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Characterizations of e*-Open Sets and Nearby Open Sets on Infra Topological Spaces
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ABSTRACT: The study of infra-topological spaces focuses on characterizations of e*-open sets and nearby
open sets in infra-topological spaces. The e*-open sets, a variation of open sets, are explored for their unique
properties and relationships within the infra-topological framework. Additionally, nearby open sets, which
capture the notion of points being close to each other, are investigated to provide a comprehensive under-
standing of the topological structure. The research aims to contribute to the broader field of topology by
extending traditional concepts to infra-topological spaces, offering new perspectives on openness and proxim-
ity. The findings not only deepen our understanding of mathematical structures but also open avenues for
applications in various scientific and engineering disciplines.
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1. Introduction

A seminal work by S. Mashhour et al. [9] laid the foundation for supra topological spaces, wherein they
delved into the intricacies of s-continuous functions and s*-continuous functions. The groundbreaking
exploration of supra topological spaces marked a significant contribution to the field.

Building upon this foundation, Adel. M. Al. Odhari [1] extended the theoretical landscape by
introducing and studying infra topological spaces. Odhari’s work included a comprehensive examination
of open sets within infra topological spaces, shedding light on their fundamental properties.

The fundamental concepts and classical results of general topology that underpin the present study
can be found in standard references such as Brown [2], Dugundji [3], and Munkres [10]. In addition,
the notion of nearly open sets, which plays a significant role in the development of generalized open
sets, was introduced by Njastad [11]. These foundational works provide the essential background for the
investigation carried out in this paper.

E. Ekici, in a series of noteworthy contributions [4,5,6,7,8], introduced and extensively investigated
the properties of e and e* along with nearby open sets in the context of general topological spaces.
Ekici’s research provided valuable insights into the behavior of these sets, enriching the understanding of
topological structures.

Motivated by these advancements, our present work focuses on extending the study of e and e* open
sets to infra topological structures. We embark on an in-depth investigation, exploring the properties
and characteristics of these sets within the specific framework of infra topological spaces. To bolster
our findings, we present concrete examples that not only validate our assumptions but also serve as
illustrative instances of the nuanced interplay between infra topological structures and the introduced
open sets. Through this research, we aim to contribute to the ongoing dialogue surrounding the interplay
of different topological spaces and the behavior of distinct open sets within them.
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2. Preliminaries

Definition 2.1 [1] Let X be any arbitrary set. An infra topological space (ITS) on X is a collection,
infra topology (IT), of subsets of X such that the following axioms are satisfied:

(i) 0, X eIT,.
(ii) The intersection of the elements of any subcollection of IT in X.

ie, IfO; €IT, 1 Ci¢Cn, NO; €IT.
Terminology, the ordered pair (X,IT) is called ITS. we simply say X is a ITS.

Definition 2.2 [1] Let (X, IT) be an ITS and A C X. A is called infra open set (IOS) if A € IT. The
complement of TOS is called infra closed set (ICS).

Definition 2.3 [1] Let (X, IT) be ITS. A subset C' C X is called ICS in X if X — C is IOS in X. That
is Cis ICS iff X — C € IT.

Theorem 2.1 [1] let (X, IT) and (X, IT*) be two ITS’s on set X. Then the intersection IT and IT" is
an ITS, while the union IT and IT* not necessarily.

Definition 2.4 [1] Let (X, IT) be an ITS and A C X. A point x € X is called Infra-Cluster Point (ICp)
of A, if for all IOS O containing x, then AN (O\{z}) # 0.

Definition 2.5 [1] Let (X, IT) be an ITS and A C X. The set of all ICp of A is called the Infra Derived
Set (IDS) of A.

Theorem 2.2 [1] Let (X, IT) be ITS. Then:
(i) 0, X € IT are ICS.

(i) Any arbitrary finite intersections of ICS's is an ICS's.

Definition 2.6 [1] Let (X, IT) be an ITS and A C X. The infra closure (I.CL) of A is a set denoted by
L.CL(A) and given by: I.CL(A) = N{C; : A C C;, X = C; € IT}.That is, I.CL(A) is the intersection of
all ICS containing the set A.

Definition 2.7 [1] Let (X, IT) be an ITS and A C X. The Infra Interior (I.INT) of A is a set denoted

by LINT(A) and given by: LINT(A) = (J{O; : O; C A, O; € IT}.That is, I.INT(A) is the union of all
IOS contained in the set A.

Definition 2.8 [1] Let (X, IT) be an ITS and A C X. The Infra Exterior Point (IEP) of A is a set
denoted by IEP(A) and given by: IEP(A) = I.INT(A®).That is, Set of all L.INT of complement of A.

Definition 2.9 [1] Let (X, IT) be an ITS and A C X. The Infra-Boundary Points (IBP) of A is a set
denoted by IBP(A) and given by: IBP(A) = X\LINT(A) UIEP(A)

Theorem 2.3 [1] Let (X, IT) be an ITS and A, B C X. The IDS Axioms satisfies the followings:
(i) IDS(0) = 0.
(ii) If A C B then IDS(A) C IDS(B)

)
)
(iii) If = € IDS(A) then = € IDS(A\{z}) .
(iv) IDS(AN B) C IDS(A) NIDS(B).

