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On the Extension of Abilov and Titchmarsh—Type Results to the Generalized
Fourier—Bessel Transform
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ABSTRACT: The main objective of this work is to provide estimates of abilov as well as a version of the
titchmarsh theorem and to establish the equivalence between the K-functional and the regularity module
associated with the generalized Fourier-Bessel transform in a class of functions in the space L% ,, (R4 ), where

1 < p < 2. Here, LE ,(R4) denotes the space of measurable functions f : R4 — C such that Mfllf €

LP (R4, dpa(z)), where My f(z) = 22" f(z).
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1. Introduction

In [3], V. A. Abilov, F. V. Abilova and M. K. Kerimov showed via the Steklov’s operator, two useful
estimates for the Fourier transform in a class of functions in L? (R, dx).

In [4], the same authors, using the translation operators associated, with the classical Bessel operator,
proved analogous estimates for the Fourier-Bessel transform in a class of functions in L? (R, duq(z)),

2a+41
where du, (z) = T (aTT) 0

In 2013 and 2014, the autors M. El Hamma, R. Daher and H. Lahlali extended estimates of the Bessel
transform at a class of functions in the space L? (R4, duqo(z)), where 1 < p < 2. In this work, we present
a novel operational approach that allows us to extend several classical results in Bessel harmonic analysis.
While these theorems have been already established in the classical setting, our method provides a more
direct and systematic way to generalize them. By leveraging the operational framework, we are able to
build on the well-known classical cases and extend the results to the generalized spaces L%, ,, (R, ), which
will be defined and studied throughout this article. This approach not only simplifies the derivation of
the generalized estimates but also highlights the underlying connections between the classical and the
generalized settings.

In [3] and [4], V. A. Abilov, F. V. abilova and M. K. Kerimov have shown by the Steklov operator,
two useful estimates of the Fourier transform of a class of functions belonging to the space L? (R, dx)
characterized by the generalized modulus of continuity.

In this paper, we show similar results to those proved in ([1] and [8]), giving estimates of the gener-
alized Fourier-Bessel transform of a class of functions belonging to the space L%, , (R ), where 1 < p <2,
a > %1 and which are characterized by the generalized modulus of continuity.

Consider the singular differential operator of order two on the half line

2
B f(x) = d? f(z) N (2a+ 1) df (x) 3 4n(oz—|—n)f(x)7

dx? x dx 2

where a > —% and n=20,1,2,.....
For n = 0, we obtain the classical Bessel operator denoted by B, giving by

B fa) - 1) | (2041 @)

dx? T dx
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Let M,, the operator defined by:
M f(z) = 2" f ().

by ([5], [6]) we have:
Ba,n = Mn o B(,H—Qn o M;1

Let L2 (Ry) = LP (R4, dua(z)) the space of measurable functions f : Ry — C such that
“+o0 1/p
po= ([ U@P@) <
0
and

L% ., (R) the space of measurable functions f : Ry — C such that M 'f e Lf , (Ry), ie.
If

For o > —3 and n =0,1,2, ..., M,, is an isometric isomorphism from LY_, (R ) onto LE, , (Ry)
(see [6]).
For a > —%, we introduce the normalized Bessel function of first kind and the order « defined by
~ 2°T(a+1)Ja(x)

_/L‘Oé

1/

|p,oz,n = ||M;1f||p7()é+2'n < oQ.

Ja() , for all x>0, (1.1)

where J,, () is the Bessel function of the first kind and the order a and T'(z) is the gamma function (see
[5]) defined by

I'(z) = /0+OO e "t*7tdt  for all z € C\(-N). (1.2)

o) =T+ )Y o (2

n=0

The function y = j, satisfies the differential equation

2n
) for all z€C, (1.3)

Bay+y:07

with the initial conditions y(0) =1 and y’(0) = 0.
The function j, is infinitely differentiable, even and moreover entire analytic.

