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ABSTRACT: In this paper, we undertake a detail study of Fermatean Neutrosophic generalized M-closed func-
tions and Fermatean Neutrosophic generalized M-homeomorphisms by employing the framework of Fermatean
Neutrosophic generalized M-open sets within Fermatean Neutrosophic topological spaces. The investigation
not only introduces and formalizes these notions but also explores their fundamental characteristics, inter-
relationships, and behavior under various topological operations. Furthermore, several essential properties,
illustrative examples, and potential applications of these functions and mappings are presented to highlight
their significance in the broader development of Fermatean Neutrosophic topology.
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1. Introduction

In 1965, Zadeh [21] introduced the concept of fuzzy sets to model ambiguity and uncertainty in real-
world scenarios. Later, in 1986, Atanassov [1] extended this idea by proposing the concept of intuitionistic
fuzzy sets (ifs’s), which incorporated both membership and non-membership functions addressing a limi-
tation in Zadeh’s model that only considered the membership degree. However, in practical applications,
the sum of membership and non-membership degrees can exceed one, indicating a need for more flexible
models.

To address these challenges, Yager [20] introduced the Pythagorean fuzzy set (pfs), where the sum
of the squares of the membership and non-membership degrees is constrained to be less than or equal to
one. Building on this, Senapati and Yager [10] proposed the Fermatean fuzzy set (Ffs), where the cube
of the membership and non-membership degrees must sum to less than or equal to one. This extension
provides greater flexibility and enhances the capability of managing uncertainty, making Fermatean fuzzy
sets more efficient than ifs’s and pfs’s in decision-making and other real-life applications.

Smarandache [11] later introduced the concept of neutrosophic sets (NS’s), representing a major
advancement in the field of decision theory and beyond. Neutrosophic sets are built on the idea that any
concept inherently involves degrees of truth (T), indeterminacy (I), and falsity (F'). Unlike intuitionistic
fuzzy sets where membership and non-membership are dependent neutrosophic sets allow these three
components to be mutually independent, thereby offering greater modeling flexibility for incomplete,
inconsistent, and indeterminate information.

This independence makes neutrosophic sets a powerful tool for representing uncertainty in a wide
range of fields, including engineering, philosophy, economics, and information science. In particular, they
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support complex analyses involving both dependent and independent variables, contributing significantly
to decision-making and strategic planning.

To leverage the strengths of both Fermatean fuzzy sets and neutrosophic sets, the Fermatean neu-
trosophic set was developed. This hybrid framework effectively handles uncertainty, imprecision, and
indeterminacy in complex decision making contexts. For example, in evaluating a local restaurant,
Fermatean fuzzy theory is applied to assess the importance of attributes such as quality, naturalness,
freshness, taste, and presentation which are often subject to human hesitation and subjective judgment.
By incorporating neutrosophic principles, the model better captures the vagueness and uncertainty in
customer preferences.

The domain of local food service was chosen as a practical application due to the high degree of
uncertainty in consumer decision making uncertainty that neutrosophic sets can represent more accurately
than traditional methods.

From a topological perspective, Vadivel et al. [13] introduced the notion of d-open sets within neu-
trosophic topological spaces. Prior to this, in 2008, Ekici [4] introduced e-open sets in general topology.
Building on this foundation, Seenivasan et al. [9] in 2014 developed the concept of fuzzy e-open sets and
their corresponding fuzzy e-continuity. Later, Vadivel et al. [3] extended these ideas into the realm of
intuitionistic fuzzy topological spaces. Vadivel and his collaborators [14,5] have significantly contributed
to the development of neutrosophic topology by investigating various classes of M-open sets in neutro-
sophic nano topological spaces as well as in neutrosophic soft topological spaces. More recently, their
research has been extended to Fermatean neutrosophic settings, where they examined different types of
open sets in Fermatean topological spaces [15,16,17], thereby advancing the theoretical foundations of
both fuzzy and neutrosophic topology.

The primary purpose of this paper is to present a comprehensive discussion on Fermatean Neutrosophic
generalized M-closed functions (Mcf) and Fermatean Neutrosophic generalized M-homeomorphisms (M-
Hom) within the framework of Fermatean Neutrosophic generalized M-open sets. By employing these
sets as the foundational tool, we systematically develop and analyze the structure of such functions and
mappings, highlighting their role in extending classical topological concepts into the Fermatean Neutro-
sophic environment. In addition, the study aims to establish their essential properties, interconnections,
and theoretical importance in the context of Fermatean Neutrosophic topological spaces.

2. Preliminaries

Definition 2.1 [10] Let X be a universe of discourse. A Fermatean fuzzy set (FFs) F in X is
an object having the form F = {< z,ap(z),Br(x) >: © € X} where ap(z) : X — [0,1] and
Br(x) : X — [0, 1], including the condition 0 < (ap(z))*+(Br(x))® < 1, for all z € X. The numbers
arp(z) and Br(x) denote, respectively, the degree of membership and the degree of non-membership
of the element x in the set F. For any §Fs F and z € X, np(z) = /1 — [(ap(z))® — (Br(z))?] is
identified as the degree of indeterminacy of = to F. In the interest of simplicity, we shall mention
the symbol F' = (ap, BFr) for the §Fs F = {< z,ap(x), fr(z) >z € X}.

Definition 2.2 [8] Let X be a non-empty set. A neutrosophic set (briefly, Ns) L is an object having
the form L = {(x, pur(x),vr(z),on(x)) : © € X} where puy, — [0, 1] denote the degree of membership
function, v;, — [0,1] denote the degree of indeterminacy function and o — [0, 1] denote the
degree of non-membership function respectively of each element xz € X to the set L and 0 <
pur(x) +vp(x) + orn(z) <3 for each z € X.

Definition 2.3 [7] A neutrosophic topology (briefly, Nt) on a non-empty set X is a family 7 of
neutrosophic subsets of X satisfying
(1) On, Iy € TN-
(11) LiN Ly €71y forany Ly, Ly € Tn.
(iii)) U Lo €7n,V Lg:a€ AC Ty.
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Then (X, 7y) is called a neutrosophic topological space (briefly, Nts) in X. The 7y elements are
called neutrosophic open sets (briefly, Nos) in X. A Ns C is called a neutrosophic closed sets
(briefly, Nes) iff its complement C° is Nos.

