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Domination and Minimum Energy Problem in Linear Time-Varying Systems
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ABSTRACT: This paper investigates the notion of domination in time-varying linear perturbed systems. The
primary objective of this work is to study the comparison (or classification) of input operators, with respecting
the output one. We present the characterization and property results of this concept. We study the optimal
control which ensures the domination of time-varying disturbed systems.
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1. Introduction

In virtually all work in systems analysis, the problems considered consist of studying whether a system
is controllable, observable, etc., or not, but without studying the possibility of comparing (classifying) the
input or output operators themselves. It is for this purpose that the notion of domination was introduced
and studied (see [2], [10] and [13]).

The notion of domination was introduced and studied separately for controlled and observed dis-
tributed systems. In the field of control theory, it is undeniable that some controls outperform others.
This perspective opens up a vast field for the classification of input operators, ultimately giving rise to
the following idea: a concept known as domination.

Domination was introduced and developed for a class of systems in the parabolic and hyperbolic cases
(see [1]). The aim is to explore the potential for categorizing input operators and output operators based
on duality. An extension of domination to the regional case is discussed. The regional aspect of this
problem stems from the fact that one system can dominate another in a region, but not on the basis of
the system’s overall geometry.

The structure of this paper is as follows: In Section 2, we present the model of disturbed time-varying
systems, we define the problem statement and we show some conditions to characterize the domination
system. In Section 3, the minimum energy problem are described. Finally, section 4 summarizes the
conclusion.

2. Statement of the problem

Let’s consider the time-variable linear systems expressed by

2(p) = A(p)z(p) + Bi(p)ui(p) + B2(p)uz(p) ; 0 < p <
20) = 20 (2.1)
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where A € C°°([0, 0], M,,(R)), By € C>([0,0], M,, ,(R)), By € C>=([0,0], My, ,n(R)), u1 € L?(0,Q;RP)
and uy € L%(0,Q; R™).

The corresponding output is given by

with Y € C*([0, 0], My (R)), we have

z(p) = ®(p,0)20 + Hi(p)u1 + Ha(p)uz

where ®(p, 0) is that nonsingular matrix solution of the homogeneous part of (2.1) such that ®(0,0) =
Id,, (Id,, denotes the identity map of R™).

Then
y(p) =Y (p)®(p,0)z0 + Y (p)Hi(p)ur + Y (p) Ha(p)uz
where Hy(p) and Ha(p) are the operators defined by

Hi(p): L*(0,p;R?) — R”

Uy — /OP D(p, s)B1(s)ui(s)ds

and

Hyp): L*(0,pR™) — R

o
Us — / D(p, s)Ba(s)ua(s)ds
0
For i = 1,2, we note H; = H;(2). Then

Let us define that

R(.) indicates the range of a operator.

N(.) indicates the null space of a operator.

We define hereafter the notion of Y (€2)-domination.

Definition 2.1

We denote that By(p) dominates Ba(p) with respecting to Y (Q) on [0,0], if for any us € L*(0,Q;R™),
there exists a control uy € L?(0,Q;RP) such that:

Y(Q)H1u1 + Y(Q)HQUQ =0.

In this case, for §) fized, one can note Ba(p) < Bi(p).
Y (©)
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3. Characterization results

Proposition 3.1 The subsequent attributes are analogous
i) By dominates B on [0, 0] with respect to Y (§2).
i) R(Y(Q)Hz) C R(Y () Hy)
i) N(HTY (Q)*) C N(H5Y ()%)
iv) Iy >0, V0 € R,
| B2(.)"®(, )Y (2)" 0]l 120, 0mm) < ¥ [1B1()" (2, )Y ()"0l L2 (0,00) (3.1)
Proof: Infer from the definition that

NHY(Q)") =N(B;()*®(Q,.)*Y(Q)*), for i=1,2
and also the theorem 3.3, page 60 [5].

Let us define, by induction on j a sequence of maps (B;(p))o<j<n—1 in the following way:

Bio(p) = Bi(p), Bij(p) = —A(p)B; j—1(p) + Bij—1(p), Vi=1,2 Vj=1,.,n—-1, (3.2)

Proposition 3.2
Assume that, for some p € |0, 0],

rank (Y (Q)®(Q,p)B1o(p) Y()P(Q,0)B11(p) .. Y(O)P(Q,0)Bin1(p) ) =g,
then By dominates By on [0, ©] with respect to Y (£2).
The proof of proposition 3.2 is based on the following result.