For A € C and = € R, we put
(pa,n,)\(x) = $2nja+2n()\$).

By ([5], [6]) we have @, n x satisfies the differential equation

Ban (‘Pa,n)\> = _)‘Zﬁpa,n,k'

The generalized Fourier-Bessel transform (see [5], [6]) is given by

+o0
Fan(f)(A) :/o (@) amr(@)dpan(x), for all feLl, (Ry) and A>0,

_ CE20+1
where dfia,n(¥) = sarmniaranin 40

We have the formula (see [5] and [6])
-Fa,n = Ja+2n © M;I

Let f € L}, (Ry) and Fon(f) € LY o, (Ry) then, the inverse generalized Fourier-Bessel transform

is given by the formula
+o00

f(l‘) = o ]:oz,n(f)()‘)@a,n,A(x)dMa+2n()‘)7

where
1

— )\2(a+2n)+ld>\.
20+2nT (v +2n + 1)

d,“oﬂr?n()‘)
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Theorem 1.1 ( /5], [6])
1. For every f € L}, ,, (Ry) NL2 ,, (Ry) we have the Plancherel formula

400 +oo
| @R dbants) = [ 1Fanl O Pditasan.
0 0

2. The generalized Fourier-Bessel transform F, , extends uniquely to an isometric isomorphism from
L3 o (Ry) onto L2 5, (Ry) = L*(Ry, dtat2n(2))-
The generalized translation operators Tg .1, With A > 0 (see [5],[6]) is giving by
n,n,h = hQnMnotnx—&-Zn,hOM;ly

where Tqo2n,n are the classical Bessel translation operators.

Tanf(x) = co / f(\/.%‘2 + h2 — 2zhcosd)sin**0d,
0

Co = (/Oﬂ smmede)_l = r(g)(ra(zi);)

Let f € L%, (Ry). Then for all A > 0, the function 7¢  nf € L%, (Ry), and

1T fllp.cn < B [1f 1p.m-

2. Main results

where

Proposition 2.1 Let 1 <p <2 andg € L}, (Ry) then, My, o Fon(g) € LY ,, (Ry) and there exists a
positive constant C > 0 such that

||Mn © J:Oé,n(f)”q,a,n S C”f“p,a,n fOT a” f € Lg,n’
1,1
where st = 1
Proof: We have
g€ ng,n (R+) g Mglg € LZ+2n (R+)

Then, by the Hausdorfl-Young inequality related to classic Bessel transform we have
1 1
Fa+2n(M;19) € ng+2n (R-i-) ’ where 2; + 6 =1.

Hence
Fan(g) € LY 1o, (Ry) because Fopn = Fayon© ML

Consequently
M, 0 ]:a,n(g) € Lg,n (R"r) .

Moreover, by Riesz-Thorin theorem applying to operator Fy42,, there is a constant C' > 0 such that

||~Fa+2n(f) |q,a+2n < CHf||p7a+2n for all f € LZ+2n (R+)-
Then,
H]:a-l-%(M;lg)' got2n S CHMr_ng”p,a—&-% Jor all g€ Lﬁ,n Ry).
Hence,
[Fa,n(9)lg,a+2n < Cllgllp,an-

The fact that the linear mapping M,, : Lgaton (Ry) — L&, (Ry) is an isometric isomorphism we
conclude,
M, O}—a,n(g)”%am < C”ng,a,n for all ge Lg,n (Ry).

The first and higher order finite difference of an function f are defined as follows:
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Definition 2.1 ([7]) Let k € N. The k* order modulus of continuity of a function f € LP (R, dpa(z))
is defined as

Qi palf.0) = supocn<s|| AL 1, f]

P (2.1)

where

A f=1f
Aognf=Tan—-I)f
A f=(Tan =D f

Where 7 is the identity in L? (Ry).

