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Robust Fitted Parameter Finite Difference Method for Delay-Influenced Singularly
Perturbed Differential-Difference Equations

Mudavath Lalu, V. Ganesh Kumar and Kolloju Phaneendra

ABSTRACT: In this study, we present a novel computational method based on the finite difference approach
to solve a class of differential-difference equations characterized by a negative shift in the differentiated term.
When the shift parameter is of order O(e), the proposed scheme demonstrates strong performance and effec-
tively suppresses oscillations in the solution’s boundary-layer region. To achieve this, we introduce a parameter
into the numerical scheme, constructed on a specially designed mesh, whose evaluation is guided by the the-
ory of singular perturbations. Numerical experiments are conducted to validate the method, with maximum
absolute errors and convergence orders tabulated to illustrate its efficiency and to substantiate the theoretical
convergence analysis.

Keywords: Singularly perturbed problems, delay differential equation, boundary layer, exponential
spline.
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1. Introduction

Differential- difference equations are problems in which the time evolution of the state variable can
depend on specific past in some arbitrary way, i.e., the rate of physical system change depends not only
on the state of the physical system but also on its history [2]. Such problems also occur when many
practical phenomena are modelled such as thermo-elasticity [3], hybrid optical system [4], in population
dynamics [15], red blood cell system [19], in models for physiological processes [21], predator-prey models
[22], optimal control theory [8] and in the potential in nerve cells by synaptic inputs in dendrites [26].
Further analysis on mathematical aspects of the above group of modelling problems and of the singular
perturbations is available from the collection of books to name but a few, Bellman and Cooke [2], Doolan et
al. [5], Driver [6], El'sgol’ts and Norkin [7], Kokotovic et al. [14], Miller et al. [26] and Smith [32], neuronal
variability problems connected to patterns of nerve action potentials formed by unit quantal inputs
occurring at random are studied [33]. We investigated the influence of large delays on the layer structure
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and oscillatory behaviour of solutions by employing a specially designed mesh, both with and without
fitting parameter[1,20,31]. The authors in[16,23,24,25,35] investigated singularly perturbed differential
equations incorporating delays in both convection and reaction terms, and developed numerical schemes
tailored to address the associated stiffness and boundary layer behavior. The authors in [17, 18] provided
asymptotic access for a class of layer behaviour differential equations. In [26], researchers provided a
mathematical model of evaluating the expected time to produce potential action in nerve cells with
random synaptic inputs in dendrites. The researchers in [27,30] illustrated the examples with quick
oscillations. Kadalbajoo and his team initiated an extensive numerical work using finite differentiation
techniques [10, 11, 12, 13]. Ravikanth and Murali [29] have proposed a fitted method to solve the problems
through tension splines, which only contains a delay in the differentiated term.

2. Statement of the Problem

Here we have considered a singularly perturbed differential-difference equation (SPDDESs) with a delay
term, that is, a negative shift is of the form

Les(v(s)) =eZ"(s)+ P(s) Z'(s = 8) + R(s) Z(s — 0) + B(s) Z(s) =G, 0<s<1. (2.1)
in accordance with the conditions
Z(s) = pls), —6<s<0, Z(1)=17. (2)

Here, 0 < € < 1, and the functions p(s), ¢(s),r(s), and ¢(s) are assumed to be smooth and bounded in
the interval [0,1]. The parameter § denotes the delay, while ¢ is a finite constant. When § = 0, Eq. (1)
reduces to a singularly perturbed equation exhibiting boundary layer behaviour and turning points that
depend on the sign of p(s). Throughout the interval [0, 1], the solution v(s) develops a boundary layer on
the left-hand side if p(s) > 0, and on the right-hand side if p(s) < 0. When the delay parameter 6(¢) is
of order O(e), the behaviour of the boundary layer can change significantly, and may even be destroyed,
or the solution may exhibit oscillatory behaviour. To monitor these oscillations in the solution profile,
we devised a new method that combines a special mesh introduced in [21] with the fitting parameter of
the exponential spline method.

