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The Nehari Manifold for a Fractional (p(z,.), ¢(z,.))—Laplacian Elliptic System

Athmane Boumazourh, Houria El-Yahyaoui and Mohammed Shimi

ABSTRACT: In this paper, we study the existence and multiplicity of weak solutions for a class of nonlocal
elliptic systems involving fractional (p(z,.), ¢(z,.))-Laplacian operators under Neumann boundary conditions.
The problem is formulated in fractional Sobolev spaces with variable exponents, where the interaction between
nonlocality and space-dependent growth leads to an energy functional that is not lower bounded on the
associated functional space. To overcome this difficulty, we use the Nehari manifold approach, which allows
us to recover a natural constraint on which the functional becomes coercive and bounded from below. Our
results extend recent advances in the field of fractional elliptic problems with variable exponents and provide
new insights into nonlocal systems subject to Neumann boundary conditions.
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1. Introduction

In this paper, we study the existence of positive solutions for the following fractional elliptic system

—-4); w) + |ulP) =2 = X |7 )2y 4 29 y| o2y j|f in Q
p(z,.) B a+f

(—A);(z")(y) + 0] =2y = i |o|" @) =2y 4- %|u|a|v|5—2v in 0 (1.1)
Nyt = Noa, )0 =0, in RM\Q

where € is an open bounded subset of ]RN,*(N > 2), A, > 0 are two parameters. Let p,q: Q —]1, +o0]
be continuous bounded functions, r € C'(£2) and o > 1, 8 > 1 such that

L<r™ <r(x) <rt <p” <pla,y) <ph <a+pf <pj(z)

and

where

(1.2)
l<r  <r(x)<rt <q <qlz,y) <q" <a+B<q(x)

(a+p) (min{p_, q } - r+) > min{p~,q"} (max{p+,q+} — r_) (1.3)
p~ = inf p(z,y), p"= sup p(z,y) (1.4)

z,Y€Q z,YeEQ
= inf q(z,y), q¢"= sup q(z,y) (1.5)

z,yeQ z,yEQ
r~ = inf r(z), 7T =sup r(x). (1.6)

x€Q zEQ

and Q = (RY x Q) U (2 x RY). The critical fractional Sobolev exponent is given by

Nm(x,z) .
mi(z) = | N-sm(za) if N >sm(x,x)
+o0 if N <sm(z,z)
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For s € (0,1), (=4),,,, is the fractional p(z,.)—Laplacian operator which is defined as

s _ |u(z) — u(y) P2 (u(z) — u(y)) N
(=) = I RN\ B, (z) |z — y|NFspl@y) dy, vVeeR (1.7)

and the operator N, , represents the nonlocal normal p(z,.)— derivative introduced in [5] and defined
by

|u(z) — u(y)[P"Y) "2 (u(z) — u(y)) n
(L)U—/ \x— YN dy, Ve R™\Q, (1.8)

Recently, the theory of fractional Lebesgue and Sobolev spaces and their extensions to the variable
exponent setting has witnessed remarkable progress, motivated both by intrinsic mathematical interest
and by numerous applications in science and engineering (see [6,14,17]). These spaces generalize the
classical fractional framework by allowing the integrability and differentiability exponents to vary with
respect to the spatial variable, thus providing a flexible and powerful tool for modeling heterogeneous
media and nonstandard growth phenomena. From an analytical point of view, the lack of homogeneity
and translation invariance in the variable exponent context leads to substantial difficulties, particularly
concerning compactness properties, embedding theorems, and variational methods.

In parallel, nonlocal operators such as the fractional p(x,.)-Laplacian have become central objects
of investigation in nonlinear analysis. Problems involving this operator and the corresponding nonlocal
elliptic equations represent a relatively new and rapidly evolving research direction, combining the chal-
lenges of nonlocality with those arising from variable exponent nonlinearities. As a result, many classical
tools must be carefully adapted or extended, which has stimulated a growing body of literature devoted to
qualitative properties of solutions, including existence, multiplicity, regularity, and asymptotic behavior
(see, for example, [1,2,4,5,9,14]).