Definition 2.4 [12] Let X be a non-empty set. A Fermatean neutrosophic set (briefly, §1s) L is an
object having the form L = {(z, ur(z), v (z),or(x)) : @ € X} where uy, — [0, 1] denote the degree of
membership function, vy, — [0, 1] denote the degree of indeterminacy function and oz, — [0, 1] denote
the degree of non-membership function respectively of each element € X to the set L such that
0 < (2 (@))* + (o2 (2))* < 1 and 0 < (5 (2))® < 1. Then 0 < (up(2))? + (vi(2)? + (01 (2))? < 2
for all z € X. Here pur(x) and or(z) are dependent components and vz (x) is an independent
component.

The definitions of 1zn and Oz that will be needed before proceeding to set operations will be given.

In [7], possible definitions of 1zn and Oz, neutrosophic sets are given. In this paper, the theory will

be constructed by defining Oy and 1y Fermatean neutrosophic sets in a single way. Oz, and 1zn are

defined as Ogm = {(2,0,0,1) : # € X} and 1zm = {(2,1,1,0) : = € X} Now, the union, intersection
and complement definitions necessary for the definition of the topological space will be given. These
definitions are given in several different ways in classical neutrosophic spaces in [2]; to avoid confusion
here, only one method will be given for sets with Fermatean structure, and this method is different from
the method chosen in [7].

Definition 2.5 [12] Let X be a non-empty set & the FNMs’'s L & M in the form
L={{z,pr(@),ve(z),00(2)) : v € X}, M = {{z, uns(2), vm(2), o0s(2)) : @ € X}, then
(1) Ogm = <5L‘,0,07 1> and 139’{ = <£L‘, 1, 1,0>,
(ii) LC M iff pr(z) < pp(x), ve(z) <vy(z) & op(z) > op(z) iz € X,
(iii) L =M iff L C M and M C L,
(iv) 1gm — L = {{z,on(x),1zgm —vr(x),ur(x)) : x € X} = L° or C(L),
(v) LUM = {{x,max(pr(z), par(x)), max(vr (x), var(x)), min(op (z), op (2))) : x € X},
(Vi) LnM= {<.Z‘, min(/"L(x)a,uJ\/[(‘r))amin(VL(x)v UM(.Q?)),maX(O'L(.’L‘), 0'1»[(.%‘))) HEES X}
Definition 2.6 [12] Let
A={{z,Ta(z),Ia(z), Fa(z)): 2 € X}, B={{z,Tp(x),Ip(z),Fp(z)): 2 X}
be two Fermatean Neutrosophic Sets (§91s’s) on a universe X, where for all z € X,
Ta(z), 1a(x), Fa(x), Tp(z), I5(z), Fp(z) € [0,1]
and T3(z)+ I5(x) + Fi(z) <1, To(x) + IH(x) + Fp(x) < 1.
Then the difference of A and B, denoted by A — B, is defined as a new §91s C, where for each
rz e X,
C(z) = A(z) — B(z) = (z, Te(x), Ic(z), Fo(z))

with:

To(x) ax(0, Ta(x) — Tp(x)),
Io(x) ax(1l, Ia(z) + Ip(x)),
Fo(z) = min(1, Fa(z)+ Tr(x)).

=m
=1m

To ensure that the Fermatean condition is preserved, if
T2 (x) + I3 (x) + Fa(x) > 1,
we normalize the components as follows:

Tw) = 190 gy = 100 gy = Tl

where
M = (T3 (x) + I3 (x) + Fa(a)°.
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Definition 2.7 [6] A Fermatean neutrosophic topology (briefly, §9) on a non-empty set X is a
family 7z, of Fermatean neutrosophic subsets of X satisfying

(i) Ogm, 1gm € T5m,
(11) LiNLy € TN for any Ly, Lo € TN,
(111) U L, € TN, V L,:a€ AC TEN-
Then (X, 7zm) is called a Fermatean neutrosophic topological space (briefly, §0ts) in X. The 75m

elements are called Fermatean neutrosophic open sets (briefly, §os) in X. A §1s C is called a
Fermatean neutrosophic closed sets (briefly, Flcs) iff its complement C° is FNos.

Definition 2.8 [6] Let (X, 7zn) be §NMts on X and L be an §)s on X, then the Fermatean neu-
trosophic interior of L (briefly, FNint(L)) and the Fermatean neutrosophic closure of L (briefly,
FNcl(L)) are defined as

FNint(L) = J{I: 1 C L & I is a §Nos in X}

FNU(L) = ({I: L CI&Iisag§Nesin X}.

Theorem 2.1 [6] Let L be an s on X. In this case, the following four properties hold:
(i) §Ncl(L) is a closed Fermatean neutrosophic set,

(it) FNcl(lzm) = lgm, §Nel(0zon) = Ogm,

(11i) §Nint(L) is an open Fermatean neutrosophic set.

(iv) FNint(lzm) = lzm, §Nint(0zn) = Ozm

Lemma 2.1 [6] For any Fermatean neutrosophic set A in (X,7gm), we  have
C(FNint(A)) = FNc(C(A)) and C(FNcl(A)) = §Nint(C(A)). Here C(A) or A denotes complement
of A.

Definition 2.9 [19] Let (X, 75m) be an s and A be an §)s. Then A is said to be an Fermatean
neutrosophic (i) regular open set (FNros in short) if A = FNint(FNcl(A)). (ii) regular closed set
(FMres in short) if A = FNel(FNint(A)). By Lemma 2.1, it follows that A is an §Nros iff A is an
$Nres.

Definition 2.10 [19] Let (X, 75m) be an §9ts and A = {< a, pa(a),va(a),c4(a) > |a € X} be an
$NMs in X. Then the d-interior and the d-closure of A are denoted by F9dint(A) and §Ndcl(A) and
are defined as follows. §Mdint(4) = U{G|G is an FNros and G C A}, FNocl(A) = N{K|K is an
FNres and A C K}

Definition 2.11 [19] Let (X, 75m) be an §Mts and A = {< a,pa(a),va(a),04(a) > |a € X} be an
FNs in X. A set A is said to be N
(i) 0-open set (briefly, §Mdos) if A = FNoint(A),
(ii) d-pre open set (briefly, §6Pos) if A C FNint(FNocl(A)).
(iii) d-semi open set (briefly, §90Sos) if A C FNcl(FNdint(A)).
(iv) o (resp. d-pre and d-semi ) dense if FNIcl(A) (resp. FNIPcl(A), and FNIScl(A))= 1zm.