)

(v) IDS(AU B) = IDS(A) UIDS(B) .
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Theorem 2.4 [1] Let (X, IT) be an ITS and A, B C X.The I.CL Axioms satisfying the following
conditions:

(i) Ais ICS iff A =1.CL(A) .
(i) I.CL(D) = ¥ and 1.CL(X) = X.
(ifi) LCL(I.CL(A)) = L.CL(A) .
(iv) If A C B then L.CL(A) C 1.CL(B) .
(v) LCL(AN B) C 1.CL(A) NL.CL(B) .
Theorem 2.5 [1] Let (X, IT) be an ITS and A, B C X. The LINT Axioms given by
(i) Ais IOS iff A =LINT(A) .
(i) LINT(X) = X and LINT(0) = 0.

)

)
(iii) LINT(LINT C (A)) = LINT(A) .
(iv) If A C B then LINT(A) c LINT(B) .
)

(v) LINT(AN B) = LINT(A) NLINT(B) .

Theorem 2.6 [1] Let (X,IT) be an ITS and A, B C X. The IEP Axioms given by:
(i) IEP(X) = () and IEP(0) = X.
(ii) IEP(A) C A-.

(iii) IEP(AU B) =IEP(A) NIEP(B) .

(iv) If A C B, then IEP(B) C IEP(A) .

(v) IEP(AN B) C IEP(A) UIEP(B) .

Theorem 2.7 [1] Let (X, IT) be an ITS and A C X. The IB Axioms given by:
(i) ZBP(X) =ZBP(0) = 0.
(ii) ZBP(AN B) = IBP(A) UIBP(B) .

Theorem 2.8 [1] Let (X, IT) be an (ITS) and A C X. Then:

(iv) Z.CL(A) = AUIDS(A) .
(v) IB(A) =Z.CL(AN\I.INT(A) .
(vi) ZCL(A) =IBP(A)UZINT(A) .
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3. Characterizations of e-Open and Nearby Open Sets Sets

Definition 3.1 Let (X, IT) be an ITS and A C X. The Infra § Interior (I.INT;) of A is a set denoted
by I.INT;(A) and given by: L.INTs(A) = J{O; : O; C A, O; € LROS}.

Definition 3.2 Let (X, IT) be an ITS and A C X. The infra ¢ closure (I.CLs) of A is a set denoted by
I.CLs(A) and given by: I.CLs(A) = {C;: A C C;, X - C; € LRCS}.

Definition 3.3 Let (X, IT) be ITS. Then a Set A is said to be Infra
(i) regular open set(I.ROS) if A = LINT(I.CL(A))
(i) 5-open set (I.6OS) if A = LINT;(A)
(iii) pre open set(IPOS) if A C LINT(I.CL(A))
(iv) semi open set(ISOS) if A C L.CL(LINT(A))
(v) é-pre open set(L.6POS) if A C LINT(I.CL;s(A))
(vi) d-semi open set(Z.0SOS) if ACZ.CL(Z.INT;s(A))
(vii) e-open set(Z.eOS) if A C T.CL(Z.INT5(A)) UZINT(I.CLs(A))
(vili) e*-open set (Z.e*OS8) if A CZ.CL(Z.INT(Z.CLs(A)))
(ix) a-open set (Z.a0S) if A C TINT(I.CLIT.INTs(A)))
(x) B-open set(Z.808) if A C T.CL(Z.INT(Z.CL(A)))

Definition 3.4 Let (X, IT) be ITS. A subset C C X is called I.RCS, (resp.I.6CS, IPCS, ISCS, I.6PCS,

L.0SCS, LaCS,1.eCS,1.e*CS,1.6CS) in X if X — C is L.ROS, (resp.L.60S, IPOS, ISOS, 1.6POS, 1.6SOS,
LaOS,L.e0S, 1.e*OS,Z.80S) in X.

Definition 3.5 Let (X, IT) be an and A C X. A point z € X is called Infra

(i) § Cluster Point(Z.6Cp) if for all Z.60S O containing z, then AN (O\{z}) % 0.
(ii) Pre Cluster Point(ZPCp) if for all ZPOS O containing x, then AN (O\{z}) # 0.
(iii) Semi Cluster Point(ZSCp) if for all ZSOS O containing x, then A N (O\{z}) # 0.
(iv) dPre Cluster Point(Z.0PCp) if for all Z.JPOS O containing z, then AN (O\{z}) # 0.

)
)
)
)
(v) 6Semi Cluster Point(Z.6SCp) if for all Z.6SOS O containing z, then AN (O\{x}) # 0.

(vi) a Cluster Point(Z.aCp) if for all Z.aOS O containing z, then A N (O\{z}) # 0.

(vii) e Cluster Point(Z.eCp) if for all Z.eOS O containing z, then A N (O\{z}) # 0.
(viii) e* Cluster Point(Z.e*Cp) if for all Z.e*OS O containing x, then A N (O\{z}) # 0.

)

(ix) B Cluster Point(Z.8Cp) if for all Z.80S O containing z, then AN (O\{z}) # 0.

Definition 3.6 Let (X, IT) be an (ITS) and A C X. The set of all 1.0Cp, (resp. IPCp, ISCp, I.6PCp,
L.0SCp,L.aCp, L.eCp,L.e*Cp,1.5Cp) of A is called the Infra § Derived Set(resp. Infra Pre Derived Set,Infra
Semi Derived Set,Infra dPre Derived Set, Infra dSemi Derived Set,Infra a Derived Set,Infra e Derived

Set,Infra e* Derived Set,Infra 8 Derived Set) of A and is denoted by I.0DS(resp.(resp.IPDS, ISDS, I.6PDS,
1.6SDS, LaDS, LeDS, Le*DS, 1.ADS)) of A.

