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ABSTRACT: In this present work, we obtain an upper bound of fourth order Topelitz determinant for a function

in the class of Harmonic close to convex functions. The upper bounds on |T4 1(f)| found for f € M(a,1,1)

and |T2,2(f)|, |a3 — azaal|, |a2 — asas| and |T4,2(f)| where f € M(c, %,2) were obtained.
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1. Introduction

A continuous function f = u + v is a complex valued harmonic function in a domain U C C if both
u and v are real harmonic in U, with series representation.

f(z) = Zanz"+2bnén =h+g. (1.1)
n=0 n=1

Here h(z) = z 4+ > anz™, g(z) = > b,2", (] b1 |< 1;z € U), are analytic functions in U. We call
=2 1

h the analytic pa:t and g the co—anaﬁytic part of f. Let H be the class of all complex-valued harmonic
functions that are normalized on the unit disk U, that is

H = {f:U— C/f is harmonic, with f(0) =ao =0, f.(0) = a1 = 1}.

Since the Jacobian of f is given by | A’ |2 — | ¢’ |?, by Lewy’s et al [8], it is locally univalent and
sense-preserving if and ounly if | ¢’ |<| A’ |, or equivalently, the dilatation w = ¢'/h’ with h/(z) # 0 has
the property | w |< 1 in U. The subclass of H that is univalent and sense-preserving in U is denoted by
Sy.

The family S of analytic univalent and normalized functions in U is a subclass of Sy with g(z) = 0. The
family of all functions f € Sy with the additional condition of normalization that fz(0) = by = 0, is
denoted by SY%. That is

SY ={feSu/f-(0)=b, =0}. If f=h+7geSY then

h(z) =z + Z anz", g(z) = Z by 2" (|b1] = 0;2 € V)
n=2 n=2

* Corresponding author.
2020 Mathematics Subject Classification: 30C45, 30C50, 30C99.
Submitted March 03, 2026. Published June 19, 2026.

Typeset by 85% style.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.82361

2 RAJESH KUMAR THATIPAMULA, BHARAVI SHARMA RAYAPROLU AND SAMBASIVA RAO SIGINAM

Let A represent the family of analytic functions f, normalized by f(0) =0 and f’(0) = 1, defined on the
open unit disk U on the complex plane C and K(«) denotes the class of functions f € A such that

Re<1+zf”(z)>>a (—;§a<1;z€U>. (1.2)

f'(2)
In particular, the elements in K(-1/2) are close-to-convex but are not necessarily starlike in U, for 0 <
a <1, the elements in K(«) are known to be convex functions of order o in U.
A domain W is said to be close-to-convex in C, if it can be expressed as a union of non-intersecting
half-lines. According to the results of Kaplan [7], an analytic function f is called close-to-convex if there
exists a univalent convex analytic function ¢ defined in U such that

"(z
Re f,() > 0, z e U.
¢'(2)
Moreover, a planar harmonic mapping f : U — C is close-to-convex if it is one-to-one function and f(U)
is a close-to-convex domain.The class of such close-to-convex harmonic mappings is denoted by CY.

Definition 1.1 A harmonic mapping f = h + g is said to be in the class M(«, (,n) if h € K(a), for
some a € [—3,1), given by (1.2) and g satisfies the condition.

2n —

g'(z) = C2"h(2) (( € C with|¢ < 1 Tin € N = 1,2,3,....).

For n = 1, « = -1/2 and | ¢ | = 1, the class M(-1/2, ¢, 1) was introduced by Bharanedhar and
Ponnusamyet al. [5]. In 2019, Sun et al. [12], investigated upper bounds of the third Hankel determinats
for the class M(«) of close-to-convex harmonic mappings.

Definition 1.2 A harmonic mapping f = h+ g of the form (1.1) is said to be in the class M(a, 1,1) if
h € K(a), for some o € [f%, 1), g satisfies the given condition

g'(z) =20 () (2€0). (1.3)
Definition 1.3 A harmonic mapping f = h+ g of the form (1.1) is said to be in the class M(a, %,2) if
h € K(a), for some a € [-1,1), g satisfies the condition

g'(z) = %z2h’(2) (z € ). (1.4)

The ¢ symmetric Toeplitz determinant T}, ,(f) for f € A is defined as follows:

Qp, Ap+1 cee Op4qg—1
Un41 an, cee Opgqg—2
Ton(H)=| oo (15)
Gn4q—1 On4q—2 --- Qp,

where ¢ > 2, n > 1, and a; = 1 (refer to [2]).
2. Literature Review

The study of Toeplitz determinants associated with the members of S play an important part in the
research area of complex analysis. Ahuja et al. [1], Ali et al. [2], Arif et al. [3], Wang et al. [13],
Zhang et al. [19] have investigated on the symmetric Toeplitz determinant | T,(n) | for subclasses of
S with small values of n and ¢. Yakaiah et al. [16], [18], [17] worked on fourth Hankel and Toeplitz
determinant for certain univalent analytic functions subordinate to cosz, 14sinz and inverse of reciprocal
of bounded turning functions. Rao and Sharma [10] estimated an upper bounds of fourth Hankel and
Toeplitz determinant for starlike and convex functions associated with Nephroid domain.