3. Numerical Method Using an Exponential Spline

The region [p, q] is subdivided into N equal subregions of mesh size h = 4T, so thatf; = p+ih, 1=
0,1,..., N are the mesh points. To manage the delay term, choose the mesh size as h = %, m = wl,
where @) is a positive integer and R is the mantissa of . Let z(u) be the exact solution to the problem in
Eq. (1), and let u; be an approximate solution to z(u;) obtained by the segment @;(u) passing through the

points (u;, Q;) and (u;41, Qi+1). Each exponential spline segment @;(u) has the form [9,28]: Q;(u) =---
Qi(u) = a;e ™) 4 pe k=) Lo (y — ;) 4 dy, i=0,1,2,...,n. (3.1)

Here a;, b;,c;, and d; are constants, and k is a free parameter. To find the values of the coefficients in
Eq. (3), the interpolatory conditions

Qi(u;) = S; Qi(uit1) = Siy1, QY (w;) = M; QY (wit1) = Mt

are used.Using these conditions, we obtain the following expressions:

_ h? (Mi+1 - 6_0Mi) b — h? (Mi - e_gMH_l)
@i = 202 sinh(0) ’ ‘e 202 sinh(9) ’
Sit1— S h(Mip — M) h*M;
Cy = h - 92 ) dl = St - 92 )
where § = kh and ¢ = 0,1,2,...,n. By enforcing the first derivative continuity condition

Q;—l(u) = Q;(U) at the pOiIlt (ui7 Q’L)?
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we obtain the following relation:

(Zi+1 —2Zi+Zi,1) = h? (CYMZ‘+1 +6Mi+aMi,1), 1=0,1,....,n—1. (32)

where
_sinh(0) — 60 20 cosh(#) — 2sinh(0)

~ #2sinh(9) ’ B 62 sinh(0)

.Mj :Z”(Sj), ]Z’L,Z:l:l

4. Numerical Approach with Fitting Parameter for Large Delay

The solution’s layer behaviour is preserved and precise results are obtained when, compared to the
perturbation parameter, the shift parameter is smaller [30]. However, if §(¢) is of order O(g), the solution’s
layer behaviour is no longer well-preserved, and oscillations become visible. As a result, we are developing
a numerical scheme with fitting parameters that is based on an exponential spline method and a special
type of mesh developed in [20]. In addition, we examine the solution layer behaviour graphically for large
delays in order to demonstrate the significance of the fitting parameter in our proposed scheme.

4.1. Left-layer numerical scheme

Assume that P(s) > M and ¢ > 0 in [0, 1], where M is a positive constant. As a result of this theory,
Egs. (1)-(2) shows layer behaviour at s=0 for small values of . Now, we consider a mesh developed in
[21], i.e., chooses the mesh as h = §/m, where m = wl, [ is the mantissa of § and w is positive integer.
The discretization of the boundary value problem Eq. (1)-(2) with a special mesh result in

EMj = G(Sl) - P(S,)Z;fm — R(SZ‘)ZZ‘,m — B(Si)Zi7VMj, ] = i,i + 1. (41)

with
Zi=¢; fori=—-m,—m+1,...,0, ZN=¢ (4.2)

The difference approximations for the first-order derivatives listed below,

~Zimi1 42 — 371

7! - O(h?
i—m—1 2h + ( )
Ziomit — Ziom1
Z/ _ 1—m-+ 1—m h2
—m 2h + O( )

Z{_m—i_l _ 3Zi—m+1 — 42;—m + Zi—m—l + O(hg)

By applying the difference scheme with the values of M;_1,M; and M, are substituted in Eq. (3.2),
Eq. (4.1) and together with the difference approximations for the first-order derivatives then the difference
scheme is

(5 + OéhQBi_l)Zi_l + (726 + BhQBZ)Zl + (6 + Oéh2B1'+1)Zi+1+

(7 ah§i71 + ’thpi —+ 3ozh§,-+1 + OLRH_l) Zi—m+1 + (QOLhPi_l — 2OLhPZ‘+1 + 5Rl) Zz—m+ (43)

(_ 3ah§’i71 _ 5712Pi + ah123i+1 + aRi-',—l) i1 = B2 (aGi—l + BG; + OéGi_H) )
Utilizing Eq. (4.3), the difference scheme is transformed
SiZi 1 +GiZi + FiZip1 + AiZs i1 + XiZy—pp +WilZi—pp—1 =G, i=1,2,...,N — 1. (4.4)

where
Sl' =c+ Oéh2B1'_1, Gi = -2+ BhQB“FZ =€+ OZhQBH_l,

Ai = —ah?*l + ﬁ};Pi =+ 3ah§i+1 + OéRi-l—l,Xi =2ahP;_1 — QOéhPH_l + ﬂR“

hP; i hP;
w; = —2% 5 L — ﬁhQP + = I;“ + aRit1, Hi = h* (aGi—1 + BG; + aGiy1) .