Fractional p(x,.)-Laplacian type problems naturally arise in a wide range of physical and applied
contexts where long-range interactions, memory effects, or spatial heterogeneities cannot be neglected.
Typical applications include models from conservation laws, ultra-materials, and water wave propagation,
as well as problems in population dynamics, optimization, and mathematical finance. Further relevant
applications appear in the study of soft thin films, stratified and composite materials, phase transition
phenomena, anomalous diffusion processes, semipermeable membranes, crystal dislocation theory, flame
propagation, and ultra-relativistic limits of quantum mechanics. For further background and motivation
on these applications, we refer the reader to [7,17].

In the constant case and under Dirichlet boundary conditions as will as if p = ¢, the authors have
studied in [8] the following problem

(=A)5(u) = Alu|"™™ 2y 4+ 2 5 |ul*” 2ulvl? in Q
(=) (u —p|v\7" 21}+a+6\u| [v]P~2v in Q (1.9)
u=v=0, in RNM\Q.

where © is a smooth bounded set in RN, N > ps with s € (0,1) fixed, A\, > 0 are two parameters,
l<r<pandoa, 8>1satisfyp<a+p<pi pi= N” is the critical fractional Sobolev exponent.

In the local case s=1 Hsu [13] considered the followmg p—Laplaman system

(=A)p(u) = Aul""2u+ 2% |u\" Zufpl? in Q
(—A)p(u) = plv|""2v + a+ﬂ\u| v[f~20 in  Q (1.10)
u=v=0, on OS.

where 1 <r <p, a, §>1and a+ = p*.
Another work is concerned on the study of the following elliptic system involving the fractional Laplacian

u) = Au|" 2u—|—a_~_6\u|°‘ 2ufvl? in Q

)*(
(—A)*(u) = p o™~ 2v—l—a_‘_ﬁ|u| [v]?~2v in Q (1.11)
u=v=0, in RN\Q.
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Using variational methods and a Nehari manifold decomposition X. He, M. Squassina, and W. Zou [12]
have proved that (1.11) admits at least two positive solutions.

On the other hand, recent years have witnessed growing interest in fractional nonlocal problems under
Neumann boundary conditions, investigated by means of various methods (see [19]). In this framework,
Azroul et al in [3] have guaranteed the existence of weak solutions for the following fractional elliptic
system using the Mountain Pass Theorem

(- A)p(x )(u) + [u|P®) =2y = Fy(z,u,v) in Q,

(_A)Z(Z ‘)(U) + ‘U‘q(x)_2v = Fy(z,u,v) in €,
(P)
./\/;f(z N Gu(z,u,v) in RV \ Q,
N(Zs(z o= Go(z,u,v), in RV \ Q,

where € is an open bounded subset in R™Y, N > 2, with Lipschitz boundary 92, s € (0,1), p,q : Q —
(1, 400) are symmetric, continuous and bounded functions.

The main objective of this work is to establish the existence of positive solutions for the considered
fractional system under Neumann boundary conditions by means of the Nehari manifold technique. The
result is formulated as follows.

Theorem 1.1 Let s € (0,1), N > 2 and let Q be an open bounded subset of RN, then there exists a
constant Cy , > 0 such that for 0 < max{\, pu} < C ,, problem (1.1) has at least two nontrivial positive
solutions.

This paper is organized as follows. In section 2, we recall some notations and properties of fractional
Lebesgue and functional setting. In order to prove our main Theorem in section 3 some usable Lemmas
are given.

2. Preliminaries and functional setting

In this section, we present the fractional setting and recall several essential definitions and proprties
of generalized Lebesgue spaces. For more details we refer to [11,15,18], and the references therein.
Consider the set

C(Q)={m e C(Q):m(z) >1,Vz € Q}.