The complement of an §Mdos (resp. FINOPos and FNoSos) is called an FNI (resp. FNOP and FNIS)
closed set (briefly, §dcs (resp. FNoPes and FNIScs)) in X.

The family of all FNdos (resp. FNocs, FNOPos, FNoPcs, FNISos and FNoScs) of X is denoted by
FNSOS(X), (resp. FNGCS(X), FNTPOS(X), FNTPCS(X),FNSSOS(X) and FNISCS(X) ).
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Definition 2.12 [19] Let (X, 7z5m) be an §Nts and A = {< a,pa(a),va(a),ca(a) > |a € X} be
an §9s in X. Then the §I0 (resp. FMNo-pre and FIo-semi)-interior and the FIJG (resp. FNo-pre
and §M6-semi)-closure of A are denoted by FIdint(A) (resp. FNIPint(A), FNISint(A) and the
FNGcl(A) (resp. FNIPcl(A) and FNOScl(A)) and are defined as follows:

FNint(A) (resp. FNIPint(A) and FNoSint(A)) = U{G|G in a FNdos (resp. FNoPos and FNoSos)
and G C A} and §NIcl(A) (resp. FNOPcl(A) and FNIScl(A)) = N{K|K is an FNcs (resp.
FNoPes and FNIScs) and A C K}

3. Fermatean Neutrosophic Generalized M-Closed Functions

In this section, we study the concepts of Fermatean neutrosophic generalized (resp. 6, S, §P and
M)-closed functions and some of their basic properties.

Definition 3.1 Let (X, 7zn) be a s and S be a §Ns in X. A set S is said to be §N
(i) O-interior of S (briefly, FN0int(S)) is defined by
FNGint(S) = U{SNint(T): T C S & T is a FNes in X}
(ii) @-open set (briefly, §00os) if S = FNOint(S).
(iii) € -semi open set (briefly, §00Sos) if S C FNcl(FNOint(S)).
(iv) M-open set (briefly, §0Mos) if S C FNcl(FNOint(S)) U FNint(FNocl(S)).

The complement of a FNMos (resp. FNbos & FNOSos) is called an FNM (resp. FNO & FNOS) closed
set (briefly, NMMecs (resp. FNbes & FINOScs)) in X.

The family of all §9os (resp. FNOcs, FNOSos, FNOScs, FNMos and FNMces) of X is denoted by
FNIOS(X) (resp. FNOCS(X), FNISOS(X), FNOSCS(X), FNMOS(X) and FNMCS(X)).

Definition 3.2 Let (X, 7zm) be a §9ts and S be a §9s in X. Then the

(i) §MM-interior (resp. FMNO-interior and FINP-semi interior) of S (briefly, FNMint(S) (resp.
FNOint(S), FNO Sint(S)) is defined by FNMint(S) (resp. §NMOint(S) and FNOSint(S)) =
U{T : T C S and T is a FNMos (resp. FIos and FNOSos) in X }.

(ii) FIM-closure (resp. FNO-closure and FNP-semi closure) of S (briefly, FNMcl(S) (resp. FNOcl(S)
& FNOScl(S)) is defined by FNMcl(S) (resp. FNO(S) and FNOScL(S)) =nN{T : S C T and
T is a §NMMcs (resp. NMbcs and FNOScs) in X }.

Definition 3.3 Let (X, 75n) be an §Jts and K be an §s. Then K is said to be an Fermatean
neutrosophic generalized

(i) closed, (briefly, §9gc) set if FNcl(K) CV whenever K C V and V is o in X,
(ii) @-closed, (briefly, §9gbc) set if FNOcl(K) C V whenever K C V and V is §o in X,

) 6S-closed, (briefly, §9g0Sc) set if FNOScl(K) C V whenever K C V and V is §o in X,
(iv) 0P-closed, (briefly, §NgdPc) set if FNOPcl(K) C V whenever K C V and V is o in X,
(v) M-closed, (briefly, §MgMec) set if FNMcl(K) CV whenever K C V and V is §o in X.

The collection of all §Nge (resp. §Ngbe, FNghSc, FNgdPc and FNgMc) sets of X is denoted by
FNGC(X) (resp. FNGOC(X), FNGISC(X), FNGIPC(X) and FNGMC(X)).

(iii

Definition 3.4 Let (X, 75m) be an §Mts and K be an §Is. Then the Fermatean neutrosophic
generalized (resp. 6, 6S, 6P and M)-closure of K is the intersection of all §Mgc (resp. FNgbc,
FNgOSc, FNgdPc and FNgMc) sets containing K and denoted by FNgcl(K) (resp. §Ngbcl(K),
FNGISCl(K), NgéPcl(K) and §NgMcl(K)).

Definition 3.5 A map f : (X, 7zm) — (Y, ozm) is called Fermatean neutrosophic generalized
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(i) continuous (briefly, §0MgCts) if the inverse image of every Fcs in (Y, ozm) is a FNges in
(X, 73m),
(ii) @-continuous (briefly, FMgdCts) if the inverse image of every Fes in (Y, ozm) is a FIghcs in
(X7 TSm)a
(iii) 6S-continuous (briefly, FNgOSCts) if the inverse image of every Fes in (Y, ozm) is a FNghScs
in (X’ T@‘ﬁ)v
(iv) dP-continuous (briefly, gdPCts) if the inverse image of every §Mcs in (Y, ogm) is a FNgdPces
in (X, 5m),

(v) M-continuous (briefly, §9tgM Cts) if the inverse image of every §cs in (Y, ozm) is a §NgMecs
in (X, Tgm).

Definition 3.6 A map f : (X, 7zm) — (Y, 0zm) is called Fermatean neutrosophic generalized

(i) closed function (briefly, §0Mgcf) if the image of every §es in (X, 73m) is a §Nges in (Y, ozm),

(ii) @-closed function (briefly, §Ngfcf) if the image of every §es in (X, 75m) is a §MNgbes in
(Y, o5m),

(iii) #S-closed function (briefly, §MgdScf) if the image of every §cs in (X, 73m) is a FNghScs in
(Y, o5m),

(iv) dP-closed function (briefly, §0gdPcf) if the image of every §ics in (X, 73m) is a FNgdPes in
(Y, o5m),

(v) M-closed function (briefly, 0MgMecf) if the image of every FNcs in (X, 7z;m) is a §NgMes in
(Y, ngm) .