Xiao Yuan Wang et al. [14] estimated an upper bound of [T o (h)|, |T5,1(R)|, |T5,1(9)l,|T5,2(R)|, | T5,2(g)]
for f € M(a,(,n).
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1. Wang et al. [14] shown that
2
[T22(R)] <5 (1 - @)?(202 — 6a + 9)

1
T: <
[T52(9)| =18

for f € M(e, ¢, 2)
2. If f e M(e,, ¢, 1),

1 1 1
= (8a' —340® + Tla® =720+ 36), —-<a< -,
T < 2 2
§(—20f")+25042—4404+30), g <a<l
and )
T51(9)] < 5(1 - a)
3. If f € M(a, ¢, 2),
1 30 2 9 1 1
—(1-a)’2a® —7a) (10* — 270 +36), —-<a<=-,
T5,2(h)| < 1(5)8 1 2 7
m(l—a)3(2a2—7a) (20 — 4o+ 7), = <a<l1
and )
2
= < — —_
| Tia(o) 1= 25304 |< 521 — )
4. Yakaiah et al. [15] shown that
7
|Ty1(h)| < g for heK (2.1)

3. Motivation and the Proposed Research Problem

Many researchers have worked upon computing upper bounds to |7y 1(f)] and |Ty2(f)| for f € A
(for instance, [18], [17], [10]). However, there is no such analogues results conceding harmonic univalent
functions. This motivates us to compute [Ty1(f)| for f € M(a,1,1) and |Ty2(f)| for f € M(a, £,2).
Motivated by the work of Xiao- Yuan Wang et al. [14] and Sun et al. [12], in this paper, upper bounds
of fourth Toplitz determinants for the classes M(«, 1,1), M(a, 3,2) for h € K(a), for some o € [-1/2,1),
given by (1.2) and g that satisfies the condition by (1.3) and (1.4) respectively.

3.1. Techniques used

In doing our research work we made use of the following Lemmas.
Let P be the class of all functions with positive real part with series representation.

p(z) =1+ Z cpz", forz € U. (3.1)
n=1

Unless otherwise stated throughout this paper, we assume the series representation of p € P is of the
form (3.1).

Lemma 3.1 Ifp € P and p is of form (3.1), then the sharp estimates

ler| <2, (3.2)
|erts — peres| <2, for 0< u<1, (3.3)
leres — creu| <4, for r+s=t+u. (3.4)

hold for each v, s, t, u € N ={1,2,3,...}. Inequalities (3.2), and (3.3) are proved in [11], [6], respectively.
Inequality (3.4) is obvious.
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Lemma 3.2 [9] Let p € P and u € C. Then |ca — puc?| < 2max{1, |2u — 1|}. The inequality is sharp for
p(z) = £ and p(z) = 5

1—2 —22°

Lemma 3.3 [j] Let p € P. Then for complex numbers J, K, L
173 — Keiea + Les| §2[\J|+|K—2J\+|J—K+L|] (3.5)

4. Main Results
Let f € M(«,1,1) be of the form (1.1). Then there exists p(z) € P of the form (3.1) such that

p(z):lia<1+zg’;g)_a> (—;§a<l,z€U>. (4.1)

nn—1a, =(1 -« Z kapcn—r (n>2). (4.2)

It follows that

Equating the coefficients of similar powers of z, we obtain

" %(1 . (4.3)
az = é(l —a)[(1 — @) + c2], (44
a1 = 57 (1 - )[(1 — @)%} +3(1 ~ a)ercs + 2cs], (45)

a5 =15 (1= )[(1 — @)°c} +6(1 — a)*cles +8(1 — aercs + 3(1 ~ )k + 6] (4.6)

By the power series representations of h and g for f € M(a,1,1), we see that
b =0, (k+1bgy1 =kax (k>1a1=1).

That yields

1
b2 = 57 (47)
1
b3 = 5(1 — (X)Cl, (48)
1
by = §(1 —a)[(1 = @)t + 2], (4.9)
1 )
by = %(1 —a)[(1 —a)?c} +3(1 — a)eien + 2c3). (4.10)
Using the power series representations of h and g associated with f € M(«, 372), we see that
1
dl = 07d2 - 07 (k + 2)dk}+2 = gkak (k‘ Z 1,@1 = 1)
That yields
1
ds = 9’ (4.11)
1
dy = 15 —(1 - a)ey, (4.12)

ds =1/30(1 — &) [(1 — @)} + c2]. (4.13)
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4.1. Upper bound estimates of [Ty 1(h)| and |Ty1(g)| where f € M(x,1,1)
Theorem 4.1 If f =h+g e M(a,1,1), then

1
Lt ezl =) [af = 16a” + 581a’ — 24720° + 57880 — 6540c + 6668] ,  —
Taa(h)] <

1 :
1+ ——(1— ) [-4a® +160° — 8a* — 594a” + 3673a” — 5588 + 4611], 0 <a < 1.