For any m € C4(Q), we define the generahzed Lebesgue space L™®)(Q) as
Lm@)(Q) = {u : Q0 — R measurable : / Ju(z)|™® de < +oo}.
Q

This space equipped with the Luxemburg norm

Lm@) (Q) = an{)\ >0: /
Q

is a beparable reflexive Banach space.
Let m’ € C(Q) be the conjugate exponent of m, i.e., m(i) +
Holder-type inequality.

Lemma 2.1 (Holder inequality). If u € L™®)(Q) and v € L™ @)(), so

1 1
d < m(x
‘/ﬂuv r| < (m >||U||L <>52)HU|

The modular of L™®)(Q) is defined by

[l

o)

= 1. Then we have the following

m (ac)

Lm' (@) (Q) S < 2lull g @ vl Lo ) (Q)

Pm() : L™ (Q) — R
U= Py (1) = fo [u(x)|™ ) da
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Proposition 2.1 [10,15] Let u € L"™®)(Q), then we have,
L ullpey) <1 (resp=1,>1) & pp)(u) <1 (resp =1, > 1),

2. ||l

L (o) <1 = ||UH7Lnr:rr($)(Q) < pm()(u) < ||u||’;§(z)(9),
3. HUHL"L(I)(Q) >1= ”uHZLr;(m)(Q) < pm()(u) < ||“||7Lni(m)(g)
Proposition 2.2 If u,u, € L"™®)(Q) and k € N, then the following assertions are equivalent

1.l -
A=

L‘m.(:L')(Q) = 07

2. lim pm(.)(uk —u) =0,

k—4oc0
8. up — u in measure in Q and Hm  py, ) (ur) = pp) ().
k—+o00

Proposition 2.3 [10] Let Q be an open bounded subset of RN, m € C(Q), then (L™®)(Q), l[ull L ()
s a reflexive uniformly convex and separable Banach space.

Now, let introduce our fundamental space. Let m : Q — (1, +0c0) is a continuous, symmetric and bounded
function and let sm* < N

We set
xXm@Ey) = {u:RY — R measurable : [[u[|xmeyn < 1}
where:
[ull xmeen = Ul mey.q T 1ullme)
and

: |u(z) — uly)|™ )
[u]s,m(‘),Q = lnf {)\ 2 O : /Q 2)\m(a:,y)\w7y|N+sm(m,y) dxdy S 1

Proposition 2.4 [3] Let m : Q — (1,+00) is a continuous, symmetric and bounded function satisfying
(1.2), s € (0,1) and sm* < N, then (X™@Y) ||lu|| yme.s) s a reflexive Banach space.

For any u € X™®¥) we define the functional

|u(z) — uy)[™*Y)
0 2‘% _ y|N+sm(a:7y)

Q

it is easy to see that p, n,(..) @ is a convex modular on X™@Y)  The norm associated with Ps,m(.,.),Q 18
given by

Jull = inf {A >0 < pome (%) <1}

Note that the norm |.| is equivalent on X™@¥) to the norm ||| xm.s) -
We could also get the following properties:

Lemma 2.2 [3] Let m : Q — (1,+00) is a continuous, symmetric and bounded function satisfies (1.2),
s €(0,1) and sm™ < N, and let u € X™@Y) - Then, the following assertions hold:

L lullxm@wn <1 (resp =1, >1) & pgm(.,)0w) <1 (resp=1,>1).

- +
2 Nullxmen > 1= el gnen) < psmi..Qw) < ullfne.

4 _
3 Nullxmen <1= l[ulRmen < Psm(.).0W) < ulRme.y -
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4 Psm(.,),0 UK — U) k100 0 [lup — | xm@w) ——Fks400 0
Theorem 2.1 [3] Let Q2 be a Lipschitz bounded domain in R"™. Let s € (0,1), m : Q — (1,+00) is a
continuous, symmetric and bounded function satisfies (1.2) and sm™ < N. Ifr : Q — (1,400) be a
continuous variable exponent such that

1<r™ <r(z) <mi(z) for all z € Q.
Then, there exists a constant C = C(N, s,m,r,Q) > 0 such that for any u € xm(z.y)
[ull Lre (@) < Cllull xme.w -

That is, the space X™®Y) is continuously embedded in Lr(x)(Q), Moreover, this embedding is compact.