Theorem 3.1 Let f: (X, 75m) — (Y,05m) be a mapping. Then
(i) Every §Ngbcf is §Ngcf,

(i1) Every §Ngbcf is FNgdPcf,

(iii) Every FNgbcf is FNgOScf,

(iv) Every §NgdPcf is FNgMef,
(v) Buvery 3NgdScS is FNgMef.

But the converse does not true.

Proof: We prove only (iv) and (v), the others are similar.

(iv) Let X be a §cs in X. Since f is §NgoPcf, f(N) is a §NgdPes in Y. Since every §NgoPcs is a
FNgMes, f(N) is a FNgMes in Y. Hence f is a §NgMecf.

(v) Let A be a §9cs in X. Since f is §NgdScf, f(N) is a FNghScs in Y. Since every FNghScs is a
SNgMes, f(N) is a FNgMes in Y. Hence f is a FNgMef.
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Remark 3.1 The implication diagram is obtained and none of the implications in the diagram are re-
versible as seen from the example.

$Ngcf

|

§Ngbcf

TN

$NgdPcf INgHScf

o~

$NgMecf
Note: A — B denotes A implies B, but not conversely.

Example 3.1 Let X =Y = {a,b} and the §Ns’s A1, Az and As are defined as
Ha, (a) =038, Va, (a) =0.8, 0A, ((1) =0.1,

HA, (b) = 09; 7. (b) = 087 OA, (b) =0.2
ta,(a) =0.6, va,(a) =0.7, 04,(a) =0.2,
HA, (b) = 0.5, VA, (b) = 0.7, T A,y (b) = 0.6;
pag(a) =0.1, va,(a) =0.2, 04,(a) =0.7,

HAs (b) = 0.2, VAg (b) = 0.3, TAs (b) =0.8.

Let tzm = ozm = {Ozm, lgm, A1, A2, Az} be a Nts on X. Let f: (X, 75m) — (Y,ozm) be an
identity mapping, then f is (i) $Ngcf but not FNgOcf, the set A is a FNes in X but f(AS) is not
$Ngbcs in'Y, (it) FNgMcf but not FNgOScf, the set AS is a FNes in X but f(AS) is not FNgOScs in
Y, (iit) NgoPcf but not FNgOcf, the set A is a FNes in X but f(A]) is not FNgbes in Y.

Example 3.2 Let X =Y = {a,b} and the §Ns’s A1, Az and As are defined as
pa,(a) =0.8, va,(a) =0.8, o4,(a) =0.1,
) =0.9, va,(b) =0.8, 04,(b) =0.2;
a) = 0.6, va,(a) =0.7, 0a4,(a) =0.2,
b) = 0.5, VA, (b) = 0.7, T A, (b) = 0.6;
a) =0.1, va,(a) =0.2, oa,(a) =0.7,
HAs b) = 0.2, VAg (b) = 0.3, T As (b) = 0.8.
Let ozm = {Ogm, lgm, A1, Ag, Ag}, M = {Ogm, lzm, Al} be a §Nts on X. Let f: (X, Tgm) —
(Y,o5m) be an identity mapping, then f is FNgOScf but not FNglcf, the set AS is a FNes in X but
f(AS) is not §Ngbes in Y.

Example 3.3 Let X =Y = {a,b} and the §Ns’s A1, As, As and Ay are defined as
ta,(a) =08, va,(a) =0.8, 04,(a) =0.1,

HA, (b) = 0.9, VA, (b) = 0.8, TA, (b) = 0.2;
ta,(a) =0.6, va,(a) =0.7, 04,(a) =0.2,
pa,(b) = 0.5, va,(b) =0.7, 04,(b) =0.6;
pag(a) =0.1, va,(a) =0.2, ga,(a) =0.7,
HAs (b) = 0.2, VAg (b) = 0.3, TAs (b) = 0.8;
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paga) =02, va,(a) = 0.3, ga,(a) = 0.6,
,uA4(b) = 0.6, VA4(b) = 0.3, JA4(b) = 0.5.

Let azn = {Ogm, 139’{7 Al7 A27 Ag}, N = {Ogm, 139’{7 A4} be a &‘)Tts on X. Let f : (X, Tgf_)’t) —
(Y,o3m) be an identity mapping, then f is NgMecf but not FNgdPcf, the set A5 is a FNes in X but
f(AS) is not §NgdPcs in Y.

Theorem 3.2 A map f: (X, m5m) — (Y,o05m) is NgMcf iff the image of each FNos in X is FNgMos
mY.

Proof: Let A be a §os in X. This implies A is §Ncs in X. Since f is FNgMcf, f(N\°) is FNgMes in
Y. Since f(A°) = (f(N))°, f(N) is a FNgMos in Y.

Conversely, let A be a §Mos in X. Then A\ is a Fles in X. By hypothesis f(A°) is FNgMes in
Y. Since f(X°) = (f(N)5, (f(\))° is a FNgMes in Y. Therefore f()) is a §9gMos in Y. Hence f is
SNgMcf. O

Theorem 3.3 A function [ : (X, 7zm) = (Y,o05m) is a $NgMcf iff SNgMcl(f(N)) C f(FNcl(N)) for
every §Ns A in X.

Proof: Suppose f is §MgMc and A C 1zn. Then f(FNcl(N)) is FNgMcin Y. Since f(A) C f(FNcl(N)),

we get FNgMeclf(N) C FNgMeclf(FNcl(N)) = f(FNel(N)). Hence FNgMcl(f(N)) C fF(FNel(N)).
Conversely, let p is any §9c set in X. Then §Ncl(p) = p. Therefore f(u) = f(FNel(n)). By
hypothesis §NgMeclf () C f(FNel(pn)) = f(p), implies FNgMeclf(1) C f(p). But f(u) € FNgMelf(p)
is always true. This shows §0NgMclf(u) = f(n). Therefore f(u) is §NgMcin Y and hence f is FNgMecf.
O

Theorem 3.4 If f is §NgMcf, then f(FNint(w)) C FNgMint(f(u)), for all FNes p in X.

