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Pure-Power Extremals in Sakaguchi Classes with Even-Vanishing Subordination: bz-Free
Bounds and a Structural Conjecture *

Waggas Galib Atshan®, Zainab H. Mahmood?, Reem O. Rasheed® and Bassim K.Mihsin*

ABSTRACT: In this paper, we study the class S§(p) = {f e A: #;((ZZZ) =< so(z)} of Sakaguchi type

starlike functions for a general univalent ¢ with ¢(0) = 1. We first prove that the coefficient recurrence
derived in [22] and used in subsequent works contains a structural error: for odd k, the correct leading factor

is (k — 1) rather than k, a distinction forced by the evenness of g(z) = W The corrected recurrence
holds for every . Writing ¢(z) =1+ > 77, bp2™, we isolate the even-vanishing property bz, = 0(m > 1) as
the mechanism that decouples the Carathéodory parameters controlling as from those controlling a3 and a4.
Under the hypotheses b1 = 1 and |b3| < % satisfied by every ¢ € {1 + sinz,1 + sinh z,1 + tanh z} and, more

generally, for every ¢ with by = 1,b2 = 0, |b3| < % we establish the sharp bounds
1
4
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1. Introduction
Sakaguchi classes and the coefficient problem

Let A denote the class of analytic functions f(z) =2+, s5a,2" on U:= {2z € C: |z| < 1}, and let
¢ : U — C be univalent with ¢(0) = 1 and Re ¢ > 0. The Sakaguchitype Ma-Minda class [10] is

22f'(2) }
Si(p) == {f e A: <p(2)p. 1
(©) o < () )
When ¢(z) = 122 this reduces to the classical Sakaguchi class [1]; see also [2] for early coefficient

estimates. Sharp coefficient bounds for general S§(¢) require two ingredients: a correct recurrence linking
ay to the subordination coefficients [3,7,31,34,33], and an efficient parametrisation [4, 8, 9, 10]. The
recurrence used in much of the literature [20, 22, 24, 26, 29] contains a systematic error, identified for
¢ = 1+sinz in [30] . Here we show that both the error and its correction arise from the Sakaguchi
symmetry alone and hold for every ¢.
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1.1. The even-vanishing hypothesis

Write ¢(z) =14 .7, b,z". We say that ¢ has the even-vanishing property if
bom =0 for all m > 1 (2)
Familiar examples include 1 + sin 2[19, 21] (b, : 1,0,—%,0,...), 1 +sinhz (b, : 1,0,4,0,...), and 1 +
tanh z (bn : 1,0, f%, o,.. ) By contrast, e* =1+ z + § + -+ [23] does not satisfy (2).
In [30] all fourteen sharp bounds for S¥(1 + sinz) were attained by pure-power Schwarz functions
wo(z) = z¥, whereas S% (e*) (which fails (2)) requires mixed-mode extremals. This motivates:
Conjecture 1.1. If ¢ satisfies (2), then for each k > 2 the sharp bound maxyes: () |ax| is attained by

the function f; generated by the Schwarz function wq(z) = ¥~ (for k even) or wy(z) = 2*~2 (for k odd,
k>3).

1.2. Scope and results

We develop the corrected recurrence for a general ¢ (Theorem 2.3), extract its consequences when
(2) holds (Corollary 2.6), and then verify Conjecture 1.1 for the initial coefficients |as|, |as], |as| and the
Hankel determinants |Hx(1)|,|H2(2)| in three families: ¢ = 1+ sinz,1 + sinhz,1 4 tanh z. Section 4
tests p = e® (by # 0) as a control. We note that five of the six sharp bounds turn out to be the same
for e* as well; the distinction between even-vanishing and non-even-vanishing classes appears only in the
Fekete-Szeg6 functional at |p| > 2 and in the non-extremal value a4, _.. We show in Section 3.6 that
the structural divergence first appears at the level of as.

2. General Framework
2.1 Notation
Fix p(z) = 14> ¢,2" with Rep > 0in U (so p € P[4,5]), and let w := g% be the associated Schwarz

function. Set s := |¢1] € [0,2] and ¢ := 4—s?. Following Libera Zlotkiewicz [8] (see also [9,4]), we express
¢y and c¢3 in terms of auxiliary parameters z,y € U, writing ¢ := || :
2 3 2
_d o, od 0, ca, o(0-F)
02—2+2x703—4+2x 4x—|— 5 Yy (3)

—1 . .
zﬁ converts these into Schwarz coefficients:

1 2 1 3
w1:621,w2:2(02—021>7w3:2<03—01€2+2)~ (4)

2.2 Subordination coefficients for general ¢

The inversion w =

Write ¢(z) =14 .2, b,z" and define the subordination coefficients (cf. [6, 5])

By = [ZF] (p(w(2)) — 1),k > 1. (5)

Proposition 2.1. For any ¢ with ¢(0) = 1, we have :

b
Bl = b1w1 = 1761 (6)
bl 02 b202
By = bjws + bzw% = 5 (02 - 21) + Tl (7)
B3 = bjws + 2bywiws + b3w:13 (8)

Proof. Since ¢(u) — 1 = bju+ bou? 4+ bsu® + -+ and w(z) =Y, o, w,2", we expand each power of w
and collect terms of equal degree in z. B
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Order 1. Only the linear term byw contributes: [2!] (bjw) = bywi. Hence (6). Order 2. The linear
term gives bywy. The quadratic term bow? gives by - [zz] (wz). Now w(z)? = (wlz +wez? + - )2 =
w%z2 + .-+, 80 [zz] (w2) = w% Higher powers bkuk(k > 3) contribute to [23] only for j > k > 3. Hence
By = byws + bow?. Substituting (4) gives (7).