<a<0,

N | =

648
(4.14)
and
1 4 3 2 1 2
Sigq (380" — 35596a” + 88341a” — T5194a +41101], -5 <a< -z,
Taa(9)l <97 5 (4.15)
5 [576a" — 38400° + 9601a” — 104060 + 4537] , -z <a<l

Proof: As f € M(«,1,1), by the definition of Ty 1 (h)
Tya(h) =(1 —a3)? — (asaz — a4)® + (a3 — azaq)? — (a2 — azaz)* + 2(a3 — az)(az — asayq)

By using the values of as, as, a4 from (4.3), (4.4), (4.5) we get

1

Ty1(h) =1+ m(l —a)? {(1 —a)’cf —2(1 — )’y — 12(1 — a)*ces + 9(1 — a)*ejes — 252(1 — )*
§ —8(1 —a)dcicy —288(1 — a)3clen +12(1 — a)?cleacs 4+ 36(1 — a)3cics + 252(1 — a)?cica
—48(1 — a)?c1cdes +3600(1 — a)?cf +16(1 — a)?cs + 144(1 — a)ercacs + 1152(1 — a)ciey

— 15552¢2 — 1152¢2 — 1440%}
it (-4<a<o)

Ty1(h) =1+ m(l —a)? [(1 —a)%ct —2(1 —a)’cSey — 6(1 — a)cles +4(1 — a)cicd — 8(1 — a)3cics
—24(1 — a)?cicies — 288(1 — a)3eichy + 252(1 — a)?c3c3 + 36(1 — a)creacs — 6(1 — a)*cles
+12(1 — a)3c3eacs + 36(1 — ) cles — 144c2 4 96(1 — a)cicacs — 1152¢ + 768(1 — a)ci ey
+16(1 — a)?cy — 24(1 — a)?cicies +3600(1 — a)?c] + 384(1 — a)cleg + 12(1 — a)cycacs

—252(1 — o) — 155522 + 5(1 — a)f’c‘l*cg}

Ty1(h) =1+ m(l —a)? [(1 — o)} [(1 - a)’c] —2(1 — a)ercr — 63| +4(1 — @)’cr13[(1 — a)’c}
—2(1 = @)cres — 6e3) — 12(1 — a)erea[24(1 — @)*cf — 21(1 — a)erer — 3es] — 6(1 — a)?cles
2
[(1— )¢} —2(1 — @)erea — 6e3) — 14des[es — g(l — @)cres] — 15552¢ — 1152¢3 [eo

2
- §(1 —a)ci] —16(1 — a)?c3[cies — 3] — 8(1 — a)®cicies + 3600(1 — @) ®c] + 384(1 — a)cien

+12(1 — a)creaes — 252(1 — a)*c§ 4+ 5(1 — a)%‘fc%}

1
Tia(h) =1+ m(l —a)? [[(1 —a)’dl —2(1 — a)crea — 6cs] [(1— a)'dd —4(1 — a)’des +4(1 — a)’ar
2
s —2(1 - a)%?cﬂ —12(1 — a)erca[24(1 — a)’cd —21(1 — a)eiez — 3c3| — 144c3[cs — §(1 —a)
cica] — 1152¢a [ca — %(1 — a)cf] —16(1 — a)’c; [cics — cg} —8(1 — a)’cicies + 3600(1 — a)’cf

+384(1 — a)ciea +12(1 — a)ercacs — 252(1 — a)*cS +5(1 — a)’clcs — 15552&]
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By applying the triangle inequality and using Lemmas 3.1, 3.2 and 3.3, we obtain the bound for |Ty 1 (h)]

T <1+ ﬁu — a)?[[4(0? = 20+ 4)][32(1 - )" + 32(1 - 2)? + 16(1 — 0)?] +12(1 — a)(4)

[6(320 — 50cr + 17)] + 144(2)(2) + 1152(2)(2) + 16(1 — )*(4)(4) + (8)(16)(1 — )* + 3600
(16)(1 — a)? + 384(1 — ) (8) + 12(1 — ) (8) + 252(1 — a)*(64) + 5(1 — «)®(64) + 15552(4)}

1 1
‘T4,1(h)‘ <1+ (l-a) [aﬁ ~ 160 + 5810t — 24720° + 578802 — 65400 + 6668} ( —5<a< 0)
(4.16)