Lemma 3.1 Assume that, for some p € [0, 0],

rank ((Y(Q2)®(Q,p)Bio(p) Y(Q)2(Q,p)B11(p) . Y(QP(Q,0)Bin-1(p) ) =g,

then the operator defined by
Y(Q)H, : L2(0,%RP) — R
Q

Uy — ; Y (Q)P(£, s)By(s)ui(s)ds

18 surjective.

Proof: We assume that the operator Y (Q)H; is not surjective, then there exists a certain row vector
U € R7\{0} such that for any u; € L?(0,Q;RRP), one gets

Q
\Il/ Y(Q)®(Q,s)B1(s)ui(s)ds =0,
0
from which we get

DY (Q)B(, 5)By(s) = 0,
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one gets

K(s) = UY (Q)®(, s)Bi(s) =0, VYsel0,0]. (3.3)
Hence ¥, is not 0, differentiating (3.3) 4 times, where 0 < ¢ < n — 1, using (3.2) and an induction
argument on %, one gets
KW (s) = 0Y(Q)®(Q,5)B1i(s) =0, Vse[0,0], Vie{0,..,n—1}, (3.4)
hence (3.3) and (3.4) implies that

UY(Q)®(Q,5)Bri(s) =0, Vse[0,0], Vie{0,..,n—1},

this concludes our proof of lemma 3.1. O

Proof: We assume that, for some p € [0, 0],

rank ( Y(Q)®(Q,5)Bio(p) Y(Q)®(Q,p)B11(p) . Y()P(Q,p)B1n-1(p) ) =g,
then, by lemma 3.1, the operator Y (2) H; is surjective, i.e, R(Y(Q2)H;) = RY, that implies

R(Y () Hz) C R(Y(Q)H,),
then B; dominates Bs on [0, 0] with respect to Y (Q). O
The next theorem gives a characterization result.

Theorem 3.1
Suppose A(p), B1(p), B2(p) and Y (p) are analytic, By dominates By on [0,0] with respect to Y () if
and only if for every p € [0, O]

R Y(Q)2(2p)B20(p) Y(DP(Qp)B2i(p) ... Y(Q)P(Qp)Ban-1(p) ) C

R(Y(QP(Qp)Biolp) Y(QP(2p)Bii(p) .. Y(QB(Q,0)Brn-1(p) ).

The proof of theorem 3.1 is based on the following results.

Lemma 3.2 R(6,;(Q)) = R(Y(Q)H;), fori=1,2, with

Q
8i(f2) = | Y(Q)B(Q,5)Bi(s)Bils) (€, 5)"Y ()"

Proof: Let i = 1,2. We first show that R(0;(2)) C R(Y (Q)H,). Let 2; € R(6;(Q)); that is, there exists
¥ € R? such that ©;(Q)¥ = z;. Choose u;(s) = H}Y (Q)*¥ = B (s)®(, s)*Y (Q)*¥. Then

Y(Q)Hu; = ’ Y (Q)®(Q, s)B;(s)B; (s)®(£2,5)*Y (2)*¥ds = 0,(Q)V¥ = z;.
0

Therefore, x; € R(Y (Q)H;), and since x; is arbitrary, it follows that R(0;(2)) C R(Y(Q)H;).

We shall now show that R(Y (Q)H;) C R(©;(£2)), which together with R(0;(Q)) C R(Y(Q)H;)
proves that R(0;(Q)) = R(Y(Q)H,). Let z; € R(Y (Q)H,), i.e., there exists u; such that Y (Q)H;u; = x;.
We assume that z; € R(0;(Q2)) and we shall show that this leads to a contradiction. This implies that
the null space of ©,(f) is nonempty. ©;(2) is symmetric, and so the range of ©;({2) is the orthogonal
complement of its null space.

Thus for any a; € R(0;(R2)) and B; € N (0;(Q)), afB; = 0. Also, we may write z; = x; 1 + z;2 with
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zi1 € R(0;(Q)) and ;2 € N(0;(Q)) (w2 # 0 since z; & R(0;())). Then there exists §; € N(0;())
such that 0}z, 2 # 0, which implies ¢z; # 0. Now, §70,(2)d; = 0, that is,
Q
/ OFY ()P (Q, s)B;i(s)Bi(s)"®(2, )Y (Q)*d;ds = 0. (3.5)
0
Then (3.5) is equal to
Q
/||Bz-(s)*<I>(Q,s)*Y(Q)*éiH?ds.
0

Then
7Y (2)®(Q, s)B;(s) =0, s €10,0].