Lemma 2.3 Let

1 |u(z) — u(y)[™=) |ua) ™)
Hs,p(w-)Q(u) - 2/62 m(%y)m, _ y‘N-&-sm(%y) drdy + /Q de7

then, we have the following properties:

1. The function Hg (.. )@ 5 of class CH(X™=Y) R).
2. The function H; (), 18 coercive.
3. The function H; m(),Q ' strictly monotone operator.

4. H; m(.,.)R2N is a mapping of type (ST), that is, if u, — u in X™@Y)

and limsup,,_, <HS mi.) ren (Un )y Up — u> <0, then u, — u strongly in X™@Y),

We next present the analogue of the divergence theorem and the integration by parts formula in the
nonlocal setting.

Proposition 2.5 [5] Let s € (0,1) and m : Q@ — (1,+00) is a continuous, symmetric and bounded
function satisfies (1.2) with sm™ < N and let u be any bounded C? function in RY. Then,

[tttz == [ N yu(ed
Q

RN\Q

Proposition 2.6 [3] Let s € (0,1) and m : Q — (1,+00) is a symmetric, continuous and bounded
function satisfies (1.2) with sm™ < N and let u et o be any bounded C? function in RN . Then,

: o=y Ve
= /5 @(—A)fn(.)')u(x)da: + fRN\Q ONgm (., u(x)dz.

| ) w2 0(e) — ) o) = 90 4,

Let F = XP@¥) x X9@Y) be the Cartesian product of two Hilbert spaces, which is a reflexive Banach
space endowed with the norm

1w, o) = llullxoen + [0l xae0- (2.1)
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3. Main results

Definition 3.1 We say that (u,v) € E is a weak solution of (1.1) if

/Wu — uly www%(@—u@xwm—wmumy+/mﬂw%wm
Q

|z — y[Nsp(@y)

/‘w —oly qu2<<>—v@»wmﬁ—¢@»¢my+/gva@zme
Q

|gj — y|N+S‘I(Ivy)

=/OMWHW+WW@2wd+—*/WP%M%M+——/WHWQWM
Q

for all (p,v) € E.
The fact that (u,v) € E is a weak solution of (1.1) is equivalent to being a critical point of the following
functional

Mﬁ(w)

dx

1 1 Ju(@) —u(y)PY
Poulwv) =3 /Q 2y o — g ror@a) T /

_ q(z,y) q(z
T R )
2 Jga(z,y) |z —y|Ntsa@w) o q(x)

1 2
— —Aur(z)—i— o|"® dm—i/uavﬁdw.
/Qm)(" oo = = [l

We have that J, , € C'(E,R) and
L[ ot "2 00) — ) =60 1 [ (o)l

< J) w(u, ) |z — y|N+sp(@y)

o [o(x) = )| 0(z) — v W) =) o [ 1 tayetoras
Q

|x — y‘N‘f‘S(I(J’?ay)

2yl pda

/ (A" 2ugp + ol ~20p) o —
Q

/|u| [v|?~2vyda.

a+,8

for any (¢,v) € E.
According to (1.2), it follows that the functional J , is unbounded from below on E, but it becomes

bounded from below when restricted to suitable subset of F, namely the Nehari manifold associated with

I, defined as
Ny = {(u,0) € B\{(0,0)} :< J'(u,0), (u,v) >= 0},

Let

Iy (s v) =< Jy |, (u,0), (u,v) >

1 _ p(z,y) _
L[ @) — u)] dxdy—|—/ Ju(z) [P da:
Q

[o(x) — v(y)| ") i
z dxd a(x)
+ 2 Jo e — g/ i) xdy + A |v(2)|T* dx

—/ ()\u|r(x) +,u|v7"(”)>dac—2/ u|®|v|® da (3.1)
Q )
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Then for (u,v) € Ny, we have
< I} . (u,0), (u,0) > = %fQ p(x»y)%dxdy + [o, B(@)|u(z)[P™) da
g S ale,y) PEOT iy 4 [, () o) 7 de (3.2)
o) (Al 4 o s = 20+ 8) oyl ol o