1t (o <a< 1)
1
Tia(h) =1+ m(l —a)’ [(1 —a)’d —2(1 —a)’cer —6(1 —a)'cles — 6(1 — a)'cles + 4(1 — a)’cich
+5(1— a)4cilc§ —252(1 — a)ted — 8(1— a)®cicd — 288(1 — oz)Scéllcz +12(1 — oz)gc‘;’czcg + 36
(1 —a)’cici +252(1 — a)’cics — 24(1 — a)’cicses — 24(1 — a)’cicies + 3600(1 — a)’ct + 16
(1 — @)’c3 + 144(1 — a)crcacs + 1152(1 — a)ciea — 15552¢ — 1152¢5 — 14403]

=1+ ﬁ(l —a)? [(1 —a)’t —2(1 —a)’cfer —6(1 —a)'cies + 6(1 — a)cics — 12(1 — a)3c]
s —36(1—a)’cicses +3(1 — a)'eles +4(1 — a)®clcd — 6(1 — a)*cles 4+ 12(1 — a)*ceacs + 36
(1 —a)’cics — 144c; + 144(1 — a)ercacs — 1152¢5 4 1152(1 — a)ctes 4 3600(1 — a)’c) — 12
(1—a)’cicies + 16(1 — a)?cs — 15552¢7 — 252(1 — a)*c§ 4+ 252(1 — a)’cics — 288(1 — a)%‘{w}

=1+ ﬁ(l —a)? [(1 —a)'d [(1— )’ —2(1 — a)ciea — 6cs] +6(1 — a)’eich [(1— a)’ct
—2(1 — a)crca — 6es] +3(1 — a)clcs +4(1 — a)’cics — 6(1 — a)’cies [(1— )’ct —2(1 — a)ar
c2 — 6cs] — 14des[es — (1 — a)erca] — 1152¢a[c2 — (1 — a)ci] + 3600(1 — a)’ci — 12(1 — a)’cy

222

c3es +16(1 — a)?cs — 15552¢] — 288(1 — a)®clea — 252(1 — a)*cf +252(1 — a) clc2]

=1+ (1—-a)’ [[(1 —a)’cl —2(1 — a)cica — 6es] [(1 — a)'e] +6(1 — a)’er[c — 0103”

20736
4

+3(1 —a)’cics [(1— o)’ + g(l —a)cicg —4es] — 144esfes — (1 — a)cicz] + [ca — (1 — )

A][252(1 — a)®cl + 252(1 — a)®ciea — 1152¢2] + 3600(1 — a)?cl — 15552¢7 + 16(1 — a)’c

—288(1 — a)3c‘1162]

By applying the triangle inequality and using Lemmas 3.1, 3.2 and 3.3, we obtain the bound for

[ Taa ()] <1+ s (1= )[40 = )] [(1 - @) (32) + 6(1 — a)*(2)(2)] +3(1 — a)*(8) [4(0® — 20+ 3]

+144(2)(2) + (2)[252(1 — @)*16 + 252(1 — @)*(8) + 1152(2)] + 3600(1 — a)*(16) + 15552(4)
+16(1 — a)?4 + 288(1 — a)3(32)]

1
‘Tm(h)( <14 =(1-a)? [4@6 +16a° — 8a — 594a® + 367302 — 5588a + 4611} (0 <a< 1)
(4.17)
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By equations (4.16), (4.17) that

14 2 (1= a)?[a® — 160° + 5810 — 247207 + 578802 — 6540a + 6668 ( —l<a< 0)
T41(R)] <
1+ 2 (1—a)?| — 40 + 1605 — 8a' — 59403 + 367302 — 55880 + 4611 (0 <a< 1)

(4.18)
As f € M(a, 1,1), the following function expansion Ty 1(g)
Ty1(g) = (1 — b3)% — (babs — by)? + (b3 — babs)? — (by — babs)? + 2(b3 — b3)(bs — baby)
By using the values of by, b3, by from (4.7), (4.8), (4.9) that

(1-8)=>
(babs — bs) :2714(1 o) 80— a)e} + ey 30
(12 — baby) = 1i4(1 ~a)[7(1 - )t — 90

(bs — bobs) :é [ —(1- )+ 3}
(B2 — by)) :%2 [ 41— a)er + 3}

(bs — babs) = (1 — @) [ —3(1—a)c® — 3¢ + 164

48

By applying the triangle inequality and using Lemmas 3.1, 3.3 and 3.2, we obtain the bound for the
(1 — b%), (b2b3 — b4)7 (bg — bzb4), (bg — b2b3), (b% — bg) and (bg — bgb4).