This in turn implies that
Q
0fx; =0Y(Q)Hu; = / Y (Q)®P(Q, s)B;i(s)ui(s)ds =0,
0

which is a contradiction since ;z; # 0. Therefore, z; € R(0;(£)), which implies that R(Y (Q)H;) C
R(6;(Q)).
|

Lemma 3.3
Suppose A(p), B1(p), Ba(p) and Y (p) are analytic, we have for i =1,2

R(©:(2) =R ( Y()2(Qp)Bio(p) Y()R(Q0)Bin(p) - Y()R(L0)Bin-1(p) ),
for every p € [0, O)].
The proof of lemma 3.3 a consequence of the following lemma [4].

Lemma 3.4 Suppose A(p), B1(p) and Ba(p) are analytic, let fori=1,2

Q;(p) = [Bio(p), Bii(p), .. Bij(p)l,  j=0,1,..

Then there exists k < n—1, and non-empty open set O € [0, M], where M > 0, such that for each p € O,
rank (Qr(p)) = rank (Qr+;(p)),  j=12,...

Proof: Let i = 1,2. We first show that for every p

R(O:() C Im (Y (2)2(2p)Biolp) Y(OR(Qp)Bin(p) - Y()P(Qp)Bin-1(p) ).
Let
\IILPEN i,1(p) (.aP) Q) ’

Lemma 3.4 implies that the columns of B; j(p) for all j > n — 1 are, for every p € O, expressible as

linear combinations of the columns of [B; o(p), B;,1(p), ..., Bin—1(p)]-
Let O be the set in Lemma 3.4 and choose p; € O. We have

& (V7Y () (2, p) Bi(p))

dpJ (p1> :\IJ:Y(Q)¢<Q7p1)BZ,j(p1> :Oa j :0717"'

Since, A(p), B1(p), B2(p) and Y (p) are analytic, then WY (Q)®(Q, p)B;(p) are analytic for i = 1,2. One
gets
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Bi(p)*®(Q,p)'Y(Q2)"¥,; =0, Vp € [0, 0],
which implies that

Q
| Y @@ BBy 900257y (@) idp =0,

from which we get ¥; € N (6,(0)), it follows that
R(©:(Q) C R Y(Q)®(Q,p)Bio(p) Y(Q)2(2p)Bin(p) - Y(QO(Qp)Bin-1(p) )-

‘We shall now show that

R(Y(Q)®(Q,p)Biolp) Y(QP(2p)Bia(p) - Y(QP(Qp)Bin-1(p) ) CR(O:(Q)).
Let z; € R( Y(Q)®(Qp)Biolp) Y(O)P(Qp)Biilp) .. Y()P(Q,p)Bin-1(p) ), iec., there exists
A € R™ such that
( Y(2)2(Q,0)Biolp) Y(Q)P(Qp)Bia(p) - Y(QP(Qp)Bin-1(p) ) A= i

We assume that z; ¢ R(0;(Q2)) for some T > 0, and we shall show that this leads to a contradiction.
This implies that the null space of ©;(Q) is nonempty. ©;(f2) is symmetric, and so the range of ©,(f2) is
the orthogonal complement of its null space.

Thus for any a; € R(0;(€2)) and B8; € N(0;(Q)), ofB; = 0. Also, we may write z; = ;1 + 2,0 With
zi1 € R(©;(Q)) and x;2 € N(0;(Q)) (w;2 # 0 since z; € R(0;(1))). Then there exists §; € N (0;())
such that 0/ x; o # 0, which implies 6 x; # 0. Now, §:0;(Q)8; = 0, that is,

/Q ;Y (Q)P(, 5)B;(s)Bi(s)"®(, s)"Y (Q)*0;ds = 0. (3.6)
0
Then (3.6) is equal to
Q
/0||B¢(S)*<I>(Q,S)*Y(Q)*&HQdS-

Hence (3.6) implies that
OFY (Q)®(Q, s)B;(s) =0, Vs € [0, 0].

