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Invertible Neural Networks for Matrix Factorization in Recommendation Systems

Soukaina Tamim, Atika Radid and Karim Rhofir

ABSTRACT: Recommendation systems play a central role in personalizing digital content by leveraging
user—item interactions. Matrix factorization is widely used but has limitations, particularly when integrating
both explicit feedback (ratings) and implicit feedback (clicks or lack of interactions). In this work, we propose
a framework based on invertible neural networks for matrix factorization. The interaction matrix A € RM*N
contains explicit ratings and implicit feedback for M users and N items. The goal is to estimate missing
entries to predict preferences and generate personalized recommendations. Unlike classical methods based
on dot products of latent vectors, our approach projects users and items into a low-dimensional latent space
via a nonlinear and invertible transformation. This design preserves information, reconstructs the original
interactions, and simultaneously exploits explicit and implicit feedback. Experiments on benchmark datasets
demonstrate the potential of the proposed model. The framework also applies to other loss functions and can
integrate heterogeneous data sources (text, social networks, browsing history) in order to improve robustness
and personalization.

Keywords: Invertible neural networks, matrix factorization, recommendation systems, implicit feed-
back.
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1. Introduction

Numerous amounts of data exist now than ever, thus making it increasingly difficult for users to find
relevant information quickly and easily [9,14]. One method of assisting users in doing so has been through
the use of Recommender Systems (RS), which identify, collect, and recommend items to users based upon
their unique preferences [8,10]. RS have become invaluable resources for locating and developing an
extensive collection of recommended resources, from recommending books on Amazon to recommending
movies on Netflix, recommending music on Last.fm, and recommending scientific articles on CiteULike.
By guiding users toward items of interest, RS alleviate cognitive overload, enhance user satisfaction, and
improve overall engagement.
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Collaborative Filtering (CF) is a very common approach for making recommendations to users, and
its popularity can be attributed to how straightforward a technique CF is to implement [9,13]. The CF
approach is based on the idea that two different users with similar past preferences will also share similar
future preferences. The Classical Matrix Factorization (CMF) techniques used to represent users and
items as latent variables are depicted using a common latent space in which a specific user’s interaction
with various items is encoded as a vector [9,13]. Matrix Factorization techniques, therefore, both offer
flexibility and scalability, but rely on having explicit user ratings that are often sparse and incomplete,
and therefore do not allow to accurately predict or generalise user interactions to new data.

Many extensions have been proposed to address sparse and incomplete datasets. Social Matrix Fac-
torization (SMF) utilizes social relationships between users to improve latent representations. Meanwhile,
content-based methods rely on item attributes (e.g., textual descriptions) or user-generated content (e.g.,
reviews) to create a deeper understanding of users’ preferences [8]. Implicit feedback sources (e.g., click-
streams, browsing history, purchase records) allow for a more complete picture of the user’s preference
compared to explicit ratings [14]. Newer predictive algorithms, such as SVD++ and Bayesian Person-
alized Ranking (BPR), incorporate both implicit and explicit feedback while enhancing their ability to
create top-N recommendations and provide a greater degree of protection against sparsity [11,12].

The introduction of deep learning has had a major impact on reinventing Recommendation Systems.
With the advent of new neural network architectures, including Restricted Boltzmann Machine (RBM)
[9], Autoencoder and Denoising Autoencoder [15,10], and Neural Collaborative Filtering (NCF) [3], we
can create more advanced and intelligent representations of the relationship between users and items than
ever before by fully utilizing deep architecture’s ability to learn deep representations of both users and
items to build sophisticated models that reflect the complexity and non-linearity of those relationships.

Also, one of the main areas of research in machine learning is the generative model. Generally
speaking, the goal of this type of model is to estimate the probability distribution of a set of data in
order to create new examples from that probability distribution; for instance, generative models are
used to generate new instances of existing objects. Generally, classical generative models are based on
the Boltzmann machine and provide a systematic approach to representing probabilities, but in practice
these models suffer from computationally expensive calculations and limited ability to represent the
data set [2]. Variational Autoencoders (VAEs) allow for efficient learning but are limited to providing
only lower bounds on likelihood [6]. Finally, GANs (Generative Adversarial Network) can be used to
generate examples that are very close in appearance to examples of existing data and high-dimensional
data; however, GANs cannot provide accurate likelihood estimates and therefore are of limited use in
probabilistic reasoning.

