Bol. Soc. Paran. Mat. (3s.) v. 2026 (44) 17 : 1-5.
©SPM - E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.82369

Coupled Fixed Point Theorem in Gjs-Metric Space

D. Srilatha and V. Kiran

ABSTRACT: This article aims at constructing a coupled fixed point theorem in a new metric space known as
G s- metric space through the process of generalization. The process is initialized by proving a lemma and
the main result establishes the existence and uniqueness of coupled fixed point which in turn is supported by
an example.
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1. Introduction

Out of wide range of applications of fixed point theory in non-linear analysis [2, 9, 3, 4], coupled fixed
point theorems are one of the most interesting concepts introduced by Guo and Lakshmikantham [5].
Coupled fixed point theorems can be generalized through various metric spaces [8, 6, 10, 1, 12, 11]. The
main aim of this article is to generalize a coupled fixed point theorem through Gjs-metric space [12].
In this article, we establish a theorem in which a map satisfying certain conditions on a complete G jg-
metric space has a coupled fixed point in it. This is the generalization of coupled fixed point result given
by Kushal Roy, Mantu Saha and Ismat Beg [7] through Gjg -metric space. We also establish here that
there exists only one such fixed point satisfying the given conditions. A suitable example is provided to
support the theorem.

2. Preliminaries

Definition 2.1 Assume that E is a non-empty set and Gys: E* — [0, co] is a mapping fulfilling the
following conditions:

(Gys1) Gys (x, ¥, §) =0 if and only if x = =&.

(Gys2) 0 < Gjs(x, x,¢) forallx, ¥ € E withx # 1.

(Gis3) Gis (X, x> ¥) < Gus(x, ¥, §) forall x, ¥, § € E with p# &.

(Gys4) Gis(x, ¥, &) = Gys(o(x, ¥, &) for all x, ¥, & € E where a(x, ¥, &) is a permutation of the
st {x. €} and

(Gjs5) there is a constant ¢ > 0 such that for (x,,&) € E® and (xn)€ G (Gys, E, x),

GJS (X’ 7/}’ g) S c hmsup GJS (Xna 77[}a é)

n—oo

where G(Gys, E, x) = {<Xn> C E: lim Gys (xn, X, X) = 0}
Then, the mapping Gjs is called a Gjs- metric on E and the pair (E, Gjs) is called a Gjg-metric space.
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Definition 2.2 Let (E, Gjys) be a Gyg-metric space. A sequence (xn)in E is said to be
Gjs-convergent to x € Eif lim Gys(x, Xn, Xm) = 0.
n, m —o00

That is, for any € > 0, there exists N € N such that Gjs (X, Xn, Xm) < € for all n, m > N.
Here, “x’ is called the limit of the sequence (xn) and we write lim X, = x or Xn — X asn — 00.
n— oo

Definition 2.3 Let (E, Gjs) be a Gys- metric space. A sequence (xn) is called G j5-Cauchy if for any e
> 0 and for all v, s, t > N, there exists N € N such that Gjs (Xr, Xs, Xt) < &, thatis Gys (Xr, Xss Xt) — O
as r, s, t = oo.

Definition 2.4 A Gjg- metric space is said to be Gys- complete if every Gjs- Cauchy sequence in E
1s Gyg-convergent in FE.

Definition 2.5 Let E be a non-empty set and i : E?2 — E be a map. An element (x, ¥) € E? is called
a coupled fized point of ji if 1 (x, ¥) = x and p (b, x) = .

Lemma 2.1 Let p =sup{p, € R:a > 1} < oo. Forany M > 0, if p, < M for « > 1 then
p < M.

Proof: Forn € N, we can find t > 1 such that p < py + % < M+
Asn — oo, we get p < M. O

B

Note 1 For (xo, %) € E?and p: E* — E, we define
A (GJS7 My (XO» 1/10)) = {GJS (/1'1 (X07 wo)a ,U/i (X07 1/}0)7 /'LJ (X07 1pO) : 17J S N)} and
A (Gys, i (Yo, x0)) = {Gus (&' (Yo, x0), ' (Yo, x0), 1 (Yo, x0) :1,j €N)}

3. Main Results

Theorem 3.1 Assume that (E, Gys) is a Gys- metric space which is Gjs- complete and a mapy : E* —
E fulfils the condition,

GJS(P’(Xa 7/})aﬂ(X71/1)7H(0475)) < Amax {GJS(X7Xv Oé), GJS(QZJawvﬁ)} (31)

for every x, ¥, a, B € E; A € [0, 1).
If we can ﬁnd (X07 ¢0) in B? such that A (G.137 Hs (XO? wo)) < 00 and A (GJS? My (¢07 XO)) < 00, then
1 has coupled fixed point in E.

Proof:
We denote,
u’z (X()) wo) = IU/(:U/ (X07 ¢0) ’ IU/(q?bOa XO)) )
1% (o, x0) = (1 (Yo, x0), 1 (x0, %0))
and

1 (xo0, ¥o) = 1 (1* (x0, o), 1* (Yo, Xx0)) ,
12 (o, xo) = 1 (1 (Yo, x0), 1* (X0, o)) -

Proceeding in a similar manner, we get

1t (xo, o) = p (™ (xo, %o) s 1™ (Yo, X0)) s (3.2)

pt ! (Yo, Xo0) w (™ (Yo, x0) s 1" (X0, Yo)) - (3.3)
Now fori,j > 1,n € N and using (3.1),

Gys (1™ T (x0, ®0), ™ T (x0s %0), 1™ T (x0, ¢0))
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w1 (xo, o), 1T T (%o, X0))
= Gus | p(e™ " (xos 1/10) 1™ =t (4o, x0))
u(“‘“”(x ) u‘”J(% X0))
) -1+
) -1+

(X0, Yo), 1 (x0, %)), } .