< max{p®,q*} [fQ<A|u|T<Z> ") de 42 J, ful o) de

=~ JoOul™ + o] dz — 2(a+ B) [, [ul*[v]’de

N

(max{p®,¢"} =) [o(\ul"® + plo|"))dz

+(max{p®, ¢} = 2(a + B)) [, ul*[v] da.
Now, we split Ny, into three parts

N;,u ={(w,v) e Nay = < I} ,(u,0), (u,v) >> 0}
N;M ={(w,v) e M, : <1} ,(u,v),(u,v) >< 0}

N)(\),u ={(u,0) €Ny < I ,(w,v), (u,v) >= 0}
Lemma 3.1 The energy functional Jy , is coercive and bounded from below on Ny,

Proof: Suppose that ||u|| xr.) > 1 and ||| xe@w > 1. From the definition of Jy , we have

u(x)—u p(z,y) >

JA,#(%U) = %r ( fQ W%d dy+f |u ‘P( )d:v)
v(z)—v q(z,y) ,z

% ( fQ %dmdy—k Ja Jo()]7¢ )dx>

x w — p(z,y) -
£ Jo Ol + o)) dar — M( Jo My dady + [ ()P de

v(xT v Q( y) x (T (T
5 o BRI dudy + [ 10(a) " d — fo (\al" ) + ol >>dw)

> (min{, 5} = 535) (oo @@ + Peaane®)) + (a5 = 72 foOlul"™ + ulol")de

> (minf3k, 263 = ) (Ileucen + Iolsien ) + (5 = 75) JaOll ™+ o)

Since r(z) < p*(z) and 7(z) < ¢*(z), we have the continuous embedding of X?®¥) in L") and of X (=)
in L"®) . Then we get

J)\,H(ua U) 2 |:mln{p+’ q1+ _ ()c-&-,8:|||(u ,U)”mm{p .47}

rt
ety — ) max{\, p}|(u,v)| |7

Since min{p~, ¢~} > T, we have Jy ,(u,v) — oo as [|(u,v)||p — co. This implies that Jy , is coercive
and bounded from below on N ,(Q). O



8 A. BouMAZOURH, H. EL-YAHYAOUI AND M. SHIMI

Lemma 3.2 There exists a constant Cy , > 0 such that for 0 < max{\, u} < Cy , we have ./\/}\7# =0.

Proof: Suppose that Ny ,(Q) # 0 for all A, u € R\{0}.
Let (u,v) € /\//{)’M(Q) such that ||u||xr@.» > 1 and ||v|| xa=» > 1. We have

0 =<Iiu(uv), (uv)>
= 5 Jo ol ) ML dady + () () P da
5 o e ) BT dudy + [ a(a) () " do
-/, r(z)(Au"® + o] @) de — 2(a + B) Io u|®|v]? da

> min{p ™, ¢} (Ps,p(e9),0 (W) + Psg(a9),0(©)) =7 (Psp@),0 (W) + Psg,®) = 2(+ B) [o [u|*[v| dz)

> (min{p™, 07} = 1) (Pop(e, (1) + Poatean () — 2+ B — 1) [y [ul*[v] da,
by the Young inequality we get

0=< I;}M(u, v), (u,v) >
. _ _ 2 —rt @
> min{p™, ¢} =11 (Pap(ew).@(1) + Psgay.@(v) — ZHEEET) [y Py

28(a+p—rt
_ 6<aafﬁT )fﬂ |U\°‘+Bdm.