By utilizing the boundary condition’s Eq. (4.2), the approach Eq. (4.4) can be expressed as
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Eiqwii+Viwi+ Fipiwipr = Hi — Diwi—my1 — Yiwim — Qiwi—m—1,1 <i<m—1
Ei swia+Viwi+Fipiwipn +Diwi—my1 = Hy = Yiwi_ g — Qi Wimm—1,1=m
Ei qwi1+Viwi+ Fipiwipr + Diwiemyp1 +Yiwimm = Hy — Qiwi—pm—1,i =m+1
Ei_ qwi1+Viw+Fipiwip1 + Diwicpmi1 +Yiwimm + Qiwimm—1 = Hm+2<i<N-1 (45)
When the delay dominates the perturbation, the boundary layer may undergo a qualitative change in

its structure, potentially being demolished or even eliminated. In such cases, the solution may exhibit
oscillatory behavior. By reorganizing the preceding equation (4.3), we obtain

€ —abPyy  BP | 3aP
72 (Ziv1 —2Z;+ Zia) = ( 2h+ W o aRi—l) Zi—m-1+
20 P; 200P;_ —3aP; P; P;_
( S e = ﬂ&) D + (‘;‘h“ - % +5=2 04Ri+1) Zi—mi1

—aBi_1Zi_1 — BBiZ; — aBit1Zi41 + (aGiy1 + G + aGi—1) .

To handle this layer character, we tried by introducing a fitting parameter in this scheme. The fitting
factor is determined with the help of theory of singular perturbations. Inserting the fitting factor o(p)
into the above scheme, we obtain

U(p) 3 7Ckpi+1 BPZ 305]31',1
2 (Zigr —2Z; + Zi—1) = <2h T e aRi_1 | Zi—m—
2P 11 2aP; —-3aPy  BP | aPy
- - 7 Zifm a1 - 7 Zifm
( 0 7 5R> +( oh not T T oftin +
—aBj_1Zi_1 — BiZ; — aBi1Zi41 + (aGip1 + Gy + aGi—1), Vi=1,2,...,N -1 (4.6)

By multiplying above Equation by h and assuming the limit as h — 0 [4], we obtain

lim ~ (Zi1h — 2Zih + Zi_1h) = (a + g) P(0) lim (Zim—1h = Zi-m1h) (4.7)

h—0 p

Based on the principles of singular perturbation theory, particularly in relation to the boundary layer at
the left end of the interval [16], we obtain

Jim, Z(ih) = Zo(ih) + (¢(0) — Zo(0)) exp{—P(0) ip} + O(e), where p =1 (4.8)

z.
By substituting Eq. (4.8) into Eq. (4.6) and carrying out the necessary simplifications, we arrive at
o=p (a + g) p(0) e coth(@) (4.9)

which is the parameter that has been fitted for the layer on the left.

4.2. Right-layer numerical scheme

Assume that P(s) < M < 0 and € > 0 in [0, 1], where M is a positive constant. As a result of this
theory, Egs. (1)—(2) exhibit layer behaviour at s = 1 for small values of e. Based on singular perturbation
theory for the boundary layer at the right end of the interval [16], we have

lim Z(ih) = Zo(0) + (4(0) — Zo(l))efp(”(%*ip) +0(s), wherep="1" (4.10)

h—0 £’
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In the exponential spline difference scheme given by Eq. (4.3), we introduce a fitting parameter o(p) and
obtain the following expression for the fitting parameter:

oc=p <a + g) P(0) e~ POme CO‘ch(@) (4.11)

By employing a procedure analogous to that applied in the analysis of the left boundary layer,and upon
simplification of the difference scheme in Eq. (4.6), we arrive at

SiZi 1 +GiZi + FiZiyr + AiZiy i1 + XiZi - +wiZi 1 =Gy, i=1,2,...,N—1. (4.12)

where
S; = oe + Ozthi_l, G, = 20+ ﬁhQBi, F, =0+ OéhQBH_l,

Ay = —ohlimt g BhP g S0hE 4 0Quy, X = 20h Py — 20h Py + BQi,

w; = —3ah5£71 — thpi + ah};Hl + OéQi_H, H, = h? (OéGZ‘_l + BG; + OéGi_H) .
By utilizing the boundary condition’s Eq. (4.2), the approach Eq. (4.12) can be expressed as