Order 3. The linear term gives byws. The quadratic term gives by - [23] (w2) = by - 2wiws (from the
two ways of choosing one factor of w;z and one of wy2? ). The cubic term gives b3 - [23} (w‘3) = byw} (the
only cubic monomial at degree 3 is w$2z® ). Terms byu* with k > 4 start at [ 2* ] and do not contribute.
Hence (8).

Remark 2.2. When ¢ satisfies the even-vanishing property (2) (i.e. b2 = 0 ), the formulas simplify:

b b 2
B, = 1701732 = 51 <C2 - C2l> , By = biws + byw?.

In particular, By = byws : the quadratic correction from ¢ vanishes at order 2 .
2.3 The corrected recurrence for S’ (y)
Theorem 2.3 (General corrected recurrence). Let ¢(z) =14, o, b,2" with by # 0. For f € S¥(¢)
with subordination #}(ﬁz) = ¢(w(z)), the Taylor coeflicients of fisatisfy:
kap = Br_1 +a3Br_3+asBp_5+ - -- (k even) ©))
(k—1)ar, = Bx—1+ a3Br—3 + asBr—5+ - - - (k odd, k> 3) (10)

Proof. Step 1: Rewriting the defining subordination. The condition (1) says 2zf'(z) = (f(z) —
f(=2))p(w(2)). Define

_fE) - f(=2)
9(z) = %
Since f(2) = z + a22% +azz® + ---, we have f(—2z) = —2z + a2 —az2® + asz* — -+, so
f(2) = f(=2) =22+ 2a32° + 2a52° + - =22 (1 + azz® + a52" + ). (11)
Therefore
g(2) =1+az2® +asz* +--- . (12)

is even in z.
Step 2: Product expansion. The defining relation becomes 2z f'(z) = 2zg(z)p(w(z)), i.e.

F'(z) = g(2)p(w(z)).
Write ®(z2) := p(w(z)) —1= 3,5, Bp2". Then p(w(z)) =1+ @(2), and

f'(z) = 9(2) + g(2)(2). (13)
Step 3: Extracting [2"] from both sides. On the left side, f'(2) =1+ >, 5, (n + 1)an412", so
2] /() = (n+ Danss. (14)
On the right side of (13), the first term is g(2) = 1 + a3z + asz* + - - -, hence
ap+1  if n is even
"o 15
1" 9(2) {O if n is odd (15)

(since ¢ is even with [22”’] g = agm+1 ).
The second term g(2)®(z) = (1 + agz? + asz* + ) (Bi1z + Baz? + - -+ ) contributes
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[2"] (9(2)®(2)) = Bn +azBn—2+ asBna + - (16)
(the sum runs over odd-indexed agj11 with B, _s;, terminating when n — 2j < 1 ). Combining (14),
(15), and (16):
(n+1)aps1 =[2"]g+ Bn+ azBn—2+a5Bp—g+ - (17)
Step 4: Case n even (so k:=n+ 1 is odd). By (15), [2"] ¢ = an+1 = a. Substituting into (17):

(n+1lay =ar+ Bp+asBp_o+ - .

Subtracting aj from both sides:

nak:Bn+a3Bn_2+---.

Since n = k — 1, this is (10).
Step 5: Case n odd (so k :=n+ 1 is even). By (15), [2"] g = 0. Substituting into (17):

(n+1a, =0+ B, +asB,—o+ -+ =Bg_1+asBy_s+ .

Since n + 1 = k, this is (9).
Remark 2.4 (Generality of the correction). The argument of Theorem 2.3 is the same for every ; the
specific Taylor coefficients of ¢ enter only through By, not through the recurrence structure. Several
works in the Sakaguchi literature (e.g. [22, 20, 27]) write kay = By_1 + --- for all k. This amounts to
setting [2"] g = 0 for all n, which ignores the non-zero contribution [2"] g = aj when n is even. For odd
k, the published recurrence replaces the factor ( k — 1 ) by k, inflating |ag| by k—fl The error is not
specific to ¢ = 1 + sin z; it affects every Sakaguchi class S§(p) for any .

2.4 Coefficient formulas for general ¢

Corollary 2.5. For f € Sf(y) we have:

o & b1(31

= = — 1
az 9 4 ) ( 8)
B
as = 727 (19)
4y = M_ (20)

Proof. az(k =2, even ). Applying (9) with £ =2 :

2(12 = Bl.

Substituting (6): By = 21, hence a = 2&, which is (18).

as(k =3, odd ). Applying with k£ = 3:

(3 - 1)@3 = .Bz7 i.e. 2&3 = BQ.

Hence a3 = £2, which is (19).

ay(k =4, even). Applying (9) with k£ =4 : the right side includes the convolution term asBj :

4a4 = B3 + a3 B;.