Theorem 3.1 Let (X, IT) be ITS. Then:
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i. §, X €T are ICS.
ii. Any arbitrary finite intersections of ZCS's is an ZCS's.

Proof: (i) Since X — () = X € IT and X — X = ) € IT are ICS's.
(i) Let {C; : i € I'} be an arbitrary family of ICS's such that C; € IT for all i € I. Now, X —C; € IT

is IOS for all i € I. But X — C; = Cf € IT then N Cf =N(X —C;) = X —(NC; € IT,Vi € I. Hence
NC; € IT,Vi € I is ICS.
Definition 3.7 Let (X, IT) be an ITS and A C X. The Infra

(i) Pre Closure (Z.PCL) of A and given by Z.PCL(A) = ({C;: AC C;, X — C; € ITPOS}.

(ii) Semi Closure (Z.SCL) of A and given by ZSCL ={C; : AC C;, X — C; € ZSOS}.

(iii) éPre Closure (Z.6PCL) of A and given by Z.0PCL ={C;: AC C;, X — C; € Z.5POS}.

(v

(vi) e Closure (Z.eCL) of A and given by Z.eCL = ({C; : AC C;, X — C; € T.eOS}.

a Closure (Z.aCL) of A and given by Z.aCL = ({C;: AC C;, X — C; € Z.aOS}.

)
)
)
(iv) dSemi Closure (Z.0SCL) of A and given by Z.6SCL = ({C;: AC C;, X —C; € 6SOS}.
)
)
(vii) e* Closure (Z.e*CL) of A and given by Z.e*CL = ({C;: AC C;, X — C; € Z.e*OS}.
(viii) B Closure (Z.8CL) of A and given by Z.8CL) = ({C; : AC C;, X —C; € Z.OS)}.
Definition 3.8 Let (X, IT) be an ITS and A C X. The Infra

(i) Pre Interior (Z.PZNT) of A and given by ZPINT(A) = |J{Ci: AD C;, C; € TPOS}.
(ii) Semi Interior (Z.SZN'T) of A and given by Z.SINT = |J{C; : A D C;, C; € ISOS}.

(iii) 6Pre Interior (Z.8PN'T) of A and given by Z.SPINT = J{C; : A D C;, C; € Z.YPOS}.

)
)
)
(iv) dSemi Interior (Z.0SZN'T) of A and given by Z.0SINT = J{C; : A D C;, C; € SOS}.
(v) a Interior(Z.aZN'T) of A and given by Z.aZN'T = J{C; : A D C;, C; € T.a0S}.
(vi) e Interior (Z.eZA'T) of A and given by T.IN'T = {Ci : A > Cy, Ci € T.eOS}.
(vii) e* Interior (Z.e*ZN'T) of A and given by Z.e*ZNT = J{C;: A D C;, C; € Z.e*OS}.
(viii) B Interior (Z.3ZN'T) of A and given by Z.BZNT) = J{C; : A D C;, C; € T.BOS)}.

Definition 3.9 Let (X, IT) be an ITS and A C X. The Infra § Exterior (resp. Infra Pre Exterior,Infra
Semi Exterior,Infra §Pre Exterior, Infra dSemi Exterior,Infra a Exterior,Infra e Exterior,Infra e* Exte-
rior,Infra 8 Exterior) of A is a set denoted by LIEX((resp. IPEX, ISEX, [.0PEX, L.0SEX, Z.aEX,Z.e£X,
Z.e*EX,Z.6EX) of A and given by: Z.0EX(resp. ZPEX,ISEX, Z.OPEX, T.0SEX, T.alX,T.eEX,T.e*EX,
Z.8EX)(A) = L.OINT((resp. IPIP, ISIP, I.§PIP, I.0SIP, I.aINT, I.eINT, I.e*INT, I.3ZNT)(A°).

Definition 3.10 Let (X, IT) be an ITS and A C X. The Infra
(i) § Boundary (briefly,Z.6B) of A is described and indicated by Z.0B(A) = X\Z.0ZINT (A)UZ.FEX(A)

(ii) Semi Boundary (briefly,Z.SB) of A is described and indicated by Z.SB(A4) = X\Z.SINT(A) U
I.SEX(A)

(iii) pre Boundary (briefly,Z.PB) of A is described and indicated by Z.PB(A) = X\Z.PINT(A) U
Z.PEX(A)
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(iv) & Semi Boundary (briefly,Z.0SB) of A is described and indicated by Z.6SB(A) = X\Z.0SINT (A)U
T.OSEX(A)

(v) & pre Boundary (briefly,Z.0PB) of A is described and indicated by Z.6PB(A) = X\Z.6PINT(A)U
TZ.OPEX(A)

(vi) a Boundary (briefly,Z.aBB) of A is described and indicated by Z.aB(A) = X\Z.aZNT (A)UZ.aEX(A)
(vii) e Boundary (briefly,Z.eB) of A is described and indicated by Z.eB(A) = X\Z.eZNT (A)UZ.e£EX(A)

(viii) e* Boundary (briefly,Z.e*B) of A is described and indicated by Z.e*B(A) = X\Z.e*ZNT(A) U
Z.e*EX(A)

(ix) B Boundary (briefly,Z.3B) of A is described and indicated by Z.8B(A) = X\Z.BINT (A)UZ.BEX(A)
Theorem 3.2 Let (X, IT) be an ITS and A, B C X. Then

(i) Z.eDS(B) = 0.

(ii) If A C B then Z.eDS(A) C Z.eDS(B)

(iv) Z.eDS(AN B) C T.eDS(A) NZ.eDS(B).
(v) Z.eDS(AU B) =Z.eDS(A) UZ.eDS(B) .