By employing the computational efficiency of likelihood calculation and sampling techniques, Nor-
malizing Flows (NF) provide an easy and robust method of generating and manipulating probability
distributions [7,5,4] through invertible functions used for transforming simple (e.g., multivariate Gaus-
sian) latent distributions into complex distributions over observed data. Typical architecture for NF
have built-in computationally demanding coupling layers that can limit the applicability of NF to high-
dimensional spaces or to massive datasets [4].

In this paper, we introduce LU-Net [16], an Invertible Neural Network (INN) based on Normalizing
Flows [7,6,4] that achieves high expressiveness at a significantly lower computational cost than other
architectures by leveraging the LU Decomposition technique of Fully Connected Layers (in addition to
being able to be implemented using simple matrix multiplication) [2,1]. By using an LU Decomposition,
all weight matrices of the INN model become constrained to be lower and upper triangular matrices;
therefore, both the forward and backward pass can be computed directly with minimal complexity,
resulting in a reduction in the computational cost of inversion from O(D?) to O(D?), and the cost of
determinant calculation from O(D3) to O(D) [5].

We have implemented LU-Net for recommendation systems by applying a single unified latent rep-
resentation of explicit ratings and implicit feedback [11] to the user’s implicit and explicit behaviours
toward the items in our database. The use of LU-Net model achieves an excellent representation of com-
plex interaction mechanisms. Furthermore, by extensively testing our LU-Net model using established
benchmarks such as MovieLens 100K and MovieLens 1M, we demonstrated that our LU-Net model
achieves competitive results with low computational resources.
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The organization of this paper is as follows: In Section 2, we discuss the full architecture for LU-Net
and describe how each of the invertible layers is created and how the distribution density and likelihood
values are computed for each layer of LU-Net. In Section 3, we outline the experimental configuration,
data sets, evaluation methods, and numerical results. Section 4 will serve as a summary and conclusion
for the entire paper.

2. Design of the Invertible Model
2.1. Recommendation Systems and Problem Formulation

Recommender systems provide suggestions to users by analyzing their behavior and indicating similar
interests. In today’s market, there is a large amount of information available online; therefore, rec-
ommender systems are important for filtering through all this data for users and creating personalized
suggestions.User interactions with different products are often displayed in an interaction matrix shown
as Y € RMXN_ Where M is the number of users, and N is the number of items. Each entry Y;; represents
how user u; interacted with the item ¢;, providing valuable insight into what users prefer and items are.
Usually, you are able to identify 2 types of feedback, explicit and implicit. Explicit feedback refers to
a numerical rating or score, which is provided directly by the user, indicating how strongly he/she feels
about something. Although explicit feedback contains useful information, it is typically limited in quan-
tity. Implicit feedback is collected by observing how a user behaves, for example through his/her clicks,
views and purchases. This kind of feedback is sometimes uncertain and distorted, therefore learning
about what a user does not interact with is complicated because it does not mean the user did not like
the content.
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Figure 1: Recommendation System Framework.

The objective of a recommendation task is to identify the unknown entries of an interaction matrix
so that we can obtain a measurement of each user’s preferences and make a prediction regarding which
items will be of interest. Matrix factorization is the traditional method of obtaining this information. It
does so by representing items and users in a latent space that represents shared characteristics of both
users and items (linear interaction). Although effective in providing an overall view of user behaviour
through statistical methods, matrix factorization models generally have limited ability to express complex
interactions and patterns within large sets of data. This is especially true when most of the data provided
by an end-user is implicit.

As a result, researchers have been motivated to create nonlinear models that can better take into
account the nature of both explicit and implicit feedback while maintaining useful information about



4 S. TamiMm, A. RADID AND K. RHOFIR

the data. Using invertible neural networks is now an obvious choice, as they support the creation of
highly expressive nonlinear transformations while guaranteeing that all transformations can be accurately
reconstructed. This is particularly valuable for recommendation applications needing both high-quality
predictions as well as consistency across different latent representations used for each item recommended.

The proposed model relies on fully connected layers modified to ensure invertibility [2,1]. Each layer
applies a linear transformation followed by a bijective activation:

x— f(x) = ¢(LUxz +b), (2.1)

where L and U are lower and upper triangular matrices with non-zero diagonals, b is a bias vector,
and ¢ is a bijective activation function [5,4]. The inverse transformation is:

i) =007 (67 (2 — b)), (2.2)

allowing exact reconstruction of latent embeddings and preserving information.