Proof: If f is §0gMecf and pu € 1zom. §Nint(p) is FNo in X and hence, f(FNint(w)) is §NgMo in Y.
Therefore §NgMint (f(FNgMint(w))) = f(FNint(w)). Also, FNint(u) C u, implies that f(FNint(un)) C
f(n). Therefore NgMint (f(FNint(n))) C FNgMint(f(p)). That is f(FNint(n)) C FNgMint (f(1)).

Conversely, let f(FNint(n)) C §NgMint(f(u)) for all subset p of X. If p is Mo in X, then
FNint(u) = p. By assumption, f(FNint(n)) C FNgMint(f(p)). Thus f(u) C FNgMint(f(u)). But
SNgMint(f(n)) C f(u). Therefore FNgMint(f(n)) = f(u). That is, f(p) is §NgMo in Y, for all FNos
w in X. Therefore f is §9gMcf on Y. |

Remark 3.2 If f is §NgMcf, then FNgMint(f(u)) is not necessarily equal to f(FMint(n)) where p in
X.

Example 3.4 In Ezample 3.1, [ is a §NgMecf. Let n = A§. Then f(FNint(n)) = Ozm. But
SNgMint(f(n)) = As. Thus f(FNint(n)) # INgMint(f(n)).

Remark 3.3 The composition of two §NgMcf functions need not be FNgMcf as seen from the following
example.

Example 3.5 Let X =Y = Z = {a,b} and the §Ns’s A1, As, As, Ay, By, Ba, Bs, By and Cy are
defined as

pa, (@) =0.2, va,(a) =0.5, oa,(a) =0.8,
Ay (b) =0 4; VA, (b) = 057 OA, (b) = 0.6;
pa,(a) =0.1, va,(a) =0.5, 04,(a) =0.9,
KA, (b) =0 3, VA, (b) = 0.5, T A,y (b) =0 7,
pag(a) =0.9, va,(a) =0.5, 0a,(a) =0.1,
HAs (b) = 0.7, VAg (b) = 0.5, TAs (b) =0 3,
HA, (a) = 027 VA, (a) - 053 OAy (a) =0 87



GENERALIZED M-CLOSED FUNCTIONS AND HOMEOMORPHISMS IN FERMATEAN... 9

HA, (b) = 03; VA, (b) = 057 OAy (b) =0.7;
up, (a) =0.6, vp, (a) =0.5, op,(a) =04,
KnB, (b) = 0.5, VB, (b) = 0.5, 0B, (b = 0.5;
B, (a) =04, vp,(a) =0.5, op,(a) = 0.6,
1, (b) = 0.4, vp, (b) = 0.5, op,(b) = 0.6;
By (a) = 0.3, vp,(a) =0.5, op,(a) =0.7,
e, (b) =04, vp,(b) =0.5, op,(b) = 0.6;
g, (a) =0.6, vp,(a) =0.5, op,(a) =04,
,U,B4<b) = 0.6, VB4(b> = 0.5, 0'34(b =0 4,
pe, (a) = 0.8, ve, (a) = 0.5, o¢,(a) =0.2,

Then we have n {Ogm,Al,Ag,Ag,AAL,lgm}, azm = {Ogm,Bl,BQ,Bg,B4,1gm} and
ngm = {Ogm, C1, 1gm}. Then, the identity mappings [ : (X, ngm) = (Y,ozm) and g : (Y,05m) = (Z,75m)
are FNgMecf but the composition f o g is not FNgMecf, the set C§ is FNe in X but (f o g)(C§) = C¥ is
not §NgMecs in Z.

Theorem 3.5 A function [ : (X,7x) = (Y,0v) is FNgMcf iff for each FNs S of Y and for each FNo
set G in Tx containing f~=1(S), there exists a FNgMo set H of oy such that S C H and f~'(H) C G.

Proof: Let S C 1y be a Mo set of 1x containing f~1(S). Let f be a NgMcf and 1x — G is FNes
in 1x, therefore f(1x — G) is a §NgMec set in 1y. Then take H = 1y — f(1x — G), implies H = f(G)
where H is §0MgMo set in 1y. Since f~1(S) C G, S C f(G), S C H. Therefore f(1x —G) =1y — H =
flx —G)Cly —Sand f7Y(H)C f'(1y - f(lx —GQ)) C1x — (1x — G) = G. Thus H is §NgMo set
in 1y such that S C H and f~'(H) C G.

Conversely, let G be a §NMc set in 1x, then 1x — G is a FNo set in 1x. Take S = 1y — f(G) be a FNs
of 1y, f71(S) = f~Y(1y — f(Q)) C 1x — G. By hypothesis, there is a §)NgMo set H of 1y such that
ly — f(G) C H and f~'(H) C 1x — G. Therefore 1y — H C f(G) C f(1x — f~*(H)) C 1y — H, that is
f(G) =1y — H. Since H is §MgMo set in 1y and so f(G) is §NgMcs in 1y. Hence f is §NgMecf. O

Theorem 3.6 If f: (X,7x) — (Y,0v) is a NgMcf, then for each §Nc set K of 1y and each FNo set
G of 1x containing f~Y(K), there exists H € SNGMO(Y) containing K such that f~1(H) C G.

Proof: Suppose f is §NgMcf. Let K be any §9c set of 1y and G is a §o set in 1x containing
f71(K). By Theorem 3.5, there exists a §0gMo set F of 1y such that K C F and f~}(F) C G. Since
K is §c and F is a §NgMo set containing K, then K C §NgMint(F). Put H = FNgMint(F'), then
K CHeFNGMO(Y) and f~*(H) C G. O

Theorem 3.7 Let f: (X, 7zm) — (Y,o5m) and g : (Y,o5m) — (Z,vzm) be any two functions. If f is a
$Nef and g is TNgMecf functions, then fo g is $NgMcf.

Proof: Let A be any §Mc set in X. As fis N Cf, f(A) is §Nc in Y. Since g is FNgMcf, implies
flgN) = (fog)(N)is §NgMc in Z. Therefore f o g is §NgMcf. O

Theorem 3.8 Let f: (X, 75m) = (Y,o3m) and g : (Y,03m) — (Z,vzm) be any two functions such that
gof: (X,mgm) = (Z,vgm) be a NgMecf. Then following results hold.