Proof:

(i) Suppose that Z.eDS(0) # 0 — 3z € Z.eDS(A) > DN (O\{z}) # 0

z € () and z & (. That is contradiction.

Z.eDS(0) = 0.

(ii) : Suppose that A C B. Let z € Z.eDS(A) — VO 3 xz, AN (O\{z}) # 0.

VO 3 z, BN (O\{z}) # 0.

x € 1.eDS(B)

Z.eDS(A) C T.eDS(B) .

(iii) Assume that z € Z.eDS(A) = VO 2 x, AN (O\{z}) # 0

VO3 z,AN(0ON{x}¢) #0

VO3 z, An(On{z}cn{z})#0

VO z, An({z}cnOn{z}c) #0

VO 3z, (AN ({z}9) N (O N {x}) #

VO 3 z, (A\{z}) N (O\{z}) # 0

x € L.eDS(A\{z})

(iv) Since ANBC ANANBCB

T.eDS(AN B) C T.eDS(A) NT.eDS(AN B) C I.eDS(B)).

T.eDS(AN B) C T.eDS(A) N T.eDS(B)).

(v) Since A C AUB and B C AUB , then Z.eDS(A) C T.eDS(AUB) and Z.eDS(B) C Z.eDS(AUB)
hence Z.eDS(A) UZ.eDS(B) C Z.eDS(A U B) . Conversely,

Suppose that x € Z.eDS(AU B) — VO 3 z, (AU B) N (O\{z}) # 0.

VO 3 2, AN (O\{z}) #0U BN (O\{z}) # 0.

x € T.eDS(A)UZ.eDS(B).Hence,

T.eDS(AU B) = T.eDS(A) UTL.eDS(B) .

)
)
(it) if = € Z.eDS(A) then z € Z.eDS(A\{z}) .
)
)

0

Theorem 3.3 Let (X, IT) be an ITS and A, B C X. Then
(i) Z.e*DS(0) = 0.

(ii) If A C B then Z.e*DS(A) C Z.e*DS(B)

(iii) if v € Z.e*DS(A) then © € Z.e*DS(A\{z}) .
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(iv) Z.e*DS(AN B) C T.e*DS(A) N L.e*DS(B).
(v) Z.e*DS(AU B) = I.e*DS(A) UZ.e*DS(B) .
Proof: It follows Theorem 3.2
Theorem 3.4 Let (X, IT) be an ITS and A, B C X. Then
(i) Z.aDS(0) = 0.
(ii) If A C B then Z.aDS(A) C Z.aDS(B)
(iii) if € Z.aDS(A) then z € Z.aDS(A\{z}) .
(iv) Z.aDS(AN B) C Z.aDS(A) N Z.aDS(B).
(v) Z.aDS(AU B) = Z.aDS(A) UZ.aDS(B) .
Proof: It follows Theorem 3.2
Theorem 3.5 Let (X, IT) be an ITS and A, B C X.Then
(i) AisZ.eCS it A=T.eCL(A) .
(i) Z.eCL(D) = 0 and Z.eCL(X) = X.
(i) Z.eCL(Z.eCL(A)) =T.eCL(A) .
(iv) If A C B then Z.eCL(A) C Z.eCL(B) .
(v) Z.eCL(ANB) C Z.eCL(A)NT.eCL(B) .

Proof.
(i) Suppose that A is Z.eCS. Since A C Aand ANA=A— T.eCL(A) C A, Also A CZ.eCL(A) —
A =1T.eCL(A) . Conversely, Let A =7TZ.eCL(A) , obviously, Z.eCL(A) is the smallest Z.eCS. Hence A is

Z.eCS.
(ii) Since X and @ are Z.eCS’s, so by (1.) Z.eCL(D) = § and Z.eCL(X) = X.
(iii)Since Z.eCL(A) is the intersection of all Z.eCS’s are Z.eCSs, then Z.eCL(Z.eCL(A)) = Z.eCL(A) .
(iv) Consider A C B. Since A C Z.eCL(A) and B C Z.eCL(B) , so Z.eCL(A) C Z.eCL(B).
(v) Since (ANB C ANANB C B) then Z.eCL(ANB) C Z.eCL(A) and Z.eCL(ANB) C T.eCL(B) —

Z.eCLANB) CT.eCL(A)NZ.eCL(B) .
Theorem 3.6 Let (X, IT) be an ITS and A, B C X.Then
(i) AisZ.e*CS iff A=T.e*CL(A) .
(i) Z.e*CL(®) = 0 and T.e*CL(X) = X.
(i) Z.e*CL(Z.e*CL(A)) =T.e*CL(A) .
(iv) If A C B then Z.e*CL(A) C Z.e*CL(B) .
(v) T.e*CL(AN B) C T.e*CL(A) N T.e*CL(B) .
Proof: It follows Theorem 3.5
Theorem 3.7 Let (X, IT) be an ITS and A, B C X.Then
(i) AisZ.aCS iff A=T.aCL(A) .
(i) Z.aCL(D) = 0 and Z.aCL(X) = X.
(i) Z.aCL(Z.aCL(A)) =T.aCL(A) .
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(iv) If A C B then Z.aCL(A) C T.aCL(B) .
(v) T.aCL(AN B) C T.aCL(A) NT.aCL(B) .
Proof: Tt follows Theorem 3.5
Theorem 3.8 Let (X, IT) be an ITS and A, B C X. Then
(i) Ais Z.eOS iff A =T.eINT(A) .
(ii) Z.eZINT(X) = X and Z.eZN'T(0) = 0.
(iii) Z.eZNT(Z.eINT C (A)) = Z.INT(A) .
(iv) If A C B then Z.eZNT(A) C T.eINT(B) .
(v) Z.eINT(ANB) = Z.eINT(A)NZ.eZINT(B) .