¢ 4\/;'
MWD O

Figure 2: Schematic architecture of the invertible neural network.

2.2. LU Factorization

LU factorization decomposes a square matrix A € R%*¢ into a product of a lower triangular matrix
L with ones on the diagonal and an upper triangular matrix U with non-zero diagonal elements [1,2]:

1 0 0 Uyl U2 vt Uld
1271 1 e 0 0 U2,2 e U2.d
A=LU=| . S ) . ) (2.3)
ld71 ld 2 1 0 0 ce Ud,d
where u;; # 0 for i = 1,...,d. The matrix A is assumed to be square and non-singular, which ensures

the existence and uniqueness of the LU decomposition without the need for pivoting. This factorization

allows efficient computation of the inverse A~! and the determinant [5]:

d
det(A) = Huii. (24)
i=1
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2.3. Invertible Neural Network Architecture

The proposed LU-Net architecture maps an input vector z € R? to an output of identical dimension
through a sequence of M invertible layers [4,6]. Each layer performs a triangular linear transformation
followed by a smooth bijective activation. More precisely, the transformation operated at layer m is given
by:

) (z) = ¢(L(m)U(m)$ + b(fn))7 (2.5)

where L™ and U("™) denote respectively a lower and an upper triangular matrix, b5(™ € R? is a learnable
bias vector, and ¢ is the LeakySoftplus activation ensuring the invertibility of the layer.

The choice of the activation function is crucial, as it must preserve both the bijectivity and the expres-
siveness of the model [2]. To this end, LU-Net employs the LeakySoftplus function, defined by:

LeakySoftplus(z) =z + (1 —a)In(1+ e ), 0<a<l. (2.6)

This activation behaves as a smooth blend of leaky ReLU and softplus. While both of these classical
activations are invertible, they also present limitations: leaky ReLU has zero second derivative almost
everywhere, which is detrimental for likelihood-based training, and softplus has an inverse defined only
on RY, restricting layer outputs. LeakySoftplus avoids these drawbacks, making it particularly suitable
for invertible architectures [6].

For all intermediate layers m = 1,..., M — 1, we therefore use:
™ (z) = LeakySoftplus(z).
Since our task corresponds to a regression problem, the final layer does not apply any non-linearity:
oM (2) =,
which corresponds to the identity mapping.

Stacking the M layers yields the complete invertible transformation:

flz) = fOD o fM=1) o f(l)(x), (2.7)
whose inverse is analytically available by reversing the sequence of layers:
FHR =)o (fP) oo (FM)T(z). (2.8)

2.4. Activation Function

We use a bijective nonlinear LeakySoftplus function, defined as [2,6,4]:

B(x) = log(1 +¢™) + fr, € (0,1), (2.9)

which combines the advantages of leaky ReLU and softplus. This function ensures non-zero gradients
during backpropagation and is invertible over R [6,4].

The addition of the parameters o and S in equations (2.9) allow for flexibility in the shape of the
activation function and stability for the optimisation of the network during training. These parameters
allow for greater flexibility over the gradient and therefore, allow for faster and more reliable convergence
than in the base configuration (i.e. @ = 1 and § = 0). In contrast, equation (2.6) represents a more
straightforward approach to defining the activation function; however, the parameters available do provide
limited control for dynamically altering the training characteristics of the function, as demonstrated in
equation (2.9) and the subsections that follow. Although this representation is simpler to interpret than
those seen in equation (2.9), they will create limitations on the control that can be exercised over the shape
of the activation function that you create. Hence, we will create a generalization of the LeakySoftplus
Activation Function to use in our models based on the mathematical equation (2.9) above; as such, the
purpose for creating this specific activation function was to provide users with finer control of the gradient
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through this activation function for greater accuracy in learning and optimizing the models by ensuring
that all hidden layer transformations performed by the model remain invertible.

All hidden layers apply this activation. For the final layer, predicting user—item ratings, we do not
apply a nonlinear activation:

FOD(z) = LM gD g 4 p(M), (2.10)
2.5. Loss Function and Learning

To jointly exploit explicit ratings and implicit feedback, we adopt a hybrid learning strategy based
on a combined loss function. This formulation allows the model to simultaneously predict rating values
and estimate the probability of user—item interactions, which is essential in realistic recommendation
scenarios where explicit feedback is sparse while implicit signals are abundant [3,11,15].