163 <3
|b2b3—b4|§é(1—a)[—6a+13} (—% <
(1—04){—14@—1—23} (—%§a<—%)

162 — boby| <
oo (—%§a<1) (4.19)

—_
i
2
| I

|(by — babs
|b3 — bs| <
|bs — baba|

| .—.oo\»a -

M’“ o=

<
L
12
<3 (1—04)[—604—&—25} (—%§a<1)
1 T4,1(g)] < |1 = b3|* — [babs — ba|” + [b3 — bobs|® — |by — babs|® + 2|b3 — bs||bs — baby (4.20)
By using the bounds of |1 — b3|, |babs — bal, [b2 — babyl, |ba — babs], [b3 — b, |bs — baby| from (4.19) that
If <— % <a< —%)

2
+

2 2

2
3

4

1(1—@){—6a+13]

1
2| —
6 +

18

+

‘T‘Ll(g)’ < 4

%(1 fa)[f 14a+23]

%[72a+5]

(1—04)2[042—204—!—4} i(l—a){—(ﬁa%—%}

9 1 1 1
<2 1—a)? [36 2 _ 156 169} — (- [196 2 _ 644 529] — [4 2 _ 900 +25
_16+36( @)”{36a @ +169) + (1 - )| 1960 R BT ot

+ o 4( a) [48a2 — 2660 + 275}
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1 2
‘T41 ‘ T [538004 — 355960° + 8834102 — 75194a+41101] ( sSa< —?) (4.21)
2
(2
3 1 ‘N * h SN
<2 10 B 1o ir Lo el
‘TM g ‘ <7+ a)[ 6a+13} +|50-a)| + 6[ 2a+5} +2| =(1-a) [a 2
+4} i(1—04)[—604+25}
24
<2 ta- a)2[360¢2 1560 + 169} +Laapst [4a — 200+ 25} L
=16 " 36 64 36 144
[48a — 2660 + 275}
2
’T4,1(g <= [576a ~ 3840a° + 9601a2 — 10406 + 4537} (— Z<a< 1) (4.22)
By equation (4.21) and (4.22) that
1 2
53800 — 355960° + 883412 — 751940 + 41101],  —= <a<-—=,
5184 2 7
Ty1(9)| < 2
= [576a" — 3840a° + 9601a” — 104060 + 4537] -z <a<l,

d

Remark 4.1 For a = 0 in Theorem 4.1, our results improves the existing bounds obtained by Yakaiah
et al. [15]

4.2. Upper bound estimates of |T2,2(f)|, a3 — aayl, a3 — azas| and |Ty2(f)| where f € M(a, §,2)

Theorem 4.2 If f =h+ g € M(q, 3,2), then

,37

Ty0(h)| < 2(1—@)2{2042—604—}—9} (—%§a<1>

Ne

and 1 1
T < — (f7< 1)
1T22(g)] < &1 5 Sa<

Proof: As f € M(a, 3,2) and by the definition, T52(h) = (a3 — a3)
By using the values of as,as from (4.3), (4.4) that

Ts2(h) :1(1 —a)’d - i[(1 —a)c] + 2 +2(1 — a)ciey]
—a)? [ —(1—a)%c] —2(1 —a)cicy + 95 — cg]
By applying the triangle inequality and the using Lemmas 3.1, 3.2 and 3.3, we obtain
|a§—a§|§§(1—a)2{2a2—6a+9} (—%§a<l)
and also,
T32(9) =(d3 — d3)
T.2(g)] g(%)Q (Using (4.11) and dy = 0)

1
T <—.
= |T22(9)| =31
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Theorem 4.3 If f = h+ g € M(«, %,2), then

1 1 1
o | 173(1—a)2(042—204+4), —5Sa<s,
a3z — azaq| <
1 1
1—8(1—a)2(—a2+a+3), §§a<1
and
(2 — dody| < —
o=

Proof: As f € M(a, ,2), it follows that (a3 — azay).
By using the values of a3, as, aq from (4.3), (4.4), (4.5) that
2

1 1
(a3 — azay) :%(1 —a)? [(1 —a)’ct+c3+2(1— O[)C%CQ:| — @(1 —a)? [(1 —a)?ct +3(1 - a)cicy

+ 201031|
1
:m(l — 04)2 [(1 — a)QC%(l — OZ)C%CQ + 403 _ 66103}
1
:m(l —a)? [01 ((1 —a)’ct — (1 - a)eres — 20;;) +4(c2 - clcg)]

From the triangle inequality and using Lemmas 3.1, 3.2, 3.3, we obtain

If(—%§a<%)

a2 — asayl gﬁ(l —a)? [2[4(0/2 —2a+2)]+ 4(4)}
S%S(l —a)? [042 — 20+ 4}

0% — asas| <1 (1 - 0?24~ +a + 1)] + 4(4)

(1—04)2[—042—!—04—}—3}

(d — dada)
By using the values of dy = 0, d3,ds from (4.11), (4.12) that

1
d2 — dydy) =—
(d3 — dada) =25

The triangle inequality implies that

1

2
— < —
|d5 — dada] <27

Theorem 4.4 Let f € M(, £,2). Then

1 1
(1—a)® (2o — 100® + 390° — 820 + 57), —§§a<0,

ai — azas| < 15130
@(1 — ) (2o —8a® +240® =550+ 43), 0<a<l.
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and
1 1
(7a —18oz—|—11) —-—<a<-—z,
|d3 — dads| < 51‘0 2 !