Proof.

(i) Suppose that A is Z7.eOS. Since A C A, then A is Z.eOS containing itself, so A C Z.eINT(A)
and Z.eZNT(A) C A, that implies A = T. eI./\/ T(A) . Conversely, Let A = Z.eZNT (A), suppose that
A=T.eINT(A) . Since Z.eINT(A) is Z.eOS, then A is Z.eOS.

(i) Since X, 0 are Z.eOS’s, by (1), we have Z.eZN'T(X) = X and Z.eZNT (0) = 0.

(iii) Since Z.eZN'T (A) is Z.eOS. so by (1) Z.eZNT (Z.eZNT(A)) = Z.eINT(A) .

(iv) Suppose that If A C B. Let O; € Z.eINT(A) - O; C A — O; C B — O; € Z.eZINT(B).
Therefore Z.eZNT (A) C Z.eZNT(B).

(v) Let O; € Z.eINT(A)NZ.eINT(B) <> O; € Z.eINT(A) N O; € T.eINT(B).

~ U0;,0; C A, ViNnUuO,;, O; C B,Vi.

~ UO0;,0; C AN B,Vi.

~ 0; € IGINT(A N B),V’L

Theorem 3.9 Let (X, IT) be an ITS and A, B C X. Then
(i) Ais Z.e*OS iff A =T.e*INT(A).
(i) Z.e*INT(X) = X and Z.e*ZN'T(0) = 0.

(iii) Z.e*INT(Z.e*INT C (A)) = Z.e*INT(A) .

(iv) If A C B then Z.e*IN'T(A) C I.e*IN'T(B) .

(v) Z.e*INT(ANB) = T.e*INT(A) N L.e*INT(B) .

Proof: Tt follows Theorem 3.8

Theorem 3.10 Let (X, IT) be an ITS and A, B C X. Then
(i) Ais Z.aOS iff A=TZ.aINT(A) .
(i) Z.aZNT(X) = X and Z.aZN'T(0) = 0.

(iii) Z.aZNT(Z.aINT C (A)) = Z.aINT(A) .

(iv) If A C B then Z.aINT(A) C T.aINT(B) .
(v) TaINT(AN B) = T.aINT(A) N T.aIN'T(B) .

Proof: It follows Theorem 3.8

Theorem 3.11 Let (X,IT) be an ITS and A, B C X. Then

(i) Z.e£P(X) = 0 and Z.eEP(0) = X
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(il) Z.eEP(A) C A°.

(ifi) Z.eEP(AUB) = T.eEP(A) N T.eEP(B) .
(iv) If A C B, then Z.e£P(B) C T.eEP(A) .
(v) T.eEP(AN B) C T.eP(A) UTL.eEP(B) .

Proof.

(1):Z.e€P(X) =Z.eINT(X) =Z.eZINT(0) =0 and Z.eEP (D) = Z.eINT (0°) = LT.eINT(X) =

(ii)Z.eEP(A) = T.eINT(A°) C A

(iii) Z.e£P(AU B) = T.eINT(AU B)® = T.eINT(A° N BY) = T.eINT(AY) N LINT(BY) =
Z.eEP(A)NTI.eEP(B)

(iv) let AC B — B® C A° = T.eINT(B®) C T.eINT(A®) — L.eEP(B) C L.eEP(A).

(v) Z.eEP(AN B) = T.eZINT(AN B)¢ = ZT.eINT(A° U B) C Z.eINT(A°) UZ.eINT(B°) =
Z.eEP(A)UZ.eEP(B).

Theorem 3.12 Let (X,IT) be an ITS and A, B C X. Then
(i) Z.e*€P(X) =0 and Z.e*EP (D) =
(i) Z.e*EP(A) C A

(iv) If A C B, then Z.e*EP(B) C Z.e*EP(A) .

(v
Proof: It follows Theorem 3.11

)
)
(ii) Z.e*EP(AUB) =Z.e*EP(A)NZ.e*EP(B) .
)
) Z.e*EP(ANB) CZ.e*EP(A)UZ.e*EP(B) .

Theorem 3.13 Let (X,IT) be an ITS and A, B C X. Then
(i) Z.aEP(X) = 0 and Z.aEP(0) = X
(i) Z.aEP(A) C A°.

(iii) Z.aEP(AUB) =Z.aEP(A) NI.aEP(B) .

(iv) If A C B, then Z.aEP(B) C T.aEP(A) .
(v) T.aEP(AN B) C T.aEP(A) UL.aEP(B) .

Proof: It follows Theorem 3.11

Theorem 3.14 Let (X, IT) be an (ITS) and A C X.
(i) Z.eB(X) =Z.eB(0) = 0.
(ii) Z.eB(ANB) =Z.eB(A)UZ.eB(B) .

Proof.

(i) Z.eB(X) = X\Z.eINT(X)UZ.eEP(X) = X\X UD = X\X = 0.
Z.eB0) =X \Z.eZNTD)UZ.eEP(D) =X\0UX =X\X =10

(il) ZB(ANB) = X\Z.eZNT(ANB)UZ.eEP(AN B)

= X\Z.eINT(A)NZ.eINT(B)UZ.eEP(AN B)

= X\Z.eIN'T(A) U X\Z.eINT (B) UZ.eEP(AN B)

= X\Z.eINT(A)U X\Z.eZINT(B) UZ.eEP(A)UZ.eEP(B))
=T.eB(A)UZ.eB(B) .