Formally, the overall objective function is defined as a weighted combination of a mean squared error
loss for explicit ratings and a cross-entropy loss for implicit interactions:

Ecombined = V‘CMSE + (1 - ’Y) ECE7 (211)

where the parameter 7 € [0, 1] controls the trade-off between the two learning objectives.
The mean squared error loss is computed over the set of observed explicit interactions Y and is

defined as: ) )
Lyvse = v Z (Yz" - Yz) ) (2.12)
(i,j)eYy+

where Y;; denotes the true rating provided by user u; for item ¢;, and Yij is the corresponding rating
predicted by the model.

For implicit feedback, user behavior is modeled as a binary interaction signal. The cross-entropy loss
is therefore defined over both observed interactions Y™ and sampled non-interactions Y~ as:

1 ! .
Lon= oy O [Yij log Vi + (1= Yiy) log(1 — Vi) . (2.13)
(i,j)eY+tuy —

In this setting, the network output Yij € (0,1) is interpreted as the probability that user u; interacts
with item ;. This probability is obtained by applying a sigmoid function to the output of the final linear

layer:
N 1

Yij = o(f(z5)) = 1+ exp(—f(xij))’

where f(-) denotes the mapping implemented by the invertible network.

For explicit feedback, the predicted value Yij directly represents the estimated rating, whereas for
implicit feedback it corresponds to the probability of interaction (e.g., a click or a purchase). The
accuracy of explicit rating prediction is evaluated using the Root Mean Squared Error (RMSE):

(2.14)

1 N2
RMSE — e 3 (Yij —Y,) . (2.15)
(i,j)eY+

For implicit feedback, performance is assessed through ranking-oriented metrics. In particular, the
precision at top-K recommendations is defined as:

s 1
PrecisionOK = — > Iy, = 1), (2.16)
JERK
where RX denotes the set of the K highest-ranked items recommended to user u;, and I(-) is the indicator

function defined as

1

0, otherwise.

if user u; has effectively interacted with item vj,

)

I(Y3; :1):{
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This hybrid learning framework enables the model to achieve a balanced optimization between accu-
rate rating prediction and reliable interaction modeling, leading to improved recommendation quality in
scenarios involving both explicit and implicit feedback [15,3].

3. Experiments and Results

3.1. Experimental Settings

3.1.1. Datasets. We evaluate our models on two widely used datasets in recommender systems: Movie-
Lens 100K (ML100k) and MovieLens 1M (ML1m) [3,11]. Both datasets are publicly available at
https://grouplens.org/datasets/movielens/. No additional preprocessing is required as the datasets
are already filtered; only users with at least one rating and items with at least one rating are included.

The statistics of the two datasets are summarized in Table 1.

Table 1: Statistics of the MovieLens 100K and 1M datasets.

’ Dataset H ML100k H ML1m ‘
Users 943 6,040
Ttems 1,682 3,952
Ratings 100,000 1,000,209
Rating Density || 0.0629 0.0447

3.1.2. Ewaluation Protocol and Experimental Setup. To evaluate our model we use a conventional train-
test split alongside a leave-one-out approach. This means that 80% of the user’s past activity is used
for training and the remaining 20% is evaluated during testing. As part of the leave-one-out approach,
we retain the most recent activity from every user before training and then rank them against a sample
of 100 random items that are not in the user’s history. The purpose of this evaluation is to determine
the model’s performance in making relevant recommendations over a pool of many other items. Hit
Ratio (HR@10) and Normalized Discounted Cumulative Gain (NDCG@10) were employed to evaluate
the ranking performance. It was determined whether or not the held-out item appeared within the top ten
recommendations (HR@10), while NDCG@10 measured how far from the top a correct recommendation
was located within the ranked list. Both metrics heavily favor items closer to the top. Moreover, the
following measures were reported for evaluating the quality of the representations created from learning;:
Mean Squared Error (MSE) and the embedding reconstruction error.

The experiments that everyone did were done using Python 3.10 and used PyTorch Version 2.0,
NumPy and SciPy and Pandas. In training these models, Adam was the optimizer with a learning rate
of 1073, a batch size of 128 and trained for 50 epochs on data using an Intel Core®) i3 CPU with 8 GB
of RAM and an NVIDIA®) GPU (if available). This hardware set up would give the best chance that
experiments would be reproducible, and it would also allow someone to compare two different models
fairly and use different datasets.