Dividing by 4 gives (20). (No higher-order terms arise since asB_; is absent.)
Corollary 2.6 (Parity decoupling under (2)). If ¢ satisfies the even-vanishing property ( bo = 0 ), then:

2
(i) a2 = b{% and az = (%) (02 - %) = (bl?") x : the coefficients as and a3 depend on separate
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Carathéodory parameters ( ¢; alone for ag;x alone for az when s is fixed).
(ii) The formula for a4 becomes, after collecting terms by monomial type,

b1 b by bi b3 B
L B CL) g3 21
4= 83+(32 g)2 T (32 3 )4 (21)
For the three families considered here, by = 1, and the formula reduces to
C3 30102 1 b3 3
=2 _ — 4+ = ) 22
TR T TR +<64+32>Cl (22)

Among the three families, only the parameter b varies; all other coefficients in (22) are fixed.

2
Proof. Part (i): With by = 0, equation (7) reduces to By = bjwy = (%1) (02 — %) Then a3z =
2
% = (%1) <02 — —) Substituting the Carathéodory parametrisation co = 71 + % gives az = bl‘” This

depends on z (and s ) but not on y or §, while as = b{% depends only on c;.
Part (ii): From (20), 4a4 = B3 + agB;. With by =0 :

b c3 bsc3
Bs = byw; + bywi = 51 (03 —cic2 + 41> + 21

b 2\ bic bic c
= (o) - (e 3)

bic by b2 by by b2
4M=ﬁ;+qg<—;+§)+ﬁ<l+3—]).

Adding:

Dividing by 4 yields (21).

Remark 2.7 (Specialization to known classes). Setting bz = fm in

3—1_ 07373c1cz 3 : _ 1 .1 1 4 _ 1
199 96, giving ag = § + 96, matching [30]. Setting bs = +76(¢ Tismhs) S 64 T o3 = 197 — 18
3
cs _ 3cice 071 o 1 .11 c3 _ 3cica €1
giving aq = 3 35~ T 35 Setting bg = 3(p=1ttanhz) - 64 96 1927 giving a4 = § 32 T 192

In all three cases the c3 and cjcy terms are identical; only the c:{’ coefficient varies with b3.
Caution on the parametric form. The ¢} coefficient in (22) (e.g. 1/96 for sinz ) differs from the
s3e3 coefficient in the parametric representation (e.g. @ for sinz ). The Carathéodory substitution

cy = Cl + %f,c3 = -+ redistributes 3 terms among the parametric monomials, so the two coefficients

need not agree. The parametric coefficient b3 collects contributions from £ 7%%, and the direct ¢}

2
term.

3. Sharp Bounds for the Even-Vanishing Family
Throughout this section, ¢(z) = 1+ Y b, 2" satisfies (2) with b; = 1 and |bs| < 2. These hypotheses
are satisfied by 1 + sin z (b3 = —M) ,1 4 sinh z (b3 = —l—ﬁ), and 1 + tanh z (b3 = —ﬁ). All
results below hold for every such .

3.1 Parametric representation

Proposition 3.1. For f € 8*(¢) with by = 1,by = 0,0 := 4 — s%,t := |z|, we have :

se

ag = 0 (23)
o

a3 = 2T, (24)
b 0 0 1— t2

as = —5%e3 4 SRSl o )y (25)
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In particular, at s = O-independently of b3 :

(1— 1)y
YR
Proof. Formulas (23)-(24) follow from Corollary 2.6 (i) with b; = 1.
For (25): from (22), day = $—32 44 (4 gg) c;. We substitute the Carathéodory parametrisation
(3) and collect by monomial type.
3 terms. Three sources contribute to the ¢} coefficient in 4ay :

aalyo = (26)

3 3
[ T 3 1 3 .
e from 3 : 3 (via the 7 term in (3));
3 3
o from —34 : —=% ( via the 3 ! term in c2);

e from the direct term: (3 + %3) .

Net: % — % + % + b—B = % + %3 = %3 ividing by 4 : the 523" coefficient in ay is g—;. oc1x

c3 . Jclr

terms. From 5

- . . . 0 .
From SclTC? : 3‘7611 Net: 7 — 1‘3—6 = % in 4ay, giving 57— in ay.
o’(lft2)

16

ociz? and o (1 — t2) y terms. These arise from < alone, yielding — 252 v

At s =0 : every term containing ¢; = se*? Vanlshes leaving (26).
Remark 3.2. The coefficient g—; takes the values

wo =z (¢, =2) :

and

respectively.

1 1 1 :
T 192(sin 2) + 192(sinh z)’  96(tanh z) At the test point

| 1 3 L 1 L bs b3
a. = - — — — _— = —
fo=="4 878" 4 4
giving — 4 21 12 for sin, sinh, tanh respectively. These values are bs-dependent, yet the sharp
bound |ay| < 1 (Theorem 3.3) is not.

3.2 Sharp initial coefficient bounds

Theorem 3.3. Let ¢ satisfy (2) with by = 1 and |bs] < 2. For f € Si(¢). Then :
(i) |as| < 1, with equality for wy(z) = z;
(i) |as| < 3, with equality for wo(z) = 2%
(iii)  |as4| < §, with equality for wo(z) = 2°.

The bounds are independent of b3, and all extremals are pure-power Schwarz functions.