Theorem 3.15 Let (X, IT) be an (ITS) and A C X.
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(i) Z.e*B(X) =Z.e*B(0) = 0.
(ii) Z.e*B(ANB) =Z.e*B(A)UZ.e*B(B) .
Proof: It follows Theorem 3.14

Theorem 3.16 Let (X, IT) be an (ITS) and A C X.
(i) Z.aB(X) = Z.aB(0) = 0.
(ii) Z.aB(ANB) =Z.aB(A)UZ.aB(B) .
Proof: It follows Theorem 3.14

Theorem 3.17 Let (X, IT) be an ITS and A C X. Then:
(i) A CZ.eCL(A) — T.eDS(A) C I.eDS(Z.cCL(A)).
(il) Z.eIN'T(A) C A — T.eDS(T.eINT(A)) C T.eDS(A) .
(iii) If A is ZCS, then Z.eDS(A) C A.
(iv) Z.eCL(A) = AUT.eDS(A) .
(v) IB(A) = T.eCL(ANL.INT(A) .
(vi) Z.eCL(A) = IB(A) UL.INT(A) .
) L.
)

(vii

B(A) CZ.eCL(A) .
(viil) Z.eZNT(A) NZIB(A)

Proof.

(i) Let A C Z.eCL(A). By (ii) Z.eDS(A) C Z.eDS(Z.eCL(A)).

(i) Let Z.eZNT(A) C A. By (ii) Z.eDS(Z.eINT(A)) C Z.eDS(A) .

(i) Let A be a ZCS and = € Z.eDS(A) , then VO > z,AN (O — (z)) # 0 Hence z € A and
Z.eDS(A)C A

(iv) Since A C Z.eCL(A) and Z.eDS(A) C Z.eDS(Z.eCL(A)) C Z.eCL(A) . we have AUZ.eDS(A) C
Z.eCL(A) . Another direction, To show that Z.eCL(A) C AUZ.eDS(A) .

Let x € Z.eCL(A) , but A C Z.eCL(A) , then x € A or x & A.

(a) If z € A, then z € AUZ.eDS(A) .

(b) If z & A, Let z € Z.eDS(A) — 30 2 z,An (O\{z}) = 0, but = ¢ A, that is contradiction,
therefore x € Z.eDS(A) and x € AUZ.eDS(A) .

SoZ.eCL(A) = AUZ.eDS(A) .

(v) By definition: ZB(A) = X\Z.eZN'T (A) Uiep(A)

= X\Z.eZNT(A) N X \iep(A)

= X\Z.eINT(A)NZ.eCL\(A)

Since Z.eZNT(A) C T.eCL(A) C X — Z.eCL(A) N (X\Z.eZNT(A) =Z.eCL(A)\Z.eZNT(A) . Then
we have ZB(A) = Z.eCL(AN\IZ.eINT(A) .

(vi) By (i) ZB(A) = Z.eCL(A)\Z.eZNT (A)

— IB(A) UZ.eZINT(A) = ic(A\N\Z.eZINT(A)UZ.eINT(A) =Z.eCL(A) .

(vii) By (ii) it is clear that ZB(A) C Z.eCL(A) .

(viii) Z.eZNT (A) NIB(A) = Z.eINT(A) NZ.eCL(A\L.eINT(A) = 0.

0.

Theorem 3.18 Let (X, IT) be an ITS and A C X. Then:
(i) ACZ.e*CL(A) - Z.e*DS(A) C Z.e*DS(Z.e*CL(A)).
(i) T.*INT(A) C A = T.e*DS(T.*INT(A)) C T.e*DS(A) .
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(ii) If A is ZCS, then Z.e*DS(A) C A.
(iv) T.e*CL(A) = AUT.e*DS(A) .

(v) IB(A) = T.e*CLIANL."INT(A) .
(vi) T.e*CL(A) = IB(A) UL.c*INT(A) .
) IB(A) C T.e*CL(A) .

(vii) Z.e*TN'T(A) NIB(A) = 0.

Proof: It follows Theorem 3.17

(vii

Theorem 3.19 Let (X, IT) be an ITS and A C X. Then:

(i) A C T.aCL(A) — T.aDS(A) C T.aDS(L.aCL(A)).

(i) Z.aZN'T(A) C A — T.aDS(Z.aINT(A)) C T.aDS(A) .
(iii) If A is ZCS, then Z.aDS(A) C A.
(iv) T.aCL(A) = AUT.aDS(A) .

(v) IB(A) = T.aCLIANL.aINT(A) .
(vi) T.aCL(A) = IB(A) UTZ.aINT(A) .
) IB(A) C Z.aCL(A) .
(viil) Z.aZN'T(A) NIB(A) = 0.

Proof: It follows Theorem 3.17

(vii

Theorem 3.20 Let (X, IT) be an ITS and A C X. Then:
(i) T.OPCL(A) D AUTL.CL(T.INT;(A)) and T.oPNT(A) C ANT.INT(Z.CLs(A))
(ii) Z.0SCL(A) D AUZINT(Z.CLs(A)) and ZOSINT(A) C ANZ.CLZINTs(4)).

Proof: We will prove only the first statement of (i) and the others is similar. Since Z.JPCL(A) is
T.6PCS, we have T.CL(Z.INT5(A)) C T.CL(Z.OPCL(A)) C Z.8PCL(A). Thus AUZ.CL(Z.INTs(A)) C
Z.6PCL(A).

