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Remediability Problem for a Semilinear Distributed Dynamical Systems

Elouafi Mohamed, Magri El Mostafa and Lhous Mustapha

ABSTRACT: In This paper we consider a semilinear distributed dynalical system. We focus our interest to
the study of the remediability problem for a class of semi linear distributed system. The notion of both weak
and exact remediability are described. We give some condition wich characterize the weak remediability of a
case of parabolic system. To illustrate our work an example is given.
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1. Introduction

In system theory,controllability and observability form a pair central dual concepts that are closely
dependent on the choice of input and output operators.A wealth of literature as devoted to the study of
these concepts , offering various characterization of controllability and observability.both weak and exact
as strategic actuation and measurement devices.

The detection of a disturbance is not generally sufficient to prevent the variance of a system but it is
necessary to remedy to this perturbation. Serval works have focused on disturbance rejection [7] [6] and
the notion of remediability is introduced and studied for a class of finals dimension linear and disturbed
dynamical system [1] and also for discrete system [2] hyperbolic system [5] regional [4] and asymptotic
case [3].

In this work , inspired by environmental issues, we study though the observation of a category of
semi-linear systems subject to disturbances,the possibility of instigating in a finite time 7, the impact of
disturbance (pollution, etc.) though observation with a given tolerance zone and the use of a suitably
chosen control.

we generalize the studied of remediability for infinite dimensional semi-linear systems. We give some
condition which ensure the weak and exact remediability, the existence of an input operator ensuring the
compensation of disturbance. And it will be shown that the remediability is a weaker notion than the
controllability of system.

2. Statement of the problem

A class of semi-linear distributed systems is modeled by the following equation:

{ o(t) = Av(t) + F(v(t)) + Bu(t) + g(x,t) in Qx]0,7] 2.1)

v(0) = v

Let Q C R™ be a bounded open domain and let V be a closed subspace of L?(£2). The spaces V and U
are Hilbert spaces associated with the state and the control respectively.for a given finale time 7 > 0,the
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state variable satisfies v € L?(0, 7,V ),while the control u function belongs to L?(0,7;U). The operator
A is the generator of a strongly continuous semi-group (s.c.s.g.) on V,and the control operator B is a
bounded linear operator form U intro Vthat is, B € L(U,V). L(U,V) is the Banach space of bounded
linear operators between these spaces. Let F' : V — V be a real and globally Lipschitz function, i.e.
38 > 0 such that

[F(v1) = Fv)l| < Bllor —va|, Yor,v2 €V
The term g is a disturbance. The system (2.1) is augmented by the output equation

w(t) = Cu(t) (2.2)

where C € L(V, W), W is the observation space (a Hilbert space).
The solution of (2.1) is noted v, 4 and given by

Uy, g(t) vo—i—/St—s ds—l—/St—s)Bu d5+/8t—s) (s)ds.

We denote by w,, 4 the corresponding observation. If the system is only disturbed by a term g, the
observation becomes

wo,g(t) v0+/ S(t—-s)F d8+/ CS(t— s)g(s)ds # CS(t)vg

Then a control term Bwu is subsequently introduced to compensate for the effect of the disturbance
and to bring the observation back to is desired value at the final time 7, to the normal one, i.e.

¢ ¢ t
Wy,g(T) = CS(t)vo + / CS(t — s)F(vy,q4(s))ds —|—/ CS(t — s)Bu(s)ds + / St —s)g(s)ds
0 0 0
The following definitions follow.

Definition 2.1 (Exact remediability)

The system (2.1), augmented by (2.2), is said to be exactly remediable on [0, 7] if, for all disturbance
g € L*(0,7;V), there exists u € L?(0,7;U) such that

Wy, g(T) = wo,0(T) = CSvo + /OT CS(1 — $)F(vo,0(s))ds

Definition 2.2 (Weak remediability )
The system (2.1), augmented by (2.2), is said to be weakly remediable on [0, 7] if for all disturbance
g € L*(0,7;V) and any € > 0, there exists u € L?(0,7;U) such that
| wug(T) = woo(7) <&

We examine hereafter the concept of weak remediability and then the exact one.