one gets

K(s) =0;Y(Q)®(Q,s)B;(s) =0, Vs e l0,0]. (3.7
Differentiating (3.7) I times, where 0 <1 < n—1, using (3.2) and an induction argument on [, one gets
KO (s) =8 Y ()®(Q,s)Bii(s) =0, Vsel0,0], VIie{0,..,n—1}, (3.8)
hence (3.7) and (3.8) implies that
;Y ()2(Q,s)B;,(s) =0, Vs e0,0], v1e{0,..,n—1}.
This in turn implies that
§fay =067 ( Y()P(p)Biolp) Y(Q)P(Q,0)Bii(p) .. Y()P(Qp)Bin-1(p) )A=0,

which is a contradiction since 6} z; # 0. Therefore, z; € R(0;(€2)), which implies that

R( Y(Q2(2p)Biolp) Y(QP(Lp)Biilp) ... Y(Q)P(2,p)Bin-1(p) ) C R(0:(Q)).
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a

Proof: Let us now give a proof of theorem 3.1. Using the characterization proposition, we have B
dominates By on [0, O] with respect to Y (Q) if and only if

NHY (Q2)") C N(H;Y (2)).
Using lemma 3.2 and lemma 3.3, we deduce for ¢ = 1,2

Bio(p)"®(Q, p)"Y ()"
Bia(p) ®(Q, p)"Y ()"

N = N(H;Y(Q)).

Bin-1(p)* (82, p)"Y ()"

Consequently, B; dominates By on [0, ©] with respect to Y () if and only if

R(Y(Q®(Q,p)Bao(p) Y(QP(Q,p)Baa(p) .. Y(Q)P(Qp)Ban-1(p) ) C
R(Y(QP(Qp)Biolp) Y(QP(2p)Bii(p) .. Y(Q)B(Q,0)Brn-1(p) ).

4. Optimal control

We consider the minimum energy problem, with the following performance index

Q
mm=£nm@%@m

with
ui()U(s)ur(s) =< ui(s), U(s)ur(s) >=| u1(s)[7,)

and where U € L>([0,0], M,(R)) is a positive definite symmetric matrix. Hence U~'(s) exists for all
s €]0,0]. < .,.> denotes the inner product in the space RP.
Let the matrix

A(T) = /Q Y(Q)®(Q, s)B1(s)U () By (s)*®(8, 8)*Y (Q)*ds. (4.1)
is invertible, and we have 0
w1(s) = U1 (s)B1(s)*®(Q,5)*Y (Q)*A™HT) (=Y (Q) Haus), s €10,0]. (4.2)
We have the following result of optimal control.
Theorem 4.1 Let ui(s) be any control such that
Y(Q)Hyuy + Y (Q)Hayug = 0.
Let 11 (s) be the control defined in (4.2), then the control 1, (s) satisfying
Y(Q)Hyu + Y (Q)Haug = 0,
and

Q Q
AHM@%@%ZAHM@%@W (4.3)

and the minimum performance index is given by

Q
mm:AHm@%@ﬁﬂNYMWWM%WW
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Proof: Let @;(s) be the control defined in (4.2), then

y(Q) = Y(Q)®(Q,0)z
Q
+ ; Y(Q)®(Q, 8)B1(s)U(5)B1(s)*®(2, 8) Y (Q)*A™HT) (Y (Q) Hous)ds
+ Y(Q)HQUQ
= Y(Q)®(Q,0)z.

Hence we have the equality

/Y B(Q, 5) By ()i (5 ds—/ Y (Q)B(, 5)Bi (s)ur (s)ds,

we obtain

Q
</0 Y (Q)®(Q, 8) By (s) (ur (s) — a1(s))ds, A~ (T)(~Y () Hauz) >= 0.

With the aid of (4.2), we have

o
/ < wui(s) —ai(s),u1(s) >ds = 0. (4.4)

0

One has
Q Q Q
/O | ur(s)|2oyds = / | 1 (5)2, 0y ds + / | ua(s) — aa (3)]12 s

4 2/0 < ur(s) — iy (s), @1 (s) >ds.

(4.5)

Using (4.4) and (4.5), we can verify that the inequality (4.3) holds.