Proposition 3.1 Let (X, IT) be an ITS and A C X. Then:
(i) If Ais an Z.eOS and Z.ZNT5(A) = ¢, then A is an Z.6POS.

)
(ii) If Ais an Z.eOS and Z.CLs(A) = ¢, then A is an Z.6SOS.
(iii) If A is an Z.eOS and Z.6CS, then A is an Z.0SOS.

(iv) If Ais an Z.6SOS and Z.5CS, then A is an Z.eOS.

Proof: (i) Let A be an Z.eOS, that is A C Z.CLZINT;(A)UZINTI.CLs(A) = pULZINTI.CLs(A) =
ZINTI.CLs(A). Hence A is an ZPOS.

(ii) Follows from (i).

(ifi) Let A be an Z.eOS and Z.6CS, that is A C Z.CLT.INT3(A) UTINTI.CLs(A) = T.CLT.INT;(A) U
ZINT(A)=cdZ.INTs(A). Hence A is an Z.6SOS.

(iv) Let A be an Z.6SOS and Z.6CS, that is A C T.CLL.INT3(A) C T.CLL.INT3(A) v T.INTL.CLs(A).
Hence A is an Z.eOS.
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Theorem 3.21 Let (X, IT) be an ITS and A C X. Then, A is an L.eOS if and only if A = LIPINT(A)U
LSSINT(A).

Proof: Let A be an Z.eOS. Then A C Z.CL(Z.INT5(A)) UZINT(Z.CLs(A)). By Theorem 3.20,
we have Z.0PINT(A) UZ.SSINT(A) = (ANZINT(Z.CLs(A))U(ANI.CLEIZINTs(A))) = AN
(ZINT(Z.CLs(A)UI.CLIZ.INTs5(A))) = A.

Conversely, if A = Z.OPINT(A) UZ.SSINT(A) then, by Theorem 3.20 A = Z.0PINT(A) U
IZOSINT(A) = (ANZINT(Z.LCLs(A)) U (ANICLIINTs(A) = AN (ZINT(Z.CLs(A)) U
I.LCL(ZINT5(A)) CTINT(Z.CLs(A)UICLIZ.INTs(A)) and hence A is an Z.eOS.

Proposition 3.2 Let (X, IT) be an ITS and A C X. Then:
(i) Z.eCL(A) = T.eINT(A), Z.eINT(A) = T.eCL(A).
(ii) Z.eCL(AV B) > T.eCL(A) V I.eCL(B), T.eINT(AV B) > T.eINT(A) V Z.eINT(B).
(iii) Z.eCL(AA B) C L.eCL(A) NT.eCL(B), T.eINT(AN B) C T.eINT(A) AL.eINT(B).
Proposition 3.3 Let (X, IT) be an ITS and A C X. Then:
(i) Z.eCL(A) > T.CLT.INT;(A) NTINTI.CLs(A).
(ii) Z.eZN'T(A) C Z.CLT.INT5(A)V TINTI.CLs(A).

Proof: (i) Z.eCL(A) is an Z.eCS and A C ZT.eCL(A), then T.eCL(A) > ZI.CLI.INTsI.eCL(A) A
TINTI.CLsT.eCL(A) > T.CLL.INT;(A) AT.INTI.CLs(A).
(ii) Follows from (i) by taking the complementation.

Theorem 3.22 Let (X, IT) be an ITS and A C X. Then: L.eCL(A) = I.JPCL(A) N1.0SCL(A).

Proof: It is obvious that, T.eCL(A) C Z.6PCL(A) NZ.6SCL(A). Conversely, from Definition we have
T.eCL(A) D T.CL(IINTs(T.eCL(A))) N TINT(I.CL;(T.eCL(A)) D TI.LCLIINTs(A) N
ZINT(Z.CLs(A)). Since T.eCL(A) is L.eOS, by Theorem 3.20, we have Z.SPCL(A) NZ.0SCL(A)
(AUZ.CL(ZINT5(A)))U(AUZINT(Z.CLs(A))) = AU (ZLL(ZINTs(A) NT.INT(Z.CLs(A)))
ACTeCL(A).

Lemma 3.1 The following hold for a subset A of a space X:
(1) ZOSINT(A) = ANZ.CL(ZINTs5(A)) and Z.0SCL(A) = AUZINT(Z.CLs(A))
(2) Z.0PCL(A) = AUZ.CLIZINTs(A))

(3) I.6SCL(T.SSINT(A)) = I.8SINT(A)UL.INT(L.CL(Z.INT;(A))) and I.SSINT(I.0SCL(A)) =
T.6SCL(A)NT.CL(T.INT(Z.CLs(A)))

(4) Z.CLS(ZOSINT(A)) =Z.CLZ.INTs5(A))

(5) Z.OSCL(ZINTs5(A)) =Z.INT(Z.CL(Z.INTs(A)))

Lemma 3.2 The following hold for a subset A of a space X:

(1) Z.e*CL(A) is Z.e*OS

(2) X\Z.e*CL(A) =T.e*INT(X\A)

Theorem 3.23 The following hold for a subset A of a space X:
(i) Ais Z.e*OS if and only if A= ANZ.CL(Z.INT(Z.CLs(A)))
(ii) AisZ.e*CS if and only if A= AUZINT(Z.CL(Z.INT5(A)))
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(i) Z.*CL(A) = AUTZINT(ZCL(IINT;(A)))
(iv) T.e*INT(A) = ANT.CLITINT(I.CLs(A)))

Proof. (i) : Let A be Z.aOS. Then A C Z.CL(Z.INT(Z.CLs(A))) . We obtain A C AN
ILCL(IZINT(Z.CLs(A))) . Conversely, let A = ANZ.CLZINT(Z.CLs(A))) . We have A = AN
I.CL(ZINT(Z.LLs(A))) CI.CLIZINT(Z.CLs(A))) and hence, A is Z.e*OS.