Proof: As f € M(a, 3,2), we have (a — asas)
By using the values of a3, a4, as from (4.4), (4.5), (4.6) that

1
a3 — azas = 576(1 —a)? [(1 —a)*f +6(1 —a)’cica +9(1 — a)’cics + 4(1 — o) cles + 12(1 — a)cicacs

1
+ 4c3} - 720(1 —a)’ [(1 —a) ' +7(1 —a)’clez + 8(1 — a)’cles + 9(1 — a)’cich

+6(1 — a)cica + 8(1 — a)cicacs + 3(1 — a)cs + 60204}

1
:m(l —a)? [(1 —a)'f +2(1 —a)’clea +9(1 — a)?cles — 12(1 — a)?cles + 28(1 — a)crcacs
—24(1 — a)cies — 12(1 — a)cs + 20¢5 — 240204]

1
"~ 2880

+16(1 — a)cicacs + 2003 — 20c2cq — 4egcq — 24(1 — a)c%&; —12(1 - oz)cg +12(1 — 04)010203]

(1—a)? [(1 —a)% + (1 —a)’clea —12(1 — a)?cles + (1 — a)’clez + 9(1 — a)’cics

By applying the triangle inequality and using the Lemmas 3.1, 3.2 and 3.3, we obtain

la2 — azas| < ——(1 — a)? [32(1 —a)?[a? — 2+ 7] + 16(1 — a)[2a® — 13+ 19] + 96 + 192(1 — @)

= 2880
+96(1 — a)]

1 1
< —a)2{2a4 ~ 1003 + 3902 — 82a+57] for(— s<as< 0)

< (1= 0)?[32(1 — )20 ~ 20+ 7]+ 112(1 — ) + 96 + 192(1 — ) + 48(1 - )
+16(1 —a)]

< 1;0(1 —a)? [2a4 — 8a® + 24a® — 55a + 43} for(O <a< 1)

Further, by using the values of ds,dy,ds from (4.11), (4.12), (4.13) that

1
&} — dads =2 (1= 0)2c} = (1 - ) [(1 = a)e} + o

~92160
1

2160

By applying the triangle inequality and using Lemmas 3.1, 3.2 and 3.3, we obtain

(70 — 18+ 11), —1§a<—1,
|d2 — d3ds| < 5‘110 f 7
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Theorem 4.5 Let f € M(a,

11

2). Then

)3

39305 (1 — @)t [40® — 4007 + 2240a° — 20532a° + 99917a — 2932160°
+53484602 — 5720040 + 287925] (-3 <a<0)
35105 (1 — @)* [40® — 3207 + 2144a° — 20028a° + 98156a* — 289008a°
Ta2(h)| < -
+528765a% — 5673860 + 286525] 0<a<3)
35405 (1 — @)* [40® — 3207 + 1504a° — 13884a° + 773560 — 2422080°
+4741250% — 532260 + 280885} 3<a<l
and
1 4 3 2 1 1
[147a* — 7560° + 23540” — 3188+ 12243], — - <a < —=,
1Ty 5(g)] < { 874800 2 7
T L n21a? 2620 + 1491 oo
109350 ’ 7

Proof:

Tya(h) = (a2 — a%)2 — (azay — asas)? + (a3 — asas)? — (agas — asayg)® + 2(a§ — asaq)(asay — azas)

By using the values of ag, as, a4, a5 from (4.3), (4.4), (4.5) and (4.6) that

(a3 — asas)

(azas - 113(14)

(a3 — azay)

(a2a4 - asas)

1
:%(1 —a)? [ —(1—a)%c] —2(1 —a)cicy + 92 — cg}
1
:%(1 —a)? [(1 —a)?c + (1 —a)®cey — 7(1 — a)ctez + 3(1 — a)ercs + 5eaez — 90164]
1
:m(l —a)? [(1 —a)*§ +2(1 — a)3clen +9(1 — a)?cick — 12(1 — a)’cSes

+28(1 — a)cieacs — 24(1 — a)ciey — 12(1 — a)c3 + 20c3 — 240204]

T o)’ — (1 - a)’c} —4(1 - a)’cie; — 2(1 — a)cfes — 3(1 — @)ercy +12(1 — @)
+ 12¢1c0 — 2@263}

:ﬁ(l —a)? :(1 — )2t — (1= a)Pes + 4¢2 — 6eyes

“r' o)’ — (1= a)'} = 7(1 = a)’cler = 9(1 — a)’cc3 — 8(1 — a)’cies

+15(1 — a)?cf +45(1 — a)cley — 6(1 — a)cies — 8(1 — a)ercacs — 3(1 — a)cs + 30cic3

— 602 Cq

By applying the triangle inequality and using lemmas 3.1,3.2 and 3.3 this yields the bound for (a2 —
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a%), (azay — azas), (a2 — asas), (azas — azay), (a% — agay) and (azay — asas).