E_iwia+Viw+Fpywign = Hi — Diwi—my1 —Yiwim — Rjwi—m—1,1 <1 <m—1
Ei zwii+Viwi+Fiiwinn +Diwi i1 = H = Yiwi o — Rijwim-1,1=m

Ei qwig+Viwi+ Fipiwipr + Diwimir +Yiwim = Hi — Rijwipm—1,i=m +1

Ei qwia+Viwi+ Fipiwipr + Diwiemyr +Yiwiom + Qiwi—m1 = Hm+2<i<N-1 (4.13)

5. Truncation Error

The local truncation error for the scheme (4.12) is obtained using Taylor’s series expansion about
Wi—m on Eq. (4.13) and with Eq. (4.12), as shown below:

(9

Ty(h) = oe[1 —2(a + B)]h* 22 (&) + { 5

[1—12a] ZP (&) + % [—2a + 8] Pi(&) Z§3)(§i)} ht + O(hS),
(5.1)

5; <& < siq1.
Clearly,

Ti(h) = O(h*)

for any random choice of « and g such that a + 5 = % and o = 75.

6. Convergence Analysis

The matrix equation for the left-end boundary layer problem, including the specified boundary con-
ditions in Eq. (4.12), is as follows

Dw+ M +T(h) =0 (6.1)
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K, S, 0 0
F Ko S 0 0
0 Fy K S5 0 0
A, 0 e F,, K,, R,, 0
D= Xm+1 Am+1 0 T Ferl Km+1 Serl 0
Wm+2 Xm+2 A7n+2 0 e F7rL+2 Km+2 S?rz+2 0
0 Wints Xmgs  Amys 0 o Fugs Kpgs o Smgs 0
0 Wn_o Xn_2 An_2 0 e Fy_o Kn_o2 Sn-2
i 0 Wno1 Xn-1 An-aa 0 . Fyo1 Ky-1]
and
M = [Tl ro T3 - T Tm+1 Tm+42 - TN—-2 TN—I}
where ~
Li — Aswi—myr — X Wiy — Wiwi_m—1 — Prwg, for1<i<m—1,
Li — Xiwi g — Wiwi 1, for i = m,
Ty = ~
L; —W;w;_pm_1, fori=m+1,
L; — Gn_1wn, form+2<i<N-1.

S; = oe 4+ ah®B;_1,K; = —20¢ + 28h*B;, F; = 0 + ah®B;1,

_ahpiy n 28hp; n 3ahpiy1

A; =
2 2 2

+ aRiy1, Xi = 2ahp; 1 — 2ahp;1aR;,

3ahpi—1  2Bhp; n ahpiiq
2 2 2

Li = K[aGi_1 +28G; + oG], fori=1,2,...,N —1,

Wi =— +aR;-1.

141 Ty 0
V2 Ts 0

v= , T(h) = ) , 0= ,
UN_1 Th_1 0

which are the related vectors of Eq. (6.1).
Let

satisfy the equation
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Av+B =0 (6.2)
let
€ =V ljza 221727 1N_]-7
so that
€1
€2
= . =u-—U.
EN-1

Subtracting Eq. (6.1) from Eq. (6.2), we obtain the error equation

DE =T(h). (6.3)
Let S; be the sum of the i*h row elements of the matrix A. Then we have
h? (OéRi,1 +28R; + aRi+1)7 for1 <i<m-—1,
h
5 _ 5( —aPp;_1 + 28 P; + 3(1P¢+1) + h? (OéRZ‘,1 + 268R; + aRi+1)7 for i = m,
e
5 (3aPiy +28P — aPia) + h*(aRiy + 28R + aRiya), for i =m+1,
hQ(aRi,1+26Ri+aRi+1)7 form+2<i<N-1.
let
Cl* = 1221]\[ |P(t1)’7 QT 12?%\[ |P(t1)‘7
and

(- = min_ |R(t;)], ¢ = max_ |R(t;)|.

1<i<N 1<i<N

Since 0 <e <1 and e o O(h), with sufficiently small h, it is verified that A is irreducible and

monotone [34, 36].

Therefore A~ exists and A™! > 0.
So, we can deduce from Eq. (6.3) that

1B < ID7HIIT| (6.4)
For small h, we have
for1 <i<m-—1,
B for i = m,
Si = W[2(a+ B) G- ],
fori =m+1,

form+2<i<N-—1.