(i) If f is INCts surjection, then g is a FNgMecf.

(ii) If g is SNgMIrr and injective, then f is a FNgMecf.
Proof: (i) Suppose \ is a )¢ set in Y. Since f is a FNCts function, f~1(N\) is a FNe set in X.
Therefore, (go f)(f~1(N\)) = g(\) is a FNgMec set in Z. Hence g is a FNgMecf.

(ii) Suppose A is §9e set in X. Then (go f)(\) is a FNgMe set in Z. Since g is a F9gM Irr function,
implies g~ 1((go f)(\)) = f(\) is a FNgMc set in Y. Hence f is a FNgMcf. O
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Definition 3.7 A function f : (X, 75m) — (Y, 05m) is Fermatean neutrosophic generalized M* closed
function (briefly, §MgM*cf), if for each FNMec set A of X, the set f(A) is FNgMc set in Y.

Theorem 3.9 A function [ : (X,75m) — (Y,ozm) is $NgM*cf, iff f(A) is FNgMo in Y for every
FNMo set X in X.

Proof: The proof is similar in the Theorem 3.2. O

Theorem 3.10 If f : (X,75m) — (Y,03m) is NgM* Cts and FNcf and K is FNgMos in Y, then
fFUK) is a NgMo set in X.

Proof: Let K be §gMo set in Y and F be a §Mcs in X such that F C f~}(K), then f(F) C
K. Since f is §Ncf, implies f(F) is §Mc in Y. Since K is §NgMo set in Y, implies f(F) C
SNMint(K), This implies F C f~1(FNMint(K)). Since f is FNgM* Cts and gNMint(K) is FNMo
set in Y, frHENMint(K)) is §NMMo set in X. Therefore F C FNgMint(f~(FNMint(K))) C
fAENMint(K)) € §NMint(f~1(K)). Thus F C NMint(f~(K)). This shows that f~!1(K) is
$NgMo set in Y. O

Corollary 3.1 If f : (X,13m) — (Y,o3m) is NgM* Cts and FNof and K is NgMes in'Y, then
fFUK) is a SNgMc set in X.

Theorem 3.11 If f : (X, 75m) — (Y,o05m) is 3NgM*Cts and FNef and g : (Y,o5m) — (Z,nzm) is
FNgM™* Cts, then go f: (X, mzm) = (Z,ngm) is NgM*Cts.

Proof: Suppose F is a §0Mc in Z. As g is §NgM*Cts, implies g~ 1(F) is §NgMc in Y. Now f is
FNgM*Cts and FNef, f~Hg H(F)) = (go f)~1(F) is gNgMc in X. Therefore go f is a FNgM* Cts
function. O

Theorem 3.12 A function [ : (X,m5m) — (Y,o5m) is $NgM*c iff for each subset S of Y and for
each INMo set G in X containing f~1(S), there exists a FNgMo set H of Y such that S C H and
f~YH)Ca.

Proof: The proof is similar to Theorem 3.5. |

Theorem 3.13 If f : (X, m5m) — (Y,o3m) is 3NgM*c then for each FNc set K of Y and each G €
SNMO(X) of X containing f~1(K), there exists H € FNMO(Y) containing K such that f~1(H) C G.

Proof: The proof is similar to Theorem 3.6. |

Theorem 3.14 If f is NCts and FNgM*cf then f(H) is FNgMc set in' Y for each FNgMec set H in
X.

Proof: Let f be a §NCts and FNgM*cf from §Nts (X, 73m) to (Y,o05m). Suppose H is any §NgMc
set of X and G is Mo set of Y containing f(H). This implies H C f~(G), which is Mo in X,
since f is N Cts. Therefore FNMcl(H) C f~1(G) and hence f(FNMcl(H)) C G. Since f is
FNgM*c and FNMcl(H) € FNMC(X) implies f(FNMcl(H)) is FNgMe set contained in G. There-
fore FNMecl(f(FNMcl(H))) € G. Thus FNMcl(f(H)) C INMcl(f(FNMcl(H))) € G. Therefore
SNMcl(f(H)) € G. This shows that f(H) is §NgMcin Y. O

Theorem 3.15 Let f : (X, m5m) = (Y,o3m) and g : (Y,05m) — (Z,nzm) be any two functions. Then
go f: (X, msm) = (Z,ngm) is a TNgM*cf if f and g satisfy any one of the following conditions.



GENERALIZED M-CLOSED FUNCTIONS AND HOMEOMORPHISMS IN FERMATEAN... 11
(i) [ is NgM*c and g is a FNCts, FNgM*cf.

(ii) [ is §NgM*c and g is a N Cts, FNMcf.

Proof: (i) Suppose F is a F0NMec set in X. Since f is a §NgM*cf, f(F) is a FNgMec set in Y. Since
g is IN Cts, FNgM*cf, by Theorem 3.14, g(f(F)) = (go f)(F) is a FNMc set in Z. Hence go f is a
SNgM*cf.

(ii) Suppose F' is a §NMMc set in X. Since f is a §NgM*cf, f(F) is a FNgMc set in Y. Since g is
SNCts, FNgMecf, g(f(F)) = (go f)(F) is a FNMe set in Z. Hence go f is a FNgM*cf. O

Theorem 3.16 Let f : (X, 7zm) = (Y,o5m) and g : (Y,05m) = (Z,nzm) be any two functions such that
go f: (X, m5m) = (Z,mzm) be a §NgMcf. Then following results hold.

(i) If f is SNM Irr surjection, then g is a FNgM*cf.
(i) If [ is INMCts surjection, then g is a FNgM*cf.

(iii) If g is NgMIrr and injective, then [ is a FNgM*cf.

Proof: (i) Suppose F is a §91Mec set in Y. Since f is a MM Irr and surjective, f~1(F) is a FMNc set
in X. Since go f is a NgM*cf, implies (go f)(f~1(F)) = g(F) is a NgMec set in Z. Therefore g is a
SNgM*cf.
(ii) Suppose F is §Nc set in Y. Since f is MM Cts and surjective, f~1(F) is §9NMec in X. Now
go fisaFNgM*cf, implies (go f)(f~H(F)) = g(F) is a NgMec set in Z. Therefore g is a FNgM*cf.
(iii) Suppose F'is §Nc set in X. Now go f is a §NgM*cf, implies (g o f)(F) is a FINMec set in Z.
Since g is a §NgM Irr, implies g~((go f)(F)) = f(F) is a NgMc set in Y. Hence f is a §NgM*cf. O

Theorem 3.17 If f : (X,75m) — (Y,ozm) is bijective, §No and FNgM* Cts function, then f is
SNgM Irr.