Definition 2.2 Let k& € N. The k' order generalized modulus of continuity of a function f €
L%, (Ry) is defined as

Qk,p,a,n (fa 6) = Sup0<h§5||A];,n,hf |p,a,n; (2-2)
where
A?x,n,hf = fv (23)
Acx,n,hf = (n,n,h - h2nI)f (24)
Afwnf = Tamn = "D f. (2.5)

Where 7 is the identity in L% , (RT).

We denote in the classical Bessel harmonic analysis by
W, (Ba), the class of functions f belongs to LL (R4) that have generalized derivatives in the sense of Levi
(see [10])such that for all j € {1,...,r} we have B f € LE (R,).
And by
W;i (Ba), the class of functions f belongs to W (B,) satisfying the estimate
Qpo (Ba)"f,0) =0 (1/1(6’“) as 6 — 0, where r € N*| k € N* and 1 is a nonnegative function on R .
For the classical Bessel operator B, we have B f = f, Bl f = Bo(B5 1 f),r = 1,2,.... We denote in the
generalized Bessel harmonic analysis by
W}, (Ba,n), the class of functions f belongs to L%, ,, (R ) that have generalized derivatives in the sense of
Levi (see [10]) such that for all j € {1,...,r} we have B, ,f € L&  (R4).
And by
W;i (Ba,n), the class of functions f belongs to W) (Ba,n) satisfying the estimate
Qpan (Ban)"f,8) = O (¢¥(6*%) as § — 0, where r € N*, k € N* and 1 is a nonnegative function on
R+.
For the generalized Bessel operator By, we have BY, f = f, By ,.f = Ban (B(’;fnl ),
r=1,2...

Lemma 2.1 Let f € L2, (Ry) we have
i) Qpan(f,0)= 52"ka,p,a+2n (M;lf, 5).
i) Qe pan (Bonf,0) = 62" Qe paton (Bhyon o My f,0).
iii) Wy (Ba,n) = Myn (W) (Bat2n))-

) Wi (Bun) = Moy (W (Bayon)

Proof:
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i) We have
Qk,pﬂ,n (f’ 5) = sup HAﬁvavanP a,n
0<h<é o
A]FCL,om’L = (7717047" - h2nE)k

— (hQnMn o 771,0¢+2n o M’r—ll _ hQnE)k
_ thk (Mn 0771,0(4_2” OM:Ll . E)k
= hanMn o (771,Oz+2n - E)k o M;l
= hanM’ﬂ o Aﬁ,aJrQn o M’I’_Ll

Then, for f € L%, (R*) we have:

HAg,a,anp,am = h2n,€ HMn o AI;L,Q+2TL © M;IfH
= WAL oyon 0 M|

p,a,n
p,a+2n
Hence,

_ 62nk
b,a,n

SUPo<h<s HA;ﬁL,a,an SUPO<h<s HA;CL,O(+2’I’LM’;1fH

Therefore:
Qk,p,a,n (f? 6) = 52nka,p,oz+2n (M;va 5) .
ii) according to i) we have:

Qke,p,a,n (Bg,nfv 5) = 62nka,p7a+2n (M;Ll © Bg,nf7 5)

Since
-1
Bayn =My 0Byjpopo M~

Then we obtain

v _ T —1
B, = MyoB o, 0 M,

Consequently we deduce

Qkapva)n (B:x,n‘ﬂ 5) = 62nkﬂk,p,a+2n(82+2n © Mglfv 5)

iv) We show that f € W;ZZ (Ban) & feM, (W;:j/t;lw (Ba+2n)).

p,a+2n

fFeWE (Ban) & Mlf €18, (Ry); My o By, o ML f € 18, (R{)Vj € {1,...r} and

Qe poan(Bhnf0) =0 (w(ék)) asd — 0

SMIfFELL (R By o MU €Ll , (RY)V) € {1,...,r}
and 628 QY ), aton (Bhyon o M1, 6) = O (¢(6F)) as § — 0