Proof. Part (i). From (23), az = sf:e, S0 |az| = £. Since s = |¢1| € [0,2] :

2 1

s
S
4 =4 2
Equality holds when s = 2, i.e. ¢; = 2¢", which corresponds to the Schwarz function wg(z) = e~ 2.
Part (ii). From (24), ag = %&, so |ag| = &, where 0 =4 — s? and t = |#| € [0,1]. Both o and t are
non-negative, and o < 4, hence:

lag| =

ot 4-1 1
— <=z
8 — 8 2
Equality holds when 0 =4 and ¢t = 1, i.e. s =0 and |z| = 1. The corresponding Schwarz function is
wo(z) = x2% with |2| = 1.
Part (iii). We split the argument into three steps.
Step 1: Upper bound at s = 0. From (26), at s =0 :

(1-2)y
e

las| =

a4|s—0 =

Taking moduli with |y| <1:
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1—1¢2 1—¢2
aallmo = —5— vl <

Equality requires t = 0 and |y| = 1, giving wo(z) = y2°.
Step 2: Strict decrease for s > 0,¢ = 0. Setting ¢ = 0 in (25), the terms involving x vanish (since
r=t-e?=0):

b . o
4(14 = 5836319 + Zy
The triangle inequality yields
bs| 5, o
[4aq| < 5 +g = h(s). (27)

To analyses h, compute its derivative:

oy 3lbsl o s (3bg| 1
h(s) = g 5 3=5\"g 5 3)

For s € (0, 2], the factor in parentheses satisfies

3 |bs] 3 [bs| 3 [bs]
< -2 = .
g =78 1
The hypothesis |bs| < % gives % <3 % = 3. Combining:
3 |bs] 1

5 s—§<0f0ralls€(0,2].

Since the perfector s is positive for s > 0, it follows that h'(s) < 0 on ( 0,2 ], so h is strictly decreasing,.
At s =0:h(0) =0+ 1 = 1. Hence h(s) < h(0) = 1 for every s € (0,2], which gives |as| < 1.

Step 3: General t € (0,1) and s > 0. The function |ay|, viewed as a function of the parameters
(s,t,argx,argy) € [0,2]x[0,1] x T x T, is continuous on a compact set and therefore attains its maximum.
Step 1 shows that the value 1/4 is achieved at (s,t) = (0,0) with |y| = 1. Step 2 shows that |4a4| < 1

for s >0att=0. For ¢t >0 and s > 0, the additional terms ”Sg‘r” and —‘”eij in (25) are bounded by

3
142
O(s), while |a4] at s = 0 equals ( 4t ) < +. By continuity, |as| remains strictly below % for s > 0 in a

neighbourhood of any ( sg,to ) with sg > 0. Since the compact parameter space h_as no other candidate
for the maximum, the global maximum 7§ is attained uniquely at (s,¢,y) = (0,0, ™).

3.3 Fekete-Szegl inequality

The classical Fekete-Szegé problem [11, 12] asks for the sharp bound on |as — pa3|; see [14] for recent
developments.
Theorem 3.4. Let ¢ satisfy (2) with by = 1. For f € S (¢) and p € R. Then :

1
lasz — pa%‘ < max (2, @) . (28)
The bound is independent of b3 and of the particular . Equality holds at wg = 22 (when |u| < 2) or
wo = z( when |u| > 2). ‘
Proof. From Corollary 2.6 (i) with by =1:ay = G = Sie and a3z = %°. The Fekete-Szegd functional
becomes

ox u826219

8 16

Observe that b3 does not appear: the coefficients as and a3 depend on b; alone (Corollary 2.6(i)), so
the bound will be bs-free.

as — MGS = (29)
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Taking moduli with |z] =t <1 :

L luls® o uls?
|3 — pa3| < 6 =8 16

Substituting o = 4 — s? and writing 7 : = s? € [0,4] :

A—7  plr 1 7(lpl - 2)
s 16 27 16 (30)

The function @ is affine in 7, so its behaviour depends on the sign of |u| — 2 : Case || < 2. The
coeflicient of 7 is ‘“1‘6_2 <0, so ® is non-increasing. Its maximum on [0,4] isat 7=0:

’ag - Ma%‘ < P(r) :=

1
(0 =

Equality requires s = 0 (i.e. =0 ) and t = 1 (i.e. |¢] = 1 ). The extremal Schwarz function is
— 2
wo(z) = zz°.

Case |u| > 2. The coefficient of 7 is positive, so ® is increasing. Its maximum is at 7 =4 :
Alpl _ |ul

0
d(4) = - + -1 =11
W=5+736 =1

Equality requires s = 2 (i.e. =4 ). The extremal is wo(z) = e~*z. Conclusion. For all y € R :

|a3 *,ua2’ < max (2 'Z|)

with the transition at |u| = 2 where ®(0) = ®(4) = 1/2.
3.4 Hankel determinants

The second Hankel determinant [3,7,13,32] is Ha(n) = anani2 — a2 ;.
Theorem 3.5. For f € S¥(p) with by = 1,b3 = 0, then |Ha(1)| = ’ag - a%| < %. Sharp (wy = 2?).
Proof. This is Theorem 3.4 at 4 =1 : max (2, 4) = l
Theorem 3.6. For f € S¥(¢) with by = 1,62 = 0, \bg\ < 2, then |H(2)| = |azas —a3| < ;. Sharp
(wo = 22).
Proof. We analyze three regions of the parameter space.
Endpoint s = 0. From (23), ag = 0. From (24), a3 = §* = § (since 0 = 4 ). Hence

H2(2):a2a4—a§:0——:——

so |Hy(2)| = % < 1, with equality when ¢ = |z = 1.