Gis ( —1+i (XOa Yo
< ) max { F (4o, x0), u ~ 13 (4o, x0))

Gys (o™~ (4o, xo
For any t > Oandi,j > 1, let

A (GJ87 /J/t+17 (XOa ¢0)) = sup {GJS (lj't+i (X07 ’(/)O)a /’Lt+i (XOa wo) ,Mt-'rj (X07 ¢0))}

and A (Gys, p* T, (Yo, x0)) = sup {Gys (1" (Yo, x0), #* T (Yo, x0), 1+ (Yo, x0)) }-

Then,  Gys (1" * (x0, o), 1™+ (X0, o), 1" (x0, %0)) < A max {A (Gys, ¢, (X0, o)),
A (GJSa :U‘nv (wOa XO))}

Since for any t > 1, A (GJS, ut L (xo, wo)) < A(Gys, 1, (X0, %)) < oo and from Lemma (2.1),
we get

A (Gys, " (X0, %0)) < A max{A(Gys, #*, (X0, %0)), A(Gys, 1", (o, x0))} (3.4)

and

A (Gys, 1T (Mo, x0)) < A max{A (Gys, #*, (x0, %0)), A(Gys, 1", (Yo, x0))}- (3.5)

Let Mn = max {A (GJSa /j/na (XO) ¢0)>7 A(GJS7 ,una (wOa XO))}
Then (3.4) becomes,

Mn+1 < /\Mn S )\QMn—l S )\an-

As M; < oo, we obtain lim M, +; = 0 = lim M, = 0, showing that
n—oo

n—oo

lim A(GJSa :un7 (X07 ¢0)) =0 = A(GJ37 ,un’ (wOa XO))

n—oo

Now for 1 <n < m, asn — oo we observe that

Gys (1" (X0, ¥0), 1" (X0, %0), 1™ (x0, Y0)) < A(Gys, ¢, (X0, %0)) — 0, proving that (u" (xo, %0))
is Gjg- Cauchy in E.
As E is Gjg- complete, we can find &1, & € E in such a way that

w* (X0, o) — &1 and p" (Yo, xo) — &2 as n — oo. (3.6)

Therefore, using equation (3.1), we observe that

GJS (:U‘ (517 52) y K (517 52)3 Mn (X07 1)[)0)) = GJS (lu‘ (51752)7 N’(glv 52),/14 (/Lnil (X07¢0) ) /Lnil (11)03 XO)))

< Amax {Gys (&, &, 1 (x0. ¥0)) s Gis (&2, &, 1" (Yo, x0)) } -

Using (3.6), we get
nlinc}o GJS (:u (617 52)3 M(Sla 62)7 ,u‘n (XO? 1/’0)) = 07 ShOWng that nli)nc}o ,u‘n (XO? 1/J0) = K (517 52) = §1~

Therefore, u (&1, &) = &1.

In a similar manner, we can prove that p (&2, &) = &o.

Hence p has (&1, &2)as its coupled fixed point in E.

To prove the uniqueness of coupled fixed point of p, assume that (&1, &2)and (&5, &) are coupled fixed
points of p such that Gys (&1, &1, &) < oo and Gjg (€2, &2, &) < oo.

Then7u(§l7€2) = fl?ﬂ(&%gl) = 52 andu(ﬂ‘,fé‘) = gl) (€2a§i<) = f;

Now, Gys (&1, &1, &) = Gus (1 (&1, &), 1 (&, &), n(&, €))

< Amax {Gys (&1, &1, &) 5 Gos (&, &2, &)} (3.7)
Also, Gys (&2, &2, &) = Gus (1 (&2s &) 1 (&2, &), (&5, &)

< Amax {Gys (&2, &, &), Gis (&, &, &)} (3.8)
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Let M* = max{Gjs (£1, &1, §7) 5 Gus (82, &2, §3)}-

Then from (3.7) and (3.8) we get, M* < AM*.

Since A € [0, 1), the above inequality is possible only when M* = 0

This implies Gys (&1, &, &) = 0 and Gys (&2, &2, §3) = 0.

Therefore &1 = &7 and & = &5.

Hence (&1, &) = (&5, &), proving that (&1, &)is the one and only one coupled fixed point of 4 in E. O

Example 3.1 Let E = [0, 1]. We know that Gyg : E3 — [0, oc]defined by,
GJS (§7w7 X) = |5*¢|+ |11/}7X|+ |£7X| fOTallXM/),f € E Z'SG,st— metric on E.

Taking pu(x,¥) = W and \ = %, we can easily check that inequality (3.1) holds and every

(X

X) € E? is a coupled fized point of u in E.

4. Conclusion

In this article, we established a theorem which states that a map admits a coupled fixed point in

Gjs — metricspace which is Gjg- complete if it satisfies certain conditions. We also proved such
a coupled fixed point is unique. A suitable example is provided to support the theorem.
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