Proof: Let K be §gMc in Y and G be any o set in X such that K C f(G). Since K is FNgMc
and f(GQ) is §No in Y, implies FNMcl(K) C f(G). This implies f~H(FNMcl(K)) C G. Since f
is FNgM* Cts and FNMcl(K) is FNMe in Y, implies f~H(FNMcl(K)) is FNgMec in X. Therefore
FNMcl(f~ (FNMcl(K))) C G. This implies gNMel(f~1(K)) € NMel(f ' FNMcl(K))) € G. That
is SNMecl(f~1(K)) C G. Therefore f~1(K) is NgMc in X. Hence f is FNgM Irr. O

Corollary 3.2 If f : (X, 75m) — (Y, 05m) is bijective, §No and FNgM Irr function, then f is FNgM Irr.

4. Fermatean Neutrosophic Generalized M Homeomorphisms

Definition 4.1 Let (X,75n) and (Y,o03n) be §ts and let f : (X,75m) — (Y,03m) be a bijec-
tive function. If both the function f and the inverse function f~! are FMMCts (resp. FNCts,
FNOCts, FNOSCts and FNIPCts), then f is called Fermatean neutrosophic M homeomorphism
(resp. homeomorphism, § homeomorphism, S homeomorphism and 6P homeomorphism) (briefly,
SNMHom (resp. §NMHom, FNOHom, FNOSHom and FNIPHom)). Equivalently, if f both
FNMCts (resp. FNCts, FNOCts, FNOSCts and FNIPCts) and FNMof (resp. §Nof, FNbof,
FNOSof and FNoPof) then f is called FNM Hom (resp. FNHom, FNOHom, FNOSHom and
SNSPHom).

The family of all MM Hom (resp. NHom, FNOHom, FNOSHom and FNOPHom) in X is denoted

by SMMH (X) (resp. SNH (X), FNOH(X), INOSH(X) and FNIPH (X)).
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Definition 4.2 Let (X, 75m) and (Y, o0zm) be §ts and let f : (X, 75m) — (Y, 0zm) be a bijective
function. If both the function f and the inverse function f~! are FNgMCts (resp. FNgCts,
FNGgICts, FNgOSCts and FNgdPCts), then f is called Fermatean neutrosophic generalized M
homeomorphism (resp. homeomorphism, 6 homeomorphism, S homeomorphism and §P home-
omorphism) (briefly, §NgM Hom (resp. §NgHom, FNgoHom, §NgdSHom and FNgdPHom)).
Equivalently, if f both §MNgMCts (resp. FNgCts, FNgOCts, FNgISCts and FNgdPCts) and
SNgMof (resp. §Ngof, FNgbof, FNgISof and FNgdPof) then f is called FNgM Hom (resp.
$NgHom, FNgOHom, FNgISHom and FNgdPHom).

The family of all F0gM Hom (resp. FNgHom, FNgdHom, FNgISHom and FNgdPHom) in X is
denoted by FNGM H (X)) (resp. SNGH (X), FNGOH (X), SNGOISH (X)) and NGIPH(X)).

Definition 4.3 Let (X, 75,m) and (Y, ozmn) be §Nts and let f : (X, 7zm) — (Y, ozm) be a bijective func-
tion. If both the function f and the inverse function f~! are §0MgM Irr (vesp. FNglrr, FNg0Irr,
FNgOSIrr and FNgdPIrr), then f is called Fermatean neutrosophic generalized Mx homeomor-
phism (resp. xhomeomorphism, 6% homeomorphism, 6S* homeomorphism and P+ homeomor-
phism) (briefly, §0gM * Hom (resp. Mg Hom, Mg+ Hom, FNgdS * Hom and FNgdP x Hom)).
Equivalently, if f both §NgMIrr (resp. FNglrr, FNgOIrr, FNgISIrr and FNgéPIrr) and
SNgM xof (resp. FNg*of, FNgh*of, FNgIS«xof and FNgdP xof) then f is called FNgM « Hom
(resp. §Ng x Hom, FNgb « Hom, FNgbS * Hom and FNgoP « Hom).

The family of all §9gM « Hom (resp. FNg* Hom, FNgl* Hom, FNgOS « Hom and FNgdP « Hom) in

X is denoted by FNGM « H (X) (resp. NG+ H(X), NGO+ H(X), FNGOS* H(X) and FNGSP*H(X)).

Theorem 4.1 Let f: (X, m5m) — (Y,05m) be a mapping. Then
(i) Fvery §Ng0Hom is FNgHom,
(ii) Every §NgOHom is FNgdP Hom,
(iii) Every §Ng0Hom is FNgOSHom,
(iv) Every §NgdPHom is FNgM Hom,
(v) Every 3NMgdSHom is NgM Hom.
(vi) Every NM Hom is FNgM Hom.
(vit) Every §NgM « Hom is F9NgM Hom.

But the converse does not true.

Proof: (vi) Every FNMo is §0MgMo proof follows. Similarly the other results can be proved. O

Remark 4.1 The implication diagram is obtained and none of the implications in the diagram are re-
versible as seen from the example.

Example 4.1 Let X =Y = {a,b} and the §Ns’s A1, As and As are defined as
pa,(a) =0.8, va,(a) =0.8, o4,(a) =0.1,
HAL b) = 0.9, va, (b) = 0.8, TA, (b) = 0.2;
) =0.6, va,(a) =0.7, 04,(a) =0.2,
) =0.5, va,(b) =0.7, 04,(b) = 0.6;
)=0.1, va,(a) =0.2, g4,(a) =0.7,
HAs (b) = 0.2, VAg (b) = 0.3, T Aq (b) =0.8.

Let N = OFn = {Ogm, 1@91, Al, AQ, A3} be a S‘ﬁts on X. Let f : (X,Tgm) — (Y,O‘gsn) be an
identity mapping, then (i) f is gHom (resp. FNgdPHom) but not FNgdHom, the set AS is a FIes
in X but f(AS) is not §Ngbes in'Y, (i) f is FNgM Hom but not FNgISHom, the set A§ is a FNes in
X but f(AS) is not FNgScs in'Y.
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$NgHom

|

$NgbHom

T

$NgdPHom $NgdSHom

\/

NgM Hom
Note: A — B denotes A implies B, but not conversely.