Let D; ! be the (i, k)™ element of D™', and we define

1<i<N-—1 1<i<N-1

N-—1
D7 = max > A7 IT(h)|| = max |Ti(h)|.
k=1
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N-1

Since D} >0 and Y DSy =1, fori=1,2,3,...,N—1.

m—1

k=1
1

1

1
Pk = 5 < BRG]

)

mini<p<m—1 Sk

1

S 2(a+B) G-

1

1

minj<p<m—1 Sk

Using Egs. (6.5) — (6.7) and (6.4), we get

Three problems are selected to validate the competence of the proposed scheme.
absolute errors are obtained using the principle of double mesh

EN —

. The order of convergence

for the examples, which are tabulated in Tables Furthermore, the calculated arithmetic solutions to the
considered experiments are depicted by graphs, with and without fitting parameters for various ¢ and ¢

values.

s 2(a+B) G-

1B < Ohr?)

i=1,2,3,...

k=m, m+ 1.

7. Numerical Experiments

K3

V=

max ’Vi]\/'_]/;
0<i<N

EN
b&(@N)

?

,m— 1.

i=m+2,m+3,...,N—1.

Example 1. Consider the singularly perturbed differential-difference equation

eZ"(s)+ (1+8)Z'(s— ) +sin(2s) Z(s — ) — e °Z(s) = sin(2s) + 3e~*,

subject to the conditions

Z(s) = —1,

-0 <s<0,

Example 2. Consider the singularly perturbed differential-difference equation

Z(1) = 1.

eZ"(s) = (1+8)Z'(s—0) +e > Z(s—06) —e *Z(s) = —e 1,

subject to the conditions

Z(s) =1,

8. Figures and Tables

-6 <s<0,

Z(1) = —1.

Table 1: The maximum absolute errors E¥ for Example 1 with § = 0.03

N =100 N =200 N =400 N =800 N = 1600
271 [ 85903 x 10~* | 3.5935 x 10~* | 1.6191 x 10~* | 7.6490 x 10> | 3.7127 x 10—°
272 | 1.6670 x 1073 | 7.0040 x 10~* | 3.1657 x 10~% | 1.4983 x 10~* | 7.2799 x 10~°
273 | 3.1157 x 1073 | 1.3201 x 1073 | 5.9976 x 10~ | 2.8470 x 10~* | 1.3854 x 10~
2% | 5.3960 x 1073 | 2.3196 x 1073 | 1.0636 x 103 | 5.0739 x 10~* | 2.4757 x 10~4
275 | 8.0084 x 1073 | 3.5458 x 1073 | 1.6545 x 1073 | 7.9735 x 10~* | 3.9112 x 10~4
2761 9.1169 x 103 | 4.2850 x 103 | 2.0725 x 10~3 | 1.0190 x 103 | 5.0527 x 10~
277 | 8.4922 x 1073 | 4.3320 x 1073 | 2.1684 x 1073 | 1.0832 x 1073 | 5.4117 x 10~
EN | 1.6670 x 1072 | 1.3201 x 102 | 1.0636 x 1072 | 1.0190 x 1073 | 1.3854 x 1074
RN | 23332 x 1071 | 2.1605 x 10! | 4.2838 x 1072 | 1.9954 x 10° —

The maximum




ROBUST FITTED PARAMETER FINITE DIFFERENCE METHOD FOR DELAY-INFLUENCED SPDDESs

Table 2: The maximum absolute errors E;¥ for Example 1 with ¢ = 0.01

N =100 N =200 N =400 N =800 N = 1600

§=0.031]9.6947 x 1075 | 4.7126 x 1073 | 2.3224 x 1073 | 1.1533 x 103 | 5.7480 x 10~ 7

§=0.05 | 3.2669 x 103 | 1.7111 x 1073 | 8.6705 x 10~* | 4.3535 x 10~* | 2.1800 x 10~*

§=0.06 | 1.4253 x 1073 | 7.5427 x 10~* | 3.8386 x 10~* | 1.9310 x 10~* | 9.6780 x 10~°

§=0.09 | 1.0128 x 10™* | 5.4699 x 1075 | 2.8091 x 1075 | 1.4190 x 10~® | 7.1262 x 10~6
EN 1.4253 x 1073 | 1.7111 x 1073 | 2.3224 x 1072 | 1.1533 x 1073 | 2.1800 x 10~*
RN 1.8275 x 107! | 3.0546 x 10~! | 6.9997 x 10~ | 1.6659 x 10° —