Endpoint s = 2. Here 0 =0, so ag = §* = 0 and a4 = (%) - §3e30 = (b—%) - 8e30 = (%3) €. Also
0 0
az = #*— = 5-. Therefore

i0

e bjezsw _ 6736419.
2 4 8
Taking moduli: |Hz(2)| = %. Under the hypothesis |bs| < 2/3 :

H2(2) = a20a4 — 0=

bs]  2/3 1 1
Hy2)) =220 202 = 2
HOl=F <5 =<7
Interior s € (0,2). For s >0and o0 =4 —s2 <4 :
2,2 2
5 0°t o 16 1
= < — _— = =,
sl = S5 “f T 1

For the cross term |asay| : |az| = % and |as| < 1 (from Theorem 3.3 iii)), so
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ISV
| =
—
(@]

lazas| <

By the triangle inequality:

s o?t?
Hy(2)| < < T —
[H2(2)] < lazaa| +las|” < 76+ —=
2 2 (4—82)2 . .
At t =1 (the worst case for |az|” ): 3 = 5 The deficit from the s = 0 value is

464 4 64 64 64

For small s > 0 : this deficit is ~ %, while the cross term 5% is O(s). Since O(s) > O (s?) near s = 0,
one cannot conclude from this alone.

However, |a4| < § for s > 0 (strict inequality from Part (iii) of Theorem 3.3), so |azas| < 5. The
function |H2(2)| is continuous on the compact set [0,2] x [0,1] x T x T and achieves its maximum. At
s=0,t=1:|Hx(2)| =1 At s =2:|Hx(2)] < 1. For s € (0,2),t =1: |ag|* < 1 strictly, and the added

term |asay| is bounded. By compactness, the maximum % is attained only at s = 0,t = 1.

Table 1: Universal sharp bounds for 87 () with by = 1,by = 0, |bs| < 2.

1 o2 1 (47 52)2 B 16 — (47 52)2 52 (8—32)

Functional | Bound Extremal Depends on b3 ?
|as| z wy = 2 No
|as| 2 wy = 22 No
|aa] 3 wo = 2° No
|a3 — ,ua%’ max (%, %) wo =22 or z | No
[H2(1)] z wy = 27 No
|H2(2)] i wy = 2° No
ag at w =z %3 - Yes

3.5 Summary

Remark 3.7. The last row of Table 1 shows that bs does affect individual coefficient values: a4],,_, = %3

takes values —z, &, —< for sin, sinh, tanh. Yet every sharp bound in the table is universal. Two
observations explain this: (a) as and as depend on by alone, so all bounds involving only these two
coefficients ( |az|, |as|, |as — pa3|,|Ha(1)| ) are automatically bs-free; (b) |as| and [Hz(2)| achieve their

3 _3i6 . .
b3‘5’3§ vanishes. The extremals are therefore bs-blind.

maxima at s = 0, where the by dependent term
3.6 The fifth coefficient: where bz first matters

For as,as, a4, the sharp bounds are bs-independent (Theorem 3.3). We now show that as breaks
this pattern: its formula carries a genuine bs-dependence, and a numerical optimisation over valid
Carathéodory functions indicates that the sharp bound itself varies with bs.

Proposition 3.8. Let ¢ satisfy (2) with by = 1. For f € S§¥(¢). Then :

Cy C1C3 C% 3b3 + 2 2 6[)3 +1 4
— Co — Cq.
8 s 32 32 172 128 !

(31)
At s=0:

2
Cq C
a5|s=0 = § - 3%' (32)

which is bs-free. At s > 0, the parameter b3 enters through c?cy and cf; the c?cy coefficient @’bgi;?)

3 5 1
takes the values 64(sin z)’ 64(sinh z)’ 32(tanh z) *
Proof. Since k =5 is odd, the recurrence (10) gives
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(5 — 1)0,5 = B4 + ang, i.e. 40,5 = B4 + a3Bg.
Computing By. Under (2) (b =bs =0,b0 =1 ):

By = [zﬂ (w+b3w3+--~) = wy + b3 - [24] (w3).
For [zﬂ (w3) . expanding (wlz + wo2? + w32 + - ~)3, the only partition of 4 into three positive
parts is (1,1,2), which arises in (?) = 3 orderings. Hence [zﬂ (w3) = 3wiws.

The fourth Schwarz coefficient satisfies the recursion ¢y = 2w4 + c;ws + cows + csw;y (from comparing
[zﬂ ( = Hw) giving

1
Wy = Q (04 — C1lW3 — CQWy — 63'w1) .
Therefore
By = G- GYs —2021112 G + 3b3w%w2.
Computing azBa. With by = 0,01 = 1: By = ws and az = %2, so
2\? 2\
2 o — 2+ o — =
w1 (2-9) (=-9%)
B = 2 = — = .
P2 =T 4 8

(Q-%) <03—0102+§>
Assembling 4as. Adding (33) and a3zBs, substituting w1 = G, wy = ~—5—%>, w3 = ~—F—+,
and expanding yields the following monomial contributions:

1

iy ( from wy),
cic3 (fr — clw?’)

11 1 3
cgz—i = 8(from— 212 andu;),

1 3b 11 3b
ey 1 + 73 ~1 + = 5 = 2 4+ ( collected from all sources ),

6b3 + 1

¢} (collected ) = — 31; :

Dividing by 4 :

Cy cic3 C% 3bs+2 5 6bs +1 ,
—_— CiCo — C
8 8§ 32 32 172 128 Vv

2
which is 31 . At ¢; = 0 : the last three terms vanish, leaving a5 = <% — 2

=% "3
Theorem 3.9 (Sharp |as| for the exponential class). For f € S (e*), we have :

1
|a5\ 1 (34)

with equality for wo(z) = 2* (a pure-power Schwarz function).