Example 4.2 Let X =Y = {a,b} and the §Ns’s Ay, Aa, A3 and Ay are defined as
pa, (a) =0.8, va,(a) =0.8, o4,(a) =0.1,

HAy (b) = 0.9, va, (b) = 0.8, TA, (b) = 0.2;
pa,(a) =0.6, va,(a) =0.7, ca,(a) =0.2,
HA, (b) = 05; VA, (b) = 077 OAs (b) = 0.6;
tas(a) =0.1, va,(a) =0.2, 04,(a) =0.7,
HAs (b) = 0.2, VAg (b) = 0.3, T As (b) = 0.8;
pa,(a) =0.2, va,(a) =0.3, 04,(a) =0.6,

uA4(b) = 0.6, VA4(b) = 0.3, O'A4(b) =0.5.

Let aEgm = {Ogm, 13'91, Al, A27 Ag}, N = {Ogm, 13'91, A4} be a S‘)”(ts on X. Let f : (X,Tgm) —
(Y,o5m) be an identity mapping, then f is §NgM Hom but not §NgdP Hom, the set Ay is a FNes in X
but f(Asz) is not §NgdPcs inY.

Example 4.3 Let X =Y = {a,b} and the §Ns’s Ay, As, A3, A4, B1, Bs, Bz and By are defined as
pa, (@) =0.2, va,(a) =0.5, oga4,(a) =0.8,
pa, (b) =04, va, (b) =0.5, o4,(b) =0.6;

b
a) = 0.5, op,(a) =04,
b) = 0.5, op,(b) = 0.4;
)=0.7, vp,(a) = 0.5, op,(a) =0.3,

b) = 0.5, op,(b) = 0.4;

)=0.4, vg,(a) =0.5, op,(a) = 0.6,

HB, (b) = 0.4, VB4(b) = 05, 0'34(b) =0.6.

Then we have oFm = {03(}1,141,142,143,144, 1391}, TN = {Ogm,Bl,Bg,Bg,BAL, 159’{} . Then, the identity
mappings f: (X, 1zm) = (Y,o05m) is (i) §NgM Hom but not FNM Hom, the set Bf is a §Ncs in X but
f(BY) is not 3NgMes in'Y, (i) FNgM Hom but not FNgM * Hom, the set Ay is a FNMcs in X but
f(Ayg) is not NgMes inY.

pa,(a) =0.1, va,(a) =0.5, ca,(a) =0.9,
HA, b) = 03; VA, (b) =0 57 OAs (b) =0.7;
tas(a) =09, va,(a) =05, g4,(a) =0.1,
HAs b) = 0.7, VAg (b) = 0.5, TAs (b) = 0.3;
pa,(a) =0.2, va,(a) =0.5, 04,(a) =0.8,

b) = 0.3, va,(b) =0.5, 0a,(b) =0.7;
up, (a) =04, vp,(a) =0.5, op,(a) = 0.6,
12011 b ) = 051 0B (b) = 057

a

b

a

b

a
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Theorem 4.2 For any bijection f: (X, m3m) — (Y, 05m) the following statements are equivalent.
(i) Inverse of f is FNgM Cts.

(ii) [ is a §NgMof.

(iii) f is a FNgMcf.

Proof: (i) = (ii): Suppose G is a Mo set in X, then by (i), (f~1)7H(G) = f(G) is a FNgMo set in Y’
and hence f is a FNgMof.

(ii) = (iil): Suppose F is §Nc in X, then 1x — F is §No in X. By (ii), f(Ilx — F) =1y — f(F) isa
FNgMo set in Y, implies f(F) is a FNgMec set in Y. Therefore f is FNgMecf.

(iii) = (i): Let F be a NMc set in X. By (iii), f(F) = (f~H)"Y(F) is a FNgMe set in Y and hence
the inverse of f is a §MgM Cts function. O

Theorem 4.3 If f: (X, 75m) — (Y,05m) is bijective and FNgMCts then the following statements are
equivalent.

(i) [ is §NgMof.

(i) f is a 3NgM Hom.
(iii) f is a FNgMecf.
Proof: (i) = (ii): By the assumption f is bijective, §MgMCts and §NgMof. Then by definition, f is
$NgM Hom.

(ii) = (iii): By the assumption f is bijective and FNgMof. Then by Theorem 4.2, f is FNgMcf.
(iii) = (i): By the assumption f is bijective and FNgMcf. Then by Theorem 4.2, f is §NgMof. O

Theorem 4.4 If f: (X, 75m) — (Y,o05m) is bijective and FNgM Irr then the following statements are
equivalent.

(i) f is NgM*of.

(i) f is a §NgM™* Hom.

(iii) f is a FNgM*cf.

Proof: Similar to the proof of Theorem 4.3. O

Theorem 4.5 If f: (X, 75m) — (Y,03m) is 3NgM* Hom then FNgMcl(f~1(K)) C f~HFNMcl(K)),
for every subset K of Y.

Proof: Suppose f is §MgM* Hom then if f is both FNgMIrr and FNgMo. Since FNMcl(K) is
SNgMe set in Y, f~H(FNMcl(K)) is a §NgMec set in X. This implies FNgMecl(f~1(§Necl(K)))
FUENM(K)). Now f1(K) C [~H(FNM(K)), §gMel(f1(K)) C §NgMel(f~L(FNMl(K))).
This implies §NgMcl(f~1(K)) C f~HFNMcl(K)).

[

5. Conclusion

In this paper, we have undertaken a systematic study of several interesting notions concerning various
forms of Fermatean Neutrosophic generalized M-closed functions (§0MgMcf), Fermatean Neutrosophic
generalized M*-closed functions (FgM*cf), and their corresponding extensions. In particular, we
investigate their associated concepts of irresoluteness and homeomorphisms, thereby providing a deeper
understanding of how these function classes behave under the framework of Fermatean Neutrosophic
topology. The exploration not only formalizes the definitions of these mappings but also examines their
structural properties, mutual relationships, and significant roles in generalizing classical topological results
to the Fermatean Neutrosophic setting.
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