3. Weak remediability

This section addresses the approximate remediability of the evolutionary system (2.1) augmented by
(2.2).
We define two operators G and R by :

G L2(O,T; U) -V

u — [y S(r = s)Buf(s)ds (3.1)
R: LQ(O,T;V) W

B — Jy CS(r = s)g(s)ds (3.2)
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And tel H be the non linear operator defined for all g € L?(0,7;V) as follows :

H: L*0,7;U) — V

v — [ S(r = s)F(vu(s))ds (3.3)

In the following result, we characterize the weak remediability of the linear system (corresponding to
F=0)

{ 0(t) = Av(t) + Bu(t) + g(t) in Qx]0, 7| (3.4)

v(z,0) = vg

augmented by (2.2)

Proposition 3.1 The system (3.4), together with (2.2) is weakly remediable on [0, 7] if, and only if one
of the following conditions is satisfied :

. Tm(CG) = ITm(R)

~

2. ker(B*R*) = ker(R*)

3. B*S*()Crw=0 = S*()C*w=0

4. {CGG*C*w,w) > 0, for all w € W such that R*w # 0

5. For all g € L*(l) we have, ali)r{.)1+a(al —CGG*C*)"*Rg=0

Proof:

The equivalence of 1. and 2. results from ker(B*R*) = Im(CG)+ = Im(CG)L and
ker(R*) = Im(R)* = Tm(R) .

For the equivalence of 3. follows R* = §*(.)C* and ker(R*) C ker(B*R*).
The equivalence of 3. and 4. results by contraposition.

Since T = CGG*C* is symetic positive opeartor we conclude with theorem Lax-Milgram that a(al +
CGG*C*) is bijective for every a > 0.

We now prove that lim+oz(ozI +T)'w = Piyry forallwey.
a—0

Let w € W, write w = wy + wy with y; € ker T and yo € Im(T)

We have w; = a(al +T) twy + (ol + T)"Tw, = a(al +T) tw; and for

wy =Tz € Im(T), so that a(al +T) twy +T ((a +T)twy —z) =0

It follows that a(al+T) twa, (aI+T) 1wy —x) < 0 and thus by ||(al+T)twz| < ||z||. Consequently
llrg+a(af + T)~'wy = 0. By density, one can still prove that

lin(f)1+oz(af +T)"twy = 0 for every wy € Im(T)

a—

Then lim ol +T) 'w = wy = Per(ry w
a—0t

We may now return to the equivalence 5.
lir(r)1+a(od +CGG*C*)"'Rg=0 & Pixr Rg=0 < Rg € Im(T) = Im(CQ) O
a—

Let us note the following

Remark 3.1  a) More generally, we can replace (5) in proposition by

Yw € Im(R), lim a(al +CGG*C*)'w =0

a—0t
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b) For T =CGG*C* we have T(al +T) ' =1 —a(al +T)?

T -1 _7_ _
Then we obtain : QILI&T(QI +T)"" =1~ Prexr) = le(T)

We now consider the family of linear operators T : V. — L?(0,7;U) for 0 < a < 1, defined by:

Low = G*C* (ol + CGG*C*) !

is an approzimate right inverse of the operator CG restricted to Im(CG) , in the sense that

JH&CG T, = Pi]m(cc)

in the strong topology.
we also have the following results.

Proposition 3.2 1. sup || a(al + CGG*C*)~! <1
a>0

2. We have CGu, = —Rg + a(al +CGG*C*)"1Rg For all g € L*(0,7;V), where

= —G*C*(al +CGG*C*) 'Ry, a €]0,1]

In the case of low compensation, we have lim CGu, = —Rg and the error associated with this
a—0t

approzimation denoted EoRg, is given by the formula:
E,Rg = alal + CGG*C*) 'Ry

In the following result and under the compacity condition on the semigroup (S(t))i>0, we study the
relationship betwen the weak remediability of the semi-linear system (2.1) augmented with (2.2), and
that of the corresponding linear system (3.4) augmented with the output (2.2).

Theorem 3.1 Weak remediability of the system (5.4) with augmentation (2.2) on [0, 7],implies that the
system (2.1) augmented by (2.2) is weakly remediable on on the same interval.

Moreover, for all g € L*(0,7;V), there exists a sequence of controls (ue, ) which bring back the
corresponding observation to an e-neighborhood of CS(T)vy at time T, the controls are given by

U (t) = —B*S(1 — t)*C*(al + CGG*C*) " (Rg + CH (uy))

Proof: For each g € L?(0,7;V) fixed.
We define the family of nonlinear operators K, : L?(0,7;U) — L%(0,7;U) for (0 < a < 1) given by

Ko(u) = Ta(—Rg — CH(u)) = —G*C*(al + CGG*C*)" (Rg + CH(u)) ;

We first prove that for all a €]0, 1] the operator K, has a fixed point u,.