Table 3: The maximum absolute errors EY¥ for Example 2 with § = 0.05

N =100 N =200 N =400 N =800 N = 1600
271148643 x 107% | 2.1158 x 102 [ 9.7752 x 10~ ° | 4.6850 x 10~° | 2.2916 x 10~°
272 | 84229 x 10~* | 3.6752 x 10~* | 1.7011 x 10~* | 8.1613 x 10~° | 3.9942 x 10~°
273 1 1.3048 x 1073 | 5.7289 x 10~* | 2.6610 x 10~* | 1.2790 x 10~* | 6.2657 x 10~°
274 | 1.6516 x 1073 | 7.3026 x 10~* | 3.4039 x 10~* | 1.6391 x 10~* | 8.0369 x 10>
275 1 25356 x 1073 | 1.3431 x 1073 | 6.9290 x 10=% | 3.5210 x 10=% | 1.7750 x 10~
276 | 4.8419 x 1073 | 2.4668 x 1073 | 1.2456 x 103 | 6.2601 x 10~% | 3.1383 x 10~*
277 | 4.8419 x 1073 | 2.4668 x 1073 | 1.2456 x 10~3 | 6.2601 x 10~* | 3.1383 x 10~
EN | 1.3048 x 1073 | 1.3431 x 1073 | 1.2456 x 1072 | 1.2790 x 10~% | 1.7750 x 10~*
RN | 2.8931 x 1072 | 7.5363 x 1072 | 2.2761 x 10° | 3.2772 x 107! —

Table 4: The maximum absolute errors E¥ for Example 5 with & = 0.01
el N =100 N =200 N =400 N =800 | N =1600
0 =0.03 | 6.5162e-03 | 3.2475e-03 | 1.6315e-03 | 8.1941e-04 | 4.1086e-04
0 =0.05 | 2.5061e-03 | 1.3254e-03 | 6.7601e-04 | 3.4068e-04 | 1.7093e-04
0=0.06 | 1.1367e-03 | 6.0683e-04 | 3.1053e-04 | 1.5669¢-04 | 7.8653e-05
0=0.09 | 8.4912e-05 | 4.6122e-05 | 2.3765e-05 | 1.2027e-05 | 6.0455e-06
EN 1.1367e-03 | 1.3254e-03 | 1.6315e-03 | 1.5669e-04 | 1.7093e-04
RN 1.5358e-01 | 2.0779e-01 | 2.3430e400 | 8.6985e-02 —
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0.5

Figure 1: Solution profile for Example-1 with ¢ = 0.01 and N=800. with fitting parameter
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Figure 2: Solution profile for Example-1 with € = 0.01 and N=800. without fitting parameter
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Figure 3: Solution profile for Example-2 with ¢ = 0.01 and N=800. with fitting parameter
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9. Discussions and Conclusion

We consider a second-order differential-difference equation characterized by a large delay in the con-
vection term and the presence of boundary layers at both ends of the domain. To approximate its solution,
an exponential spline finite difference scheme is developed, constructed by enforcing the continuity of the
first derivative at the mesh junctions. We considered the case when ¢ is of order O(g) , layer’s behaviour
can change and even be destroyed, or the solution can exhibit oscillatory behaviour. To address these
drawbacks in solutions, we experimented with a new scheme based on the special mesh introduced in [21],
which involves adding a parameter to the exponential spline method. Table 1-4 illustrate the maximum
errors as well as the order of convergence for examples 1-2. Figures depict diagrams of the solutions
to the experiments for various values of §, and we compared the graphs with the parameter for various
values of 6 = O(e) to the graphs without the fitting parameter. When the ¢ value is larger than the O(e),
the solution includes oscillations, as shown in Figures 2 and 4 (without fitting parameter), whereas in
Figures 1 and 3 (with parameter), the oscillations are controlled in solutions and behaviour of the layer is
well-preserved. Finally, we found that exponential spline fitting parameter method with special mesh had
a significant improvement in terms of regulating the oscillations in the solutions of differential-difference
equations. We have clearly noticed that the fitting parameter controls the oscillations in the layer for
the large delay values. The proposed method is simple and it works very well with small delay as well as
large delay.
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