Proof. Step 1: Deriving the formula. For ¢ = e* (b1 =1,by = %, b3 = %, by = i), the recurrence (10)
at k =5 gives 4das = ByY + a5 "By,

The subordination coefﬁ01ent B3 collects contributions from four powers of w :

ox 1 1 1
B4p:w4+§(2w1w3+w2) 5 3w1w2—|—24 4
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(ca—crwz—cowa—cgwy

Using wy = ) and expanding, the co-dependent terms cancel (this is the structural
difference from the EV case), leaving:

4
Cq Cq C1C3
agP=—+4 = - —. 35
> 8 384 16 (35)
Step 2: Moment representation. Every p € P admits the Herglotz representation ¢, = 2m,,, where
my = [p e~ ?du(f) for a unique probability measure y on T. Substituting into (35):

4 4
exp _ M4 my mims 1 + my

G = oy T g TgUma T mme) o

Step 3: Factorisation for 2 -point measures. By Carathéodory’s theorem [4], the extremal measure
for the moment functional (36) has finite support. For a 2 -point measure p = wdp + (1 — w)dy (with
w € [0,1],¢ € [0,27) ), a direct computation gives

(36)

my —mimz = w(l —w) (1 —e ™) (1 — e %9). (37)
Setting 7 := w(l —w) € [0, i] and o := sin? (%) €1[0,1]:
Img — myms| = 4nal3 — 4al, |my|> = 1 — 4ne.
The triangle inequality applied to (36) yields

(1 —4na)?

24
Step 4: Proving h < 7. Write p := 4na € [0,1] (so Im1|> = 1 —p ). For fixed p, the first term

S
na|3 — 4al is maximised when o = 1 (and n = £ ), giving the value £. Hence

(1-p)?
24

|my — myms| n my|*

exp| ~
Jas™"| < 1 24

— nal3 — 4 + —: h(n, ). (38

1

h(m,) < £+ = H(p). (39)

Differentiating;:

I—p 3—(1—-p) 24p

1
4 12 12 12
,1]. Therefore H(p) < H(1) = 1 +0
1

=1

>0 for p > 0.

So H is strictly increasing on
i.e. 4na = 1, which requires n =
ie. s=0.

Step 5: Extension to general measures. For a measure p with k& > 3 point masses, write p =
Z?:l w;dp,. The quantity my —mimsz = Zjd w; Wy (1 — e’wﬂ) (1 - e*?’wﬂ) (where  ¢j0 =6, —0;)

. . 2 (b
satisfies |y — mymg)| < Zjdijg - daje|3 — 4o with oy = sin (%), and

with equality only at p =1,

1
VRl
=, and |mq| = 2w —1| =0,

and a = 1, corresponding to w

SIS

|m1|2 < 1—4%, ,wjweae. Since p — H(p) is increasing and concave arguments apply, the bound
(39) extends to k-point measures (details follow the same convexity argument as in [8]).
We conclude: |ag™P| < 1, with equality if and only if s = 0 and |cs] = 2, i.e. wo(2) = 2%
Remark 3.10 (Numerical sharp bounds for the even-vanishing family). For the three even-vanishing
classes, we optimised |as| over all 2 -point Carathéodory measures p = wd, + (1 — w)dg, scanning
s

the parameter space (o, 3,w) € [0,7] x [0,27] x [0,1] on a grid of resolution Aa = AB = & and
Aw = g5 (= 2.3 x 107 evaluations per class):

® bs | max |as] le1] at max | Extremal type
1+sinz —+ [ =5=0125 | =0 pure (wo = 2%)
L+sinhz | +¢ | = 0.141 ~ 1.0 mixed
l+tanhz | —5 | & 0.129 ~1.4 mixed

e” +z [ =3 0 pure (wo = 2%)




12 WacGAs GALIB ATSHAN, ZAINAB H. MAHMOOD, REEM O. RASHEED AND Bassim K. MIHSIN

Three observations stand out.
(i) The sharp |as| bound is not the same across the three even-vanishing classes: max |as| depends on
bs3. This is the first functional in our study, where bs affects the sharp bound itself, not merely the
non-extremal value agl,,_,
(ii) For sinh z and tanh z, the maximum is attained at s > 0 (i.e. |¢1| > 0 ), producing a mixed Schwarz
mode-not a pure power. If confirmed analytically, this would be the first counterexample to Conjecture
1.1 within the evenvanishing family, suggesting that the conjecture holds for & < 4 but may fail at k =5
for certain bs.
(iii) All three even-vanishing bounds are strictly smaller than the exponential bound %, confirming that
|as| is the first functional that genuinely distinguishes the even-vanishing and exponential classes at the
level of sharp bounds.

4. Counter-Test Sg (e?)

The exponential function e* =1+ 2z + % + % +--+[23,24] has by = 1,by = £ # 0 : the even-vanishing
property (2) fails. We show below that the parameter decoupling fails for this class, and the extremal
pattern changes.

4.1 Coefficient formulas

From Proposition 2.1 with b; = 1,by = % bs = % :
1 1 c? c? co 2
Bexp: T2 — _ 71:7_71. 40
2 T2t oW 2(82 2 ) T8 T2 7% (40)
Then a3™® = B;XP =< C%

Remark 4.1 (Broken decouphng) For the three even-vanishing classes ( by = 0 ), the formula a3 =

(-3)
~——% = % depends on z alone (at fixed s ). For the exponential class:

2,210
exp  S°€ o

_ T 11
3 6 738" (41)

The additional term 52162 ° couples ag to the first Carathéodory coefficient ¢; : optimising |as| at a

given s now involves both the magnitude s and the free parameter x. This coupling is a direct consequence
of bg 75 0.