Ended , since the semigroup (S(¢)); is compact, and using the smoothness and the boundedness of the

non linear term f,it follows the operator H is compact and that I'm(H) is relatively compact.
Consequently we have

H(u') — Hw?) = [} S(T — t)(F(vu1(1)) — f(vua(t))dt

| H(u') = H(u?) | fQTM | E(vur (t)) foua (2) || dt

o MB [ vur () = v () || dt
Mﬂfo (Il Gu) t) G (u )()||+|| H(u')(t) — H(u?)(t) ||)dt
MBCp || ul —u? | +M§B [, || H(u)(t) = H(u?)(t) || dt

IANIAIN A
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For all T', then by the Gronwall lemma, we get
| H(u') = H(u?) | < MBCReMoT || ul —u? |

Therefore,H is a continuous operator and consequently K, is also continuous.moreover, since f is bounded
and || S(t) ||< Mge?, there exists a constant M > 0 such that

| H(u) |[< M, YueL*0,T;U)
it Then follows that,
| Ka(u) [< k=T || (I Rg [l +M | C|l), Vu e L*(0,7;U).
Consequently, the operator K, send the closed ball B,.(0) C L2(0,7;U) of center zero and radius
r >k, into itself. by the Schauder fixed point Theorem it follows that K, has a fixed point u, € B,-(0) C
Ly(0,T50).

Moreover,since the image of Im(CH) is compact, without loss of generality, we my assume that the
sequence C'H (u,, ) converges to y € Im(R). So, if

Ug, () = =T, (Rg+ CHu) = —G*C* (o, ] + CGG*C*) ' (Rg + CH (u,))

Then,
CGu,, = —CGG*C*(anl + CGG*C*)"Y(Rg + CH (uy,)) =
—(Rg + CH (uq,)) — an(and + CGG*C*) " (Rg + CH (uy,))

Hence,
CGug, +CH (uq,) + Rg = —an(an,l +CGG*C*) " (Rg + CH (uy,))

To complete the proof | it is sufficient to prove that

lim — a,(a,I +CGG*C*) " (Rg + CH (ua,)) =0

a, —0t
we have
an(and +CGG*C*) (R 4 CH (ta,)) = an(anl + CGG*C*)  (Rg + w) + an(anI + CGG*C*) ' (CH (e, ) — w)
From proposition 3) we get that
ajig%ﬂn(anl +CGG*C*) Y (Rg + CH (ua,)) = ajig%ﬂn(anf +CGG*C*)  (CH (ug,) — w)

On the other hand, || (ol + CGG*C*)" (CH (uy) — w) ||<|| CH(uq) — w ||
Therefore, since CH (u,, ) converges to w, we get that

lim o, (e, I +CGG*C*) " (CH (uq,) —w) =0

n— oo

Consequently,
lim o (el + CGG*C*) ™! (Rg + CH(ua,,)) =0

So, we obtain the result:

lim CGu,, +CH(u,, )+ Rg=0

n—0o0
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4. Exact remediability

This section,we present a characterization of the exact remediability associated with the linear system
(3.4) augmented by (2.2).

Proposition 4.1 The system (3.4) augmented by (2.2) is exactly remediable on [0, 7] if and only if one
of the following equivalent conditions is satisfied:

1. Im(CG) = Im(R)

2. There exists a constantp > 0 such that, for every w € W, the following inequality holds:

| S O Wl a0 < p IB*S*()C*wll0.zi0 (4.1)
For the proof see [8], page 53.
Remark 4.1 In this case, the linear operator
I = G*C*(CGG*C*) ™t
is a right inverse of the operator CG restricted to Im(CG) = Im(R) .

Proposition 4.2 If the system (3./)+(2.2) is exactly remediable, then Yg € L?(0,7;V), the control
u = —G*C*(CGG*C*)~1Ryg ensures the exact compensation of g.

Theorem 4.1 Exact remediability of the system (5.4) augmented by (2.2) on [0, 7] implies exact reme-
diability of The system (2.1) augmented by (2.2) on the same time interval.