Using the compact embedding of X?P(®¥) and X9(=¥) in Lo+#(Q), there exist ¢p and ¢4 such that

0= < I;\,M(u, v), (u,v) >
i g B - 2 —rt) .
> (minfp™, a7} = 1) (10l + 1000 ) = 20257 minfepa eoBH (Il S50,

HIoll 5k e,

thus we get

(a+ B)(min{p~ +¢~} —r?) )W

w0l > (o )
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On the other hand we have
0 =< I, (uv), (uv) >

1 _ p(z,y) _ 5z
=35 Jor(=, y)w(ifiwdxdy + Jo (@) |uP d

1 (@) —v(y)]| 1@y _ .
3 Joalz, y)‘li_)yw%dwdy + [ a(@)|v| " da

— Jor@) Nl + plo]"@)de — 2(a + B) [ [ul®|v]dz

<max{p*,¢"} (ps p(ev),0(W) + Psg(ev),@®) =1~ fﬂ()\|u|'"(5”) + plo]"®))da
( + /8) Ps,p(z,y), Q( ) + psquyy)@(v) — fQ()\|U‘T(I) + H|U‘T(z))dx

< (max{p*,¢*} = (@ + B)) (ps.p(x.).@ (W) + Ps g(2.0),0 (V)
Hat B —r7) foAul™® + plo[")da

< (max{pt, g} = @+ 8)) (1l ey + 100700
o+ B =17 ully ey + Hall0l g pie )

< (max{p®, ¢} — (o + B))|(u, v) 5"
vef(@t ) - maxtr i ol

Thus we get
cla+ B —r7)maz{ u} T T
o+ —max{p*,q*}

I, v) s < [

If A and p are sufficiently small, we find ||(u,v)|| < 1, which contradicts the fact that ||(u,v)| > 2.

Hence, we conclude that A\’ g, . =0

From Lemma 3.2 there exists C , such that for 0 < max{\, u} < C , we can write
No(©) = N, (Q) UNG, ()

Therefore, we can put

+ . — .
Y, = inf Iaplu,v)  and = inf I plu,v
4 et o) T uni o)

Lemma 3.3 if 0 < max{\, u} < Cy u, then for all (u,v) € N;‘M(Q) we have Jy ,(u,v) < 0

Proof: Let (u,v) € N;u(Q) By the definition of Jy , we can write

‘p(w »Y)

J)\7H('ll;, ’U) < p ( fQ Wwdl'dy =+ f |u|p(a: d.’lf)

1 : a(z,y) _
1 [v(z)—v(y)| -
= (2 fQ Mﬂ%dwdy-y fQ |U|Q( )dx)

— o Sl + plo[ ) de — g [, [ul*|v|®de

(3.4)
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Since (u,v) € N, () we have

wlz)—u(y)|PEw) 5 v(z)—v(y)|?=Y)
* (fQ Mv%dwdy + Jo [l )dx) +qt (fQ W%dmdy

(3.5)
+ [o 07@dz) — Ar— [, [ul"@dz — pr [, [v]"@dx — 2(a + B) [, [u|*|v|?dz >0
Now, if we multiply (3.1) by (—r~) and add with (3.5), we get
(max{p™, ¢} = 17) (ps,p(2,1),Q (W) + Psg(e.),0(v)) +2[r™ — (a+ B)] /Q |u|*|o|"dz > 0 (3.6)
So,
max{pT,qt} —r~
e ptar < AT o 00+ prean a0). 7)
On the other hand, we have
Tau(u,v) < max{it, L} (05 pa).@(®) + s .@v)
7% |:psyp(r,y),Q( ) =+ ps, q(x,y), Q - ng ‘u| |U|de:| - ai% fQ ‘u|a|’l)|ﬁd$ (3.8)
< (max(Gh, 25} = %) (Pentem @) + poaana®) + (Z = 525) fo lul o de
By applying (3.7), and taking to account (1.3), it follows that
Ian(u,v) < (max{,%-, = %) (Ps.p(aw).@ (W) + Ps,q@w).0 (V)
max +, +tror—
+ (% - ﬁ) % (Ps,p(ev),@ (W) + Ps,a(e.),@(v))
rt —min max +, Ty max{d
< |: rt+ min{{Pp qq }} + fi(aq“rg) :|H(u7 )” { P q
< (a48)(rt —min{p~ ¢~ N+min{p_,q~ }(max{pT,qT}—r") Il (u, )Hmax{5 g} <0
r+ min{p~,q~ }(a+B) ’
where . .
5 :{ pt if llull xp =1 5 :{ gt if vl xae.w =1
b p- if Hupr(acay) <1 ¢ q if ||UHX<1(r,y) <1
Hence, we have
+
Y = 1nf Iapu(u,v) <O0.
ey @)
O