\a%—a§|S%(l—a)2[2a2—6a+9} (—%§a<1)
|azas — azas| < 95(1 —a)z[—4a3+12a2—26a+2} (— i<ac< 1)
1 1
—(1—a)?(2a* — 100> + 390a% — 82+ 57) ,—= < a < 0,
la? — azas| < 1§0 2
K(1f04)2 (2% — 8a® + 2402 — 55+ 43) ,0 < o < 1, (123)
4.23
lazas — azaq| < llgT—ZLaB + 2002 —4504—&—36} (— % <a< 1)
1 1 1
§1—8(17a)2(a2—204+4),—§§o¢<§,
l[a2 — agay
3 1 9 9 1
§1—8(1—a) (—a +a+3),§§a<1,
lasas — agas| < & [sa‘* — 600 + 16602 — 3060 + 141} (— l<ac< 1)

it (—4<a<0)

’T4,2(h)| < |a§ — a% 24 lasas — a2a5|2 + |ai — ozga5|2 + |agas — a3a4|2 + 2|a§ — agay4]|azay — asas|
(4.24)

(azaz—agaa)|, [(a3 —azaq)|, [(agas—azas)|

By using the bounds of |(a3—a3)|, | (azas—azas)|, |(a —asas)

from (4.23) that

) )

2

2
2 1 1
‘T4(2)(h)‘ <|s(1-a)? {2a2 — 6o+ 9} + |1 —a)? [ ~40® + 1202 — 260 + 2] + | (1 — @) {20/1
| o
~ 100 + 3902 — 82 + 57} + = { — 403 + 2002 — 45a + 36} rol—(1- a)Z{aQ ~ 2%
18 18
+ 4} L [8a4 — 6003 + 16602 — 3060 + 141}
90
1 1
< (1-a) [4a4 — 240° + 722 — 1080 + 81] + gl — o) [16@6 — 960° + 352a% — 840a°
1
+ 132402 — 14040 + 729} + mu —a)? [4a8 —40a” + 256a° — 1108a° + 3389
_ 3 2 I EPRRY 6 5 4 3
75360° + 1117007 — 9348 + 3249 | + (1 — a)*[16a° — 1600 + 760a* — 2088a
1
+ 346502 — 32400 + 1296} + %(1 —a)? [Saﬁ — 760 + 318a* — 878a° + 141702 — 1506
+ 564}
1
S TGN [1600(044 — 240° 1 722 — 1080 + 81)] + {4(160/5 — 96a” + 3520 — 840a°

+1324a” — 1404 + 729)} + [4a8 — 400" + 2560° — 11080° 4 3389a” — 75360 + 111700
— 9348a + 3249} + {100(16@6 — 160a° + 7600 — 2088a° + 346502 — 3240 + 1296)}

v [40(8a6 —76a° + 318at — 878a% + 141702 — 15060 + 564)]

1
<——(1-a)? [4a8 —40a” + 224008 — 2053205 + 99917a* — 29321603 + 53484602 — 572004«

32400
+—287925}
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1
1 T4(2)[h]| < 75— (1 — a)* [4a8 — 400" + 224005 — 20532a° + 999170t — 2932160° + 53484602
32400 (4.25)
1 .
5720040 + 287925} (— sSa< o)
ir(0<a<i)
By using the bounds from (4.23) in equation (4.24)

2
+

2

2 1 ; 1
‘Tu(h)’ <|s(1-a) [QOF ~6a+ 9} oo(1—a)? { —40® 1202 — 260 + 2} (1 - a)? [2054

180

2
+

2

1 1
— 8a® + 24a® — 55a + 43} = [ — 4a® + 2002 — 450 + 36] +2| (1 - a)? {a2 ~ 2%

1

+4} 90

[80/1 — 600° + 16602 — 3060 + 141}

1
Sm(l —a)! {4048 —32a7 + 2144a° — 20028a° + 981560 — 289008a° + 52876502

— 5673860 + 286525}

1
Ti2(h)| € ——(1—a) [4a8 — 320 + 21440 — 200280° + 981560 — 289008a* + 5287650
> 32400 (4.26)

) :
~ 5673860 + 286525 (0<a < )

If (% <a< 1)
By using the bounds from (4.23) in equation in (4.24)

2 2

2 1
‘Tm(h)‘ SEE a)2[202 _ 6a+9} ~(1-a)? { — 40® + 1202 — 260 + 2} "

1
— (1— 2 |:2 4
90 (1—=a)7|2a

* 180

2
+

2

1 1
—8a3+24a2—55a+43] E[—4a3+20a2—45a+36} +2 1—8(1—a)2[—a2+a

n 3} 8a* — 600° + 16602 — 3060 + 141}

.