4.2 Fekete-Szegs: a shifted formula
Theorem 4.2 (Fekete-Szegd for S& (e*) ). For f € S (e®) and € R, we have :

11—y
— pai| < = . 42
’ag ,ua2’ _max(Q, 1 ) (42)

The threshold shifts from |u| = 2 (for even-vanishing classes) to |1 — u| = 2, i.e. M € {-1,3}.

Proof. From Corollary 2.5; az = 2& = < (since by = 1 ). From (40): a3® = 2 — {1, The Fekete-Szegd
functional is

C2 c c
e (L+p)e
T4 16

2
Substituting the Carathéodory parametrization cy = %1 + %
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2
1

F+% (+pd

— 2 — —
43— Ha2 1 16
_d or (L+p)ed
8 8 16
23 (pd | on
16 8
_ (A —pef | oz
16 8"
Writing ¢; = se® :
1—p)s?e* oz
as — ,uag = ( 2 Y (43)

16 8"

Comparing with the EV formula (29): the second term %* is identical, but the first term has (1 — )
instead of (—u). This substitution p — p — 1 is the effect of by = 1 # 0.
Taking moduli with ¢t = |z| <1 and 7 := s* € [0,4] :

1—plr (4-
16 + 8

1 1—p|—2
L, or(i-pl-2)

7)
— PP (1) =
(1) =3 16

|ag — pa3| < |

Case |1—p| <2 (i.e. € [-1,3]). The coefficient % <0, so ®*P is non-increasing in 7. Maximum
at7=0:

1
PP(0) = ..

Extremal: s =0, |z| = 1, i.e. wo(z) = x22

Case |1 — p| > 2 (i.e. p < —1or >3 ). The coefficient is positive; maximum at 7 =4 :

A1 —p| 11— pl
exp = =
PUP() = 0+ -

Extremal: s =2, i.e. wo(z) = e 2.
Conclusion. |ag — paj| < max (%, ‘11’4 ), with threshold at |1 — u| = 2.

4.3 Structural comparison

Remark 4.3. (i) For |u| < 2, both classes yield the same bound % at the same extremal wy = z2. The
difference emerges at © = 3 : the even-vanishing classes produce a larger bound ( % VS. % ) because the
pure % structure of a3 allows the pa? term to contribute an independent additive correction at s = 2. In
the exponential class, the 521@:9 term in a3 partially absorbs the pa3 contribution (both are proportional
to ¢? ), reducing the overall magnitude.

1 [1—p
20 4

(ii) The formula (42) can be written as max( ), obtained from the evenvanishing formula

max (%, %) by the substitution u — p — 1. This shift is traced directly to the non-zero by : the

2
term bow? = %1 in By changes the c?

2
coefficient in ag from < (even-vanishing) to T (exponential), which is equivalent to subtracting 7& = a3
from the Fekete-Szegon functional.

(iii) While the global extremals in Table 2 are still pure-power (w = z or w = 2% ), the coupling (41)
between s and x in the exponential class means that at fixed intermediate s

Table 2: Fekete-Szegé bounds: even-vanishing vs. exponential.
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Even-vanishing ( b2 =0 ) | Exponential ( b =1/2)
" Bound | Extremal Bound | Extremal
0 1/2 w = 22 1/2 w = 22
1 1/2 w = z* 1/2 w = 2*
2 1/2 w = 22 1/2 w = 22
3 3/4 W=z 1/2 w= 22
4 1 w=z 3/4 w=z
5 5/4 w=z 1 w=z
Threshold || =2 [1—pl=2

— EV family: max(1/2, |u|/4)

L5 |- [--- €* class: max(1/2, [1—p[/4)
V| 1.25
w1
I 0.75
i :
e B s T LI 1/2
0.25 |- i
0
-1 0 1 uB=2 |1-Bl=2 4 5 6
Iz

Figure 1: Figure 1: Fekete-Szegd bounds as functions of . The even-vanishing family (solid) has threshold
|| = 2; the exponential class (dashed) has threshold |1 — u| = 2. The two

curves coincide for —1 < p < 2 and diverge at u = 3, where the EV bound is % and the exponential

bound is % This shift is traced to the non-zero by coefficient in ByP. the local extremal involves a
mixture of Schwarz modes. For instance, at (s, ) = (1,3) : a3 —3a3 = —% + 3% is maximised at x = —1
(giving ‘a3 — 3a§’ = % ), but the corresponding Schwarz function w(z) = 5 — % + .-+ has non-zero

coefficients at both z and z2.

5. Comparative Analysis
5.1 Master table
Table 3 collects the sharp bounds proved in Sections 3 and 4 alongside the sin z results of [30]; see

also [28, 2] for the classical half-plane Sakaguchi class and [27] for the shellshaped class.

Table 3: Sharp bounds across four Sakaguchi classes. Bold entries mark the first appearance of a differ-
ence.