Proposition 3.1 If 0 < max{\, u} < Cy ,, there exists a minimizer of J , on N;u(Q)

Proof: Since J) , is bounded on Ny ,(£2) and so on N;fu (€2), then there exists a minimizing sequence
{uf, vf} C N L(Q) such that

n»- n

lim Jy ,(uh, o) = inf  Jyu(u,v) <O. 3.9
i st )= () 39

Since Jy,, is coercive, u;l is bounded in X”(ﬂ” ¥)(Q) and v is bounded in X(=¥)(Q)
So, for a subsequence we have u;f — uf in X9®¥)(Q) and v;i — vf in X1@¥)(Q)
by the compact embedding we have

ub = uf in LT@(Q)
uf —ud in LT®(Q)
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T oin LoTR(Q)

ul — g
in LoTP(Q)

and
+ +
ul — g

then u — ug a.e. in RY and v — v a.e. in RY and there exists Iy, lo € L™@)(RY) such that

luf| <y and |vt| <
Then
J O o o = [ Mg+ o ) (3.10)
Q
Next we show that (u;,v;}) — (ud,vf) in E. If not, then
S + o F
I, 0) 1 < i inf uf o)
Using the fact that (u;},v;}) € N, C Ny, we get
min{d,,dq
Dtutot) > (mingh &) - 2 It whlE o
(3.11)
#(h - ) P+ )
Thus
Vo = MM T, on) > (min{ﬁ» o M) tim_ || (uf, v 5"
(3.12)
T +|r(2) +r(@) g
(= o) i o 4 )
That is
Y= b Jau(uw) > (min{a, 13- M) (g, o) 100
T ww)eNy, pTg
(3.13)
+<a+ﬁ - ) JaAlug ") + plog' 7)) dae
For ||ul| xp@.» > 1 and ||v|| xa@w > 1 we have
+ .
Yy, = inf Jyu(u,v) >0 3.14
L= b s (.14
However, for any (u,v) € Ny (Q) we have Jy ,(u,v) < 0. So this is a contradiction. Hence
(uh ) = () in B
and
Ipud o) = lm Jy,(uf,vf) = inf  Jy,(u,v
7/1( 0 0) nStoo /( n n) (u,v)EN;’“ 7!1«( )

+

Namely, (ug,vg) is a minimizer of Jy ,, on N;H(Q), then it is a critical point of J ,

Cius then for all (u,v) € Ny, (Q2) we have Jy ,(u,v) >0

Lemma 3.4 if 0 < max{\, pu} <
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Proof: Let (u,v) € Ny (Q2). By the definition of J) , we can write
Tau(u,v) > min{ Lo, T4 (u,0)[F0 — LA ul"®) 4 pfo]7@) ) da
*%.Ha fQ |u|a|v|ﬁd:c

1 min{d,,04}
> (minf, 2} - 255 ) w0l
X
+c(a+ﬁ :) max{n 2} (s )5

r (ochBmax{pJr qt })

If we chose max{\,u} < , we get Jy ,(u,v) > 0. Moreover, since Ny ,(Q) =

max{pt,qt}| at+pf—r-

./\/';FIL(Q) UN, . (2) and ./\/';r#(Q) NN, . (Q) =0, from Lemma 3.3 we must have (u,v) € Ny (). O
Proposition 3.2 If0 < max{\, u} < Cx, there ewists a minimizer of Jy, on Ny ().