1
gmu —a)t [4a8 —32a" + 15040° — 13884a° + 773560* — 2422080° + 47412502 — 53226

+ 280885]

1
Ty 2(h)| gm(l —a)? [4048 —32a” + 15040° — 13884a° + 773560t — 2422080° + 47412502 — 532260

+ 280885] (% <a< 1)
(4.27)
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By equations (4.25), (4.26) and (4.27) that

35105 (1 — @)* [40® — 4007 + 2240a° — 20532a° + 99917a* — 2932160°

153484602 — 5720040 + 287925] (-1 <a<o0)

smos (1 — a)*|4a® — 3207 + 214408 — 200280° + 981560+ — 2890080

|Ta2(h)| < -

s

(4.28)
+52876502 — 5673860 + 286525] 0<a<i)

i (1 — a)t[4a® — 3207 + 150400 — 138840° + 773560 — 24220803

147412502 — 532260 + 280885] (I <a<1)

Tu2(g) =(d% — d2)? — (dsdy — dods)® + (d% — dsds)? — (dads — dzdy)? + 2(d3 — dady)(dady — d3ds)
—d2[1 — 2d3 — 2dsds] + [d3 — dsbs)”

By using the values of ds3, dy, ds from (4.11), (4.12) and (4.13) that

1
(d3):§
1
_ 2 R _ 2.2 _
(1 — 2d2 — 2dsds) 1080[ 23(1 — a)2c2 — §(1 Oz)CQ-I—lOSO}
1
2 __ = _ 2.2 _
(d2 — dyds) 2160[7(1 )22 — 8(1 a)cz}

By applying the triangle inequality and using the Lemmas 3.1 and 3.2 hence, we have the bound for the
(d3), (1 — 2d2 — 2dsds), (d3 — dsds).

i<y (-3<a<t)

11— 2d2 — 2dsds| < 5L [2302 ~ 500+ 297} ( -
<

L {m? ~18a+ 11] ( ~1 (4.29)

ot

40

|d3 — dsds| <
(1 —a) (—%§a<1)

|Tu2(9)| < |ds|*|[L — 22 — 2dsds] | + | [d2 — dads)|” (4.30)
By using the bounds of |ds|, |1 — 2d% — 2d3ds|, |d3 — dsds| from (4.29) that

2

1
— [702 —18a + 11}

+ 540

2
1 1
<|-= — 2 _
‘T4,2(g)’_[ ] [270 {2304 50a+297}

1
291600

[147a4 — 756a° + 235402 — 3188a + 12243}

[23@2 — 500 + 297} 4 [49a4 — 2520° + 47802 — 3960 + 121}

1
874800

‘Tm(g)‘ < [147a4 — 7560° + 235402 — 3188 + 12243} ( -
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i (-i<a<1)
By using the bounds of |ds], |1 — 2d3 — 2d3ds|, |d3 — d3ds| from (4.29) that

‘T4,2(9)‘ < [;] : [ [2304 — 500 +297] | + %(1 ) a)] 2

1 1
<—.—[23a% - 2 } —_(1—a)?
=31 270[ 30” — 500 +207| + 7552 (1 - @)
1
12162 — 2620 + 14 1}
—109350{ a” — 2620+ 149
1
T < [121 2 _ 962 1491] ( _Z<a< 1) 4.32
’ 12(9)] < {59350 121 @t 7= (4.32)
From equation (4.31) and (4.32), we get
1 1
—— [147a* — 7560 + 23540% — 3188 + 12243 _Z< =
g7as00 47 @t 20oda ot E g =A<
|Ty2(9)| < ) .
12102 — 262 + 1491 _Z<a<l.
Tooa50 2o o +1491], 7=¢

By setting o = {-1/2, -1/4, 0, 1/4, 1/2} in 4.1, we obtain

Table 1: Upper bounds of fourth order determinants Ty 1 (f).
1 I 1 1
Ti1(f) a=-—3 a=—y a=0 a=7 a=g

Ty (R)] || <41.732042 || < 21.991658 || < 8.115741 || < 3.981133 || < 2.026596
ITu1(9)| || < 20.364390 || < 12.731099 || < 7.876736 || < 4.301758 || < 2.240170

Let f =h+ge€ f € M(a, ,2) be of the form (1.1).

Table 2: Upper bounds of fourth order determinants Ty o(f).
1 1 I I

Ty2(f) a=—3 a=—7 a=0 o= a=g

|Ty2(h)| || <117.376917 || < 35.366202 || < 8.843364 || < 1.695068 | < 0.669274
|T4.2(9)] < 0.016609 < 0.015089 || <0.013635 || <0.013105 || <0.012714

Concluding Remark: From the above tables we conclude that the bounds of functionals |Ty 1 (h)],
|T41(g)], |Ta2(h)| and |Ty2(g)| decreasing when « increasing from -1/2 to 1/2.
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