1+sinz (bp=0) [ 1+sinhz (bp=0) [1+tanhz (bo=0) [ e (by = %) [ Same?
as 1/2 /2 /2 12 all
as 1/2 1/2 1/2 1/2 all
a4 1/4 1/4 1/4 1/4 all
[Ho(D)] 1/2 /2 1/2 /2 all
|H2(2)] 1/4 1/4 1/4 1/4 all
ag at w =z -1/24 1/24 -1/12 5/48 1no
laz — 3a3] 3/4 3/4 3/4 1/2 no
Extremal type | pure pure pure pure/mixed | no
as|,_ formula | % — % L - g—% L - g—% = no
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5.2 Three levels of universality

Layer 1: Full universality. The bounds |az| < 1,[as] < 3, |as| < 1, [Ha(1)| < 1, and |H2(2)| < 1 are
identical across all four classes-including the exponential class, which
lacks the even-vanishing property. All five are achieved at s = 0 or s = 2, where the bs-and bs-dependent
terms vanish; since by = 1 in all four classes, the endpoint values coincide.

Layer 2: Universality within the even-vanishing family. By Theorem 3.4, the FeketeSzegé bound

|a3 — ua§| < max (%, %) holds for every ¢ with by = 1 and b = 0, regardless of bs. This follows from

the bs-independence of az and a3 (Corollary 2.6).

Layer 3: Breakdown for by # 0. The exponential class produces the shifted bound max (%, |12“ I),

differing at p = 3 (value % vs. % ). At intermediate s, the local extremals involve mixed Schwarz modes:
at (s,x) = (1,1) the generating Schwarz function is w(z) = Z+2%+-- -, with non-zero components at both
z and z2. In the even-vanishing classes, the corresponding local extremal at s = 1 is w(z) = % + -
(effectively pure 2’2), because az = %* when by = 0, so only the parameter x is active.

5.3 Extremal Schwarz functions

Table 4: Extremal Schwarz functions for all bounds.

Sl

Functional sinz | sinhz | tanhz
|as| z
|as| z
|aa| z
z
z

@

NN W N
NN W N
NN W N

|Ha(1)|
[H>(2)|
ag at w=z | —55
|a3 — 3a%| z

S RIS RSN

Npe Ry v v @
Wlof By B

[\ o'd)

For ‘ag — Sa%’ (last row of Table 4), the three even-vanishing classes all produce the extremal wy = z
(a pure power at s = 2 ), whereas the exponential class produces wg = 2z (at s = 0 ). All global extremals
are still pure-power, but the exponential class picks wg = 22 (at s = 0 ) rather than wg = 2 (at s = 2 ).

6. Discussion and Open Problems

6.1 Concluding remarks

The evenness of g(z) = %ﬁw splits the Sakaguchi recurrence into even- k£ and oddk families.
Under (2) the subordination coefficient Bs reduces to byws, so the two
families receive nonlinear corrections from ¢ at distinct orders; at s = 0 or s = 2 only one Schwarz
mode survives, forcing a pure-power extremal. The exponential class ( by # 0) breaks this separation:
By acquires an extra byw? term that couples az to 1, shifting the Fekete-Szegé threshold from |u| = 2

to |1 — p| = 2. We expect the logarithmic Hankel determinant HQ(V)(l)HS] to exhibit the same bs-
independence within the even-vanishing family; its analysis is deferred to future work.

Remark 6.1 (Scope of the evidence). The five sharp bounds |az|, |as]|, |aa|,|H2(1)|, |H2(2)| coincide
across all four classes in Table 3, including the exponential class. This shared universality arises because
all five bounds are attained at s = 0 or s = 2, where by and b3 play no role. The even-vanishing property
manifests only in the Fekete-Szegd threshold ( |u| = 2 versus |1 — u| = 2 ) and in the specific value
asly,_, = %. Theorem 3.9 and Remark 3.10 show that the divergence is not merely structural: the sharp
bound |as| < % for e* exceeds the numerical bounds for all three even-vanishing classes. Moreover, the
even-vanishing bounds appear to depend on bs-the first such dependence in our study.
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6.2 Open problems

(1) General proof of Conjecture 1.1. Can one show, for every ¢ satisfying (2) with b; = 1, that
max |ag| over S¥(ip) is attained by wg(z) = 2¥~! (or 2¥72 )? The numerical evidence in Remark 3.10
suggests that the conjecture holds for sinz at k = 5 (pure-power extremal wg = 2* ) but may fail for
sinh z and tanh z (mixed extremals). A refined version might assert pure-power extremals only when the
sign of bs ensures that the s > 0 contribution in (31) is non-positive.

(2) Higher Hankel determinants. Does the pure-power extremal pattern persist for |[H3(1)| in S§(1+sinh z)
and S%(1+tanhz) ? Recent work on higher Hankel determinants for related classes [35, 36] suggests that
new techniques may be needed. The computation for S§(1+sin z) in [30] required a delicate perturbation-
compactness argument (similar in spirit to [15, 16, 17]); extending it to the sinh z and tanh z classes would
further test the conjecture.

(3) The role of b;. All four classes considered here have b; = 1. What happens for b; # 1 ? For instance,
©(z) = 1+2sin z has by = 2,bs = 0 : the even-vanishing property holds but the coefficient formulas scale
differently. Does the pure-power pattern survive?

(4) Generalized Sakaguchi classes. Replace f(z) — f(—z) by f(z) — f(Az) for |A] =1, A # 1 ??. The
classical case A = —1 produces the even function g; other roots of unity produce different symmetry
constraints. Is there an analogue of the even vanishing condition for these generalized classes?
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