Proof: Since Jy, is bounded on N, () and so on Ny (Q), there exists a minimizing sequence
{un vy} C NS, () such that

lim J i Up ) = inf Iaplu,v) >0 3.15
n—+4oo ol ) (u,0)EN; () x(19) (8.15)

Since Jy , is coercive, {u; ,v;, } is bounded in E. Then, for a subsequence, we have u;; — uy in XP®v)
and v, — vy in XP@Y),
By the compact embedding we have

u;, —ug and v, — vy in LT®(Q)

and
u, —uy and v, — vy in L*TP(Q)

Moreover, if (ug,v,) € Ny (), then there exists a constant ¢ > 0 such that (tug,tv,) € Ny ().
Indeed, since

1 w(z)—w(y)|P@Y) _ 5(z
< I;\,,u(uv U)? (ua U) > = 5 fQ p(m,y)m%dzdy + fQ p(x)|u‘p( )d.II

1 — a(z,y) _ _
5 Joale y) ey dedy + [ a(@) o] de

— Jor@) (Nl + ulo"®)) dz — 2(a + B) f, [ul*o] dz

Then

uy (z)—|uy p(@,y)
< Ity oy ), (g vy ) > <7 +( Jo o @ leg WY dvdy + [, fug (x Ip(”’“)

|z —y|N+sp(zy)

lvg (2)—vg (y)[9=¥)
+' g ( Jo M Nt dedy + [ [vg (2 \Q(x)df)
—t" fn /\‘uoy(z) + plvg ‘T(z))dx
—2(a + Byt fﬂ lug |*lvg |Bd:c

tp++q+ )Hmaz{'yp,'yq}

N

max{p*, ¢ }|(ug , vg
—t" " [o(Nug ") + plog ")) da
—2(a + Bt t? Jo lug [%lvg P da
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Since r~ < max{p*,¢"} < a+ B, then it follows
< Iy, (tug ,vg ), (tug ,vg ) >< 0

So, by the definition of Ny, (), we get (tuq ,tvy ) € Ny ,(Q2)

Now, we shall show that (u,,v,) — (tuy,v, ) in E. Otherwise, suppose (u, ,v, ) - (tug,v, ) in
E. Using the fact that

(.0}l < liminf .05
we have
o, »t (1 lug (2)—ug (y)|P=¥) —1p(@)
J/\,u(t’uo 7t’UO ) < e 5 fQ ded’y + fQ "LLO ‘ dz
+ /1 Jor (z) = (y) |2 Y) .
_’_tqu (5 fQ dedy + o lvg |1 dz

e - x - x a+ﬂ — | -
_tﬁ IQ()\|U’0 |T( )+ 1lvg |T( ))dx — m fg lug |*|vg |Pda

. T (1 w (2)—w (y)|P(@¥) L
< i (5 (4 1y MRty 1y o

n——+oo

o (1 |v, (&)—v, a(z,y) e
_,_th (5 f@ %dmy + fo lvm |a¢ )dm)

T —|r(z —r(z a+B — e, —
e Jo ") 4 o e = 15 o e

< ngrfoojk,u (tun , tvg) < ngrfoo‘]’\’“(u’:’ V)

= inf I p(u,v) = Voo
(u,v)GN;u(Q)

This implies that Jy ,(tug ,tvg ) < inf Iru(u,v) =7y ,, which is a contradiction.
(w0) EN; (@) ’

So, (u,,,v,) — (ug,vg ) in E, and then

Dn(ug,ve ) = lim Jy ,(u, v, )= inf I p(u,v 3.16
WO 05) = i I v) = () (3.16)
Thus, (ug , vy ) is a minimizer for Jy , on Ny (), then it is a critical point of Jy ,. 0

Proof of Theorem 1.1. By Proposition 3.1 and Proposition 3.2 we conclude that (u, v, ) € Ny ()
and (ug,vg) € Ny (Q) are two non trivial solutions of system (1.1). Since Ny, () NN}, () = 0, then
those two solutions are distinct.
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