(iii):Since Z.e*CL(A) is L.e*CS, Z.INT(Z.CL(Z.INT5(A))) C ZINT(Z.CL(Z.INT5(Z.e*CL(A)))) C
Z.e*CL(A) . Hence, AUZINT(Z.CLIZ.INTs(A))) CZ.e*CL(A) .

Conversely, since: ZINT(Z.CLZINTs(AUZINT(Z.CL(Z.INT5(A))))))

= TINT(I.CLIINT(AULINT;(Z.CLs(TINT5(A))))))

=ZINT(Z.CLIINT;(A)ULZINTS(ZINTS(Z.CLs(Z.INT5(A))))))
=ZINT(Z.CLIZINTs(A)UZINTS(Z.CLs(Z.INT5(A)))))
=ZINT(Z.CLIINT;ZI.CLs(ZINTs5(A)))))
=ZINT(Z.CLIZINTs(A))) C AULZINT(Z.CL(Z.INTs5(A))),
then AUZINT(Z.CL(Z.ZNTs5(A))) is Z.e*CS containing A and hence:

T.e*CL(A) C AUTINT(I.CLIINT;(A))) .

Thus, we obtain Z.e*CL(A) = AUZINT(Z.CL(Z.INTs5(A))) .
(ii) follows from (i) and (iv) follows from (iii).

Theorem 3.24 Let N be a subset of an ITS X. The following are equivalent:
(i) N is Z.ROS,
(ii) N is Z.aOS and Z.e*CS,

(iii) N is Z.0POS and Z.6SCS.

roof. (i) = (ii) : Obvious.
i) =(i) : Let N be Z.aOS and Z.e*CS. We have N C ZINT(Z.CLZ.INTs(N))) and
ZINT(Z.CL(ZINTs(N))) C N and hence N =Z.INT(Z.CL(Z.INTs(N))). Thus, N is Z.ROS.

(i) & (iii) : Let N be Z.6POS and Z.68CS. Then N € ZINT(Z.CLs(N)) and ZINT(Z.CLs(N)) C
N. Thus, N=Z.INT(Z.CLs(N)) =Z.INT(Z.CL(N)) and hence N is Z.ROS. The converse is similar.

)
)
)
P
(i

Theorem 3.25 Let N be a subset of an ITS X. The following are equivalent:
(i) N is Z.680S,
(ii) N is Z.e*OS and ZINT5(Z.6FR(N)) = 0.

Proof. (i) = (ii) : Let N be Z.6SOS. We have ZINT(Z.CLs(N)) C Z.CLs(N) C Z.LL(Z.INTs(N)) .
Since  TINT;(I.6FR(N)) - TINT;(ICLs(N) N (X\T.INT;(N))) -
ZINTS(Z.LCLs(N)\Z.CL(ZINT5(N)) , then ZINT5(Z.SFR(N)) = 0.

(i) = (i) : Let N be Z.e*OS and Z.INT;(Z.OFR(N)) = 0. Then N ¢ Z.CL(Z.INT(Z.CLs(N))) C
I.CL(ZINT3(N)) . Thus, N is Z.0SOS.

Theorem 3.26 Let X be a topological space. Then I.aO(X) = Z.0SOS(X)NZ.6POS(X) .

Proof. Let N € Z.aO(X) . Then N € Z.6SO(X) and N € Z.0PO(X) . Thus, Z.aO(X) C
Z.6SO(X)NZT.HPO(X) .

Conversely, let N € Z. 6SO(X) N Z.6PO(X) . Then N € Z.68O(X) and N € Z.6PO(X) . Since N €
T.680(X) , then , ZINT3(Z.SFR(N)) = 0. Since ZINT3(Z.5FR(N)) = ZINT3(Z.CLs(N)N(X\I.INT3(N))) =
TINTH(L.CLs(N)\L.CLs(ZINT;(N)), then ZINT(Z.CLs(N)) C T.CLL.INT;(N)) . Since N € Z.5PO(X) ,
we have N C ZINT(Z.CL;(N)) CZINT(Z.CL(Z.INTs(N))). Thus, N € Z.aO(X).
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4. Interrelations

Example 4.1 Let X be a set X = {a,b,¢,d},IT = {¢, X, {a}, {b}, {a,c}} Then
(i) {a} is ZOS and ZSOS but not Z.60S and Z.6SOS

(i) {a,b} is Z.6POS but not ZOS

(iii) {c} is Z.0POS and Z.eOS but not ZPOS and Z.6SOS

(v) {a,b,c} is Z.eOS but not ZOS

)

)

)

(iv) {b,d} is Z.eOS but not Z.0POS

)

(vi) {¢,d} is Z.e*OS but not Z.eOS
)

(vil) {b,¢,d} is Z.e*OS but not Z.50S

Example 4.2 Let X be a set X = {a,b,¢,d},IT = {¢, X, {b}, {c}.{b, ¢, d}} Then {b,d} is 1.5SOS but not

10S
| J8808 l

1208 — 7e0s —| Ge'0S 180,

J8POS
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