Proof: For each fixed g € L?(0,7;V), we consider the non linear operator K : L2(0,7;U) — L2(0,7;U)
defined by
K(u) = T(=Rg — CH(u)) = —G*C*(CGG*C*)~" (Rg + CH(u))

We first show that the operator K, has a fixed point ug.
Ended, since the semigroup (S(¢)): is compact,and taking intro account the smoothness and the bound-
edness of the non linear term f, we obtain

| H) = H@) | < g M| Flon () = Fa (0) | dt
< o ML v (t) — via(t) | dt
< ML [ (| Glu) () = Gu)(#) | + | Huh) () — H(a?)(2) )t
and
| Gh)(t) = Gu)(t) |I=I| fy S(t—)Bu(s)ds | < MIB| fi || u'(s) —w(s) | dt
< MBIV fy 1wl (s) = u2(s) |12 dt
< MBIV Sy It () — u(e) |2 dt
then

Jo IGhH®) = G)(t) [ dt < 7yTM|B| || u' = u? ||L2(0,r0)

I Hu') = H@?) | < 7v7M2BIBI| | u—vllr20,mvy +MB [§ | H(u')(t) — H(u®)(#) || dt

the inequality of Gronwall, we have for 7o > 0 and T € [0, 19],
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I H (u') = H(u') |

< Toy/ToM2B|B| || ut — u? || eMAT
Then

| Hu') - Hw?) | < 7oy/moeMPoML|B| || u' —u? |

we can choose Ty such that 79,/7oe™?70 M?23||B|| as small we want
since G*C*(CGG*C*)~" is bounded, we can choose Ty such that K is contracting.
Then K admits a unique fixed-point u € L?(0,Ty; U), and so

u=—G*C*(CGG*C*) Y (Rg + CH(u))

assure the exactly compensation.
For any 7, we can make the compensation in [rg,279] with the initial value S(7p)vg. then the com-
pensation can be extended to interval [0, n7g] for all n € N, this completes the proof. O

5. Case of a diffusion system

Consider an open and bounded domain €2, included in R™, at the boundary I' = 02 assumet to be
regular.this set Q constitutes the physical domain of the system governed the equation (1). The state
space considered V = L?(f2) has an orthonormal basis of eigenfunction ¢n; forn >1and j=1,...,m,
of A, such that

Acpn] = Un¥Pn; Jor j=1,...,mp, n>1
such that p,, — —oo0 as n — co. The semigroup (S(t)):>0 generated by A is defined by

Mn
Sty =" _e" > (v,¢n,)¢n,
n>1 j=1

This assumption is satistied when A is a selfadjoint on V and has a compact resolvent (sI — A)~L.
In the usual case of a system driven by p actuators (€2, g;)i=1,, we set U = R', and the operator B is
defined by

B: R — L2(Q)
u(t) — Bu(t) = Y0, biu(t)

where u = (u1,...,u,)" € L?(0,T; RP) and b; € L?(£);) with Q; = supp(b;) for i = 1,p.
In general,the actuator supports satisfy Q; N Q; = 0, for ¢ # j.
The adjoint operator B* is given by:

(5.1)

B*v = ((by,v),..., by, v))T for weV,

If the system output is provided by q sensors (D;, ¢;)i=1,4 where ¢; € V, D; = supp(¢;) for i = 1, ¢ and
D;ND; =0 for i # j (Curtain and Pritchard, 1978; El Jai and Pritchard, 1988), then the observation
operator C is defined by

C: L*(Q) — R4

v — Cv= ((cl,u>Lz(Q),...,<cq,v>)T (5-2)

Within this framework , the following characterization result holds.

Proposition 5.1 (3.4 — 2.2) is weakly remediable on [0,T] is equivalent to (), -, ker(M,G,) = {0}
with -

M, =
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In particular, if there exists ng such that
Ty _
rank(M,G,,) = q

Consequently, the nonlinear system (2.1) combined with (2.2) is weakly remediable on the interval
[0,T7].

Example 5.1 In this example, we take the nonlinear term
f(v) = arctan(v)

,which is globally lipschitz for the one-dimension case where 2 =]0, o and the system (SNL) is described
by the following equation.

Ov 0%v .
a(x,t) = @(x,t) + arctan(v) + bu(t) + g(x) in Qx ]0,T]
(SNL) v(0,1) = v(a,t)=0 on 0, T (5.3)
v(z,0) = 0 on |0, a]
augmented by
Cv = <C7 ’U>L2(Q) (5.4)
the associated linear is
v *v .
a(m, t) = @(a:, t) +bu(t) + g(t) inQx]0,T]
(SL) v(0,¢) = ov(a,t)=0 on |0, T (5.5)
v(z,0) = 0 on |0, af

We have V = L?(Q2) and Av = Av for v € D(A) = H3(Q) N H}(Q).
The operator A admits a complete orthonormal family of eigenfunction (¢,,), € N* associated with the
eigenvalues

The system (5.5) augmented by (5.4) is weakly remediable on [0, T if and only if there exists ng such
that

<c’ <pn0><b7 LIO"'LD> # O

Tn this case, we conclude with the theorem (4.1) that The system (5.3) augmented by (5.4) is weakly
remediable on [0, T
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