that for each u,v € X and \ > 0, the following condition is satisfied:

A(Fu,..Fu, Fu,\) < kM (u,...,u,v,\), where 0 < k < 1

and
_ A(v, ooy vy, Fu, \)A(u, ... uy Fo, )
M(u, ..., u,v,A) = mam{A(u, ey w0, )y Ay ey u, Fuy A), A(v, .y v, Fo, A), [ TRy } .
1
Further, for any uo € X, let lim W(Flug, ..., Flug, F™ug) < —. Then, F has a unique fived point.

l,m—o0 k

Corollary 3.5. Suppose that F is a self-map on a complete symmetric extended parametric Ay-metric
space (X, A) such that for each u,v € X and X > 0, the following condition is satisfied:

A(Fu,...Fu, Fu,\) < a1 A(u, ..., u, v, A) + as A(u, ..., u, Fu, \) + asA(v, ..., v, Fv, \)+
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A(vy.coyv, Fu, N A(u, ...y u, Fo, M)
1+ Ay .oy u, v, A)

a4

where ay,asz, az, a4 are non-negative constants such that a1 + as + az + a4 < 1. Further, for any ug € X,

let l 7}112100 U(Flug, ..., Flug, Fug) < %, where k = a14+as+asz+ag < 1. Then, F has a unique fized point.
3.6. Some Consequences of the Theorems
1. If ay = a3 = a4 = 0 in Theorem 3.3, we get a generalization of Banach Contraction Principle for two
mappings in the setting of an extended parametric Ap-metric space.

If we further set n = 3, then we get the corresponding result in the setting of an extended parametric
Sp-metric space.
2. If ay = a4 = 0 and ay = a3 = a in Theorem 3.3, we get a generalization of Kannan fixed point
theorem|[19] for two mappings in the setting of an extended parametric A,-metric space.

If we further set n = 3, then we get the corresponding result in the setting of an extended parametric
Sp-metric space.
3. If as = a3 = a4 = 0 in Corollary 3.5, then we get the analog on Banach Contraction Principle in the
setting of an extended parametric A,-metric space.

If we further set n = 3, then we get the corresponding result in the setting of an extended parametric
Sp-metric space.
4. If a3 = a4 = 0 and as = a3z = a in Corollary 3.5, then we get the analog of Kannan fixed point
Theorem[19] in the setting of an extended parametric Ap-metric space.

If we further set n = 3, then we get the corresponding result in the setting of an extended parametric
Sp-metric space.
5. If ay = a3 = 0 in Corollary 3.5, then we get an extension of Jaggi fixed point Theorem[20] in the
setting of an extended parametric Ap-metric space.

If we further set n = 3, then we get the corresponding result in the setting of an extended parametric
Sp-metric space.

4. Application

4.1. Solving a system of Integral Equations for Common Solution
Let V = C[s, 9] be the set of all real valued continuous functions defined on [¢,¥]. For any d > 0 and V
by, s, ..., 0, € V, let us define A : V™ x (0,00) — [0,00) by

Allr, 5 £0,9) = 0 _sup [max] 023, 653) . £aa (D)} %n@)‘? and U : V" — [1,00) by
]

Jels,v
U(ly, Lo, ly) = Jstlpﬁ] max{/1(3),02(3), .., b1 (3) } — £ (3)
els,

a complete extended parametric A,-metric space. The space is also symmetric because

Al b, 9,0) = ajgﬁpﬂ]‘max{f(]),ﬁ(]), () — p(z)f

+ 1. Then, it is easy to see that (V, A) is

‘ 2

— 9 sup ]\em —o(7)

Jels,v
2
and A 0.6,0) = 0 _sup [l o(3), . oD} ~ (3|
€<,
2
= sup |6(3) — p(I)]
J€[s,9]

implying that A(¢, ..., ¢, 0,0) = A(p, ...,9,¢,0),V¢,p € V and 9 > 0.

Theorem 4.2. Let us consider the following system of integral equations:
0(3) = o(3) + A [ T4(3,6, 0(6))dd

o(2) = o) + A [ T2(3,5,€(5))ds,
where, (i) T'1,T5: [¢,9] x [¢,9] x R = R are continuous,
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(ii) [ 23,6, 6(6)) - T2(3,6,£00))| < M\p@—e(a),

Then, the system of Integral Equations has a unique common solution in V.
Proof:Let us define the self maps 2 and ¥ on V by

V1,6 € [¢,9] and £, p € V, for somel € [0,1).

Q0(T) = o(3) + A [ T1(3,6, 0(6))ds and
Sp() = o(1) + A [ T2(3,,£(8))dd.

Then, we have

A, .., D0.0) = 0 _sup [maz{06(3).....001)} - 5p)|
Jes,9]
=0 sup ‘QE 1) —Zp@3 )‘
Iels,9]
:8sup’)\f< (3,8, 9(0))do—
Jels,9)

J7T5(3,6,6(5 )dé‘
< 9IN\? sup (fg ‘F1 (3,6, 0(6))—
Jels,9)
Ty (3,5,5(5))‘@)2
Vi

< IA? (fg W

i190) - (6)|ds)

2
= O b=y (f [9(8) — €(5)]dd)

l 20 19 )2
<—02.0 £(6 1 dd
(0 —9)? 52}1%]' w(0) (L )

l
=—= A, ... (9 —¢)?
= 1AL, .0, p,0)

< z{max(A(e, il 9,0), AL, .., 0,Q0,0), Ap, ..., 0, D9, D),
A, 0,00,0)A(L,...£,5p,0)
14AL,..0,0,0) )}
=IM(,...0 p,0)
Hence, all the conditions of Theorem 3.2. being satisfied, 2 and ¥ have a unique common fixed point
£ € C[g, 9] which is the unique common solution of the system of Integral equations.
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