The minimum performance index, is given by the equality
Q
T = [ Il
Q
= / 1 U™ (s)B1(s)" ® (%, 5)°Y ()" A™HT) (- Y (Q) Houa) ||fods
0

Q
= /0 < U~Y(s)B1(s)" ®(Q, )Y () A=Y (D) (~Y (Q) Hous), U(s)U 1 (s)
Bi(s) ®(, )Y () A~Y(T)(~Y (Q) Houz) >ds

Since the matrix A(T) is symmetric, hence by the properties of the inner product, it is easy to verify
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that

J (1)

Q
/0 < (=Y(Q)Haus), A~HT)Y (Q)®(Q, s)By1(s)U *(5) By (s)*
B(Q,5)* Y (Q)*ANT)(~Y (Q)Houg) >ds

Q
= <(7Y(Q)H2uQ),A*1(T)/O Y (Q)®(2, 8)By(s)U " (5)By(s)*

B9, 5)Y (Q) dsA—L(T)(—Y () Hyup) >
= < (_Y(Q)HQUQ),Ail(T)(_Y(Q)HQUQ) >

= || (-=Y(Q)Haua) |3 -1(p)-

5. Minimum energy problem

In this section, we present a more general approach which consists to consider the domination problem
as minimization one of a cost function defined on L?(0,Q;RP) as follows

J(u1)

< Q(Y(Q)H1U1 + Y(Q)HQ’LLQ), Y(Q)H1u1 + Y(Q)HQUQ >

Q
+ /0 < W(p)(Y(p)Hi(p)ur + Y (p)Ha(p)uz),Y (p)Hi(p)u1 + Y (p) Ha(p)ug > dp

Q
+ / < Ulpyur(p),ur(p) > dp

where @ € M,(R) and W € L*=([0,0],M,(R)) are positive symmetric matrixes, and
U € L*([0,0], M,(R)) is a positive definite symmetric matrix.. We have the following result.

Proposition 5.1

If dJ (1) = 0 and d*J(ty) is a positive definite matriz, then @y is a unique control u; € L*(0,; RP)
such that

J(uy) = inf J
(1) uleL%I(%,Q;Rp) (uq)

with 4, given by
= —[(H)'Y(Q)QY(QH: + (Hi()'Y ()WY (VH () + U] !

X[(H1)"Y ()" QY () Hy + (H1(.))"Y ()W ()Y () Ha(.)]uz

Proof: We have
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J(ul) = < QY(Q)Hlul,Y(Q)Hlul > 42 < QY(Q)Hlul,Y(Q)HQUQ >
+ < QY(Q)HQUQ,Y(Q)HQ'LLQ >

t WY O oY ) H (s > dp+2 [ < WY () 0)un,Y () Halp)us > dp

Q Q
b [ <Y o Y () Halpuz > dp+ [ < Ulp)ua(p).ua(p) > dp
0 0
and for h € L?(0,Q;RP), we have
%d](uﬂh = < QY(Q)H1U17Y(Q)H1h >4+ < QY(Q)th,Y(Q)HQ'LLQ >

Q Q
+ / < W ()Y (o) H(p)ur, Y (p) Ha (o)l > dp + / < W ()Y (o) Hr (0)h, Y (p) Ha(p)uz > dp

Q
+ / < U(p)us(p) hlp) > dp
= <(H)'YQ)'QY(Q)Hyui,h >+ < (H)'Y(Q)*QY () Hauz, h >
b < O YO WOY O Qunh > + < (Hy ()Y () WY () Ha(Jus, b >

+ <U()ui,h>

We have
dJ(u,) =0
(H1)*Y (Q)*QY () Hyuy + (Hp)*Y (2)*QY () Hyuo+
(HL ()Y ()WY (O HL()un + (HL ()Y () W)Y () Ha(us (5.1)
+U()a =0
and

d*J(ay) = (H1)"Y (Q)* QY () Hy + (Hi(.))'Y ()W ()Y (VH1 () + U(.)

is a positive definite matrix because @ € M, (R) and W € L*>°(]0,©], M,,(R)) are positive symmetric
matrixes, and U € L*°([0,©], M,(R)) is a positive definite symmetric matrix.

By (5.1), one gets
[(H)Y ()" QY (Q)Hy + (Hi()"Y () W()Y()HL() + U()]a =

—[(H1)"Y (Q)*QY (2)Ha + (H1(.))*Y ()" W ()Y () Ha(.)]uz
then

i = —[(H)Y(Q)QY(Q)H: + (Hi(.))'Y () W)Y () H () + U]

X[(H)"Y ()" QY () Hy + (Hi ()Y ()W ()Y () Ha(.)]uz.
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6. Conclusion

Domination in linear perturbed systems is a critical aspect of control theory. We study the notion of

domination for linear time-varying systems. The objective is to compare or classify the input operators
respecting the output equation. We show some conditions to characterise this concept. Then we study
the optimal control which ensures the domination.
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