3.2. Loss Evolution
3.3. Performance Comparison

Matrix Factorization-based Recommendation Models currently used are based upon Matrix Factor-
ization (MF). Most MF-based models rely on linear interaction between both latent user and latent
item representation. This linearity and constraint creates limitations for capturing complex preference
patterns. Neural based recommendation approaches (e.g. MLP-Based models, Neural Collaborative
Filtering) enable the creation of non-linear models, however they lack an inverse distribution resulting
in loss of all information contained in learned representation features.Autoencoder approaches add an
additional level of expressiveness over the previous non-linear model types, but because they utilize com-
pressed latent variables as part of their procedures, accurate reconstruction cannot occur using the skilled
autoencoder.
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Normalizing Flow models attempt to address the limitations associated with inverse models by ap-
plying a constraint on the structure of the transformations by forcing all transformations to be bijective;
however, the high computational cost associated with using coupling-layer based architectures limits the
practical applications for which Normalizing Flow models are applicable. The proposed LU-Net model
uses LU-based invertible transformations as the basis for a new architecture that utilizes not only an
effective means of reconstructing latent embeddings exactly but also retains a capacity for nonlinear
modeling with predictive performance comparable to current methods.

Table 2: Performance comparison between a classical MLP and the proposed invertible model.

| Model [ Test MSE || Embedding Reconstruction Error |
Classic MLP 0.9200 0.0050
Invertible Model (ML-100K) || 0.8880 0.0000
Invertible Model (ML-1M) 0.7955 0.0000

4. Discussion

According to the presented results, the invertible architecture proposed is able to recreate the latent
embeddings with perfect accuracy (Embedding Reconstruction Error 0). Furthermore, the invertible
model achieves lower test MSE while perfectly reconstructing the latent embeddings, and still produces
good results on the rating prediction problems [3,15].In addition, the proposed invertible architecture is
able to remain stable across multiple configurations of the experimental environment; this means that
by varying the degree of dimensionality in the embedding, and varying the amount of LU-blocks,it is
still able to maintain the same performance levels. Therefore, it can be concluded that the invertible
architecture proposed is quite robust to variations in hyperparameters.

An additional point to be taken into consideration when evaluating the proposed model for the
rating prediction problem is that the rating prediction error remains relatively high (approximately
0.8). The magnitude of this error is reasonable for two primary reasons:(1) the MovieLens datasets
are exceptionally sparse, and (2) they contain a significant amount of noise in user-item interactions.
Consequently, limitations in predictive precision arise from larger fluctuations in user behavior, which
lead to increased variance in ratings within the same scale. The main objective of LU-Net is not only
to reduce prediction error, but also to preserve the invertibility of the latent space through LU-based
transformations. As a result these structural constraints may slightly reduce prediction accuracy while
ensuring full preservation of the encoded information. Therefore, an error close to 0.8 can be interpreted
as a reasonable trade-off between prediction performance, predictive stability, and invertibility.

Finally, experiments conducted on the ML-1M dataset confirm that the model scales effectively to
larger datasets, maintaining reliable rating predictions and near-perfect reconstruction of latent represen-

Training loss evolution on ML100k
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Figure 3: Training loss evolution on ML100k.
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Figure 6: Test loss evolution on ML1m.
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tations [1,5]. This behavior is directly related to the invertible nature of the architecture, which relies on
information-preserving transformations. Consequently, LU-Net is particularly well suited for applications
that require both generative modeling capabilities and robust representation learning [6,7,5].

5. Conclusion

In this paper, we introduced LU-Net, a novel architecture of invertible neural networks for matrix
factorization in recommender systems. We make use of bijective transformations in the model to en-
sure preserving mapping and parameters for each pair through a shared model reconstructed user-item
embeddings with nontrivial, nonlinear interactions among the users and items.

We experiment and analyze the benchmark datasets MovieLens 100K and 1M, and it is shown that LU-
Net reaches the competitive performance between prediction accuracy and latent representation fidelity
while remaining computationally efficient.

This inversibility structure guarantees that no information is lost during the mapping from input
to latent spaces, suitable for recommendation tasks and models that need generative modeling or for
accurate density estimation. Extensions to our work could include future research into the integration
of side modelling temporal dynamics or LU-Net can be applied to other domain where scalable and
expressive invertible networks may have benets.
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