S M fe LY o Ry) 5B o, 0 MM fe LY o, RV e{l,...,r}
and Dy o2 (B 2, 0 M, £,8) = O (M (1)(5%)) as 6 — 0

—1 r,k
= Mn fe Wp7M;1w(Ba+2n)

& € Mu (W, (Brran)
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On Estimates and Titchmarsh’s Theorem

Theorem 2.1 Let 1 <p<2and f € W;Z(Ban) then,

1
+oo q k
_ _ c
([ Fan D)) =0 (50510 (7)) a5 & =
N
where C' is a positive constant, v = 0,1,2..;k = 1,2,...; q is the conjugate exponent of p and ¢ is a

positive function defined on [0, 400 such that 1(0) = 0.

Proof: By lemma 2.2 we have:

f €Wy (Ban) & M F €W (Baszn)

Hence, by result related to classic Bessel harmonic analysis see [8] and by the Hausdorfl-Young inequality
we deduce that Fo 2, (M, ' f) € L, and

( / oM ) 20 ”)é 0 ( NV ((]%),j

N

The fact that Fo = Fatan © M:Ll we obtain the result. O

Corollary 2.1 For(t) =t", withv >0 and f € W;qu (Ba,n) we have:

+o0 %
< / | Fan( f)(A)|qdua+2n()\)> = O (N72H2h=kr) g5 N — 400,
N

wherer =0,1,2..;k=1,2,...;.
Theorem 2.2 For ¢(t) =t". The follows conditions are equivalents:

1
2

) (3 1Fan DOVPdbasan(h) | = O240) a5 N 5 4oc,
ii) | € Wy (Ban)-

Proof: For ¢(t) =t we have M, 19 (t) = t=2"*" and
F € WEE (Ba) & ML f € Wyt (Bagan)-
By classic result see [1] we have:
1
2

+oo
M Wt i) = ([ 1 Fasaa M O Pl () = O(2n2r5),

The fact that Fo, ,, = Fatan o M, 1 we deduce

—+o0 %
fews:fuwa,nm( / |fa,n<f><A>|2dua+zn<A>) _ o2k,

Let Wy (Ba,n) the space of functions f € LE, , such that BY,,, f € L&, for all j € {0,1,...,r}.
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Theorem 2.3 Let f € W, (Ban), where 1 < p <2 such that

HAhan anf“

Then, My, o Fon(f) € L5 ,,, where

—(’)h”””k) as h—0 where 0<~y <2k

p,a,n

2p(a+2n) + 2p <B< P
2p+2(a+2n)(p—1)+2rp+yp—2 p—1"

Proof: We have
feEWH(Ban) & M f e
mathcalW;,"(BaJrgn) and
HAhan o‘”f”pa,n _hQHkHAh a+2n8a+2n( ;lf)H

p,a+2n

Hence, by hypothesis we deduce that
HAh at+2n a+2n(M7Llf)H o =O(h")as h— 0. By [9] Fayono M, f € L§+2n7 where
p,a+2n

2p(a + 2n) + 2p <B< p
20+ 2(a+2n)(p—1)+2rp+yp — 2 p—1"

d

Equivalence of K-functional and moudulus of smoothness associated with the generalized
Fourier—Bessel operator

Definition 2.3 Let 1 < p < oo, 7 € Nand a > 0. The K-functional associated, with the generalized
Bessel differential operator B, , is defined by

KO L Ry Wangly = inE (I = gllie o) 1 IBoallie o) ot > 0

where W™ (B,,,,) denotes the Sobolev-type space associated, with the generalized Bessel operator
B, defined by

W' (Bawn) ={f€Lr, (Ry):BE felb (Ry), k=1,...,r}.

we denote ICg«a’")(f, t)p = Kﬁ“’")(f,t; LE Ry )WL 0)p and W2 =W (Ba,n)

«@,n,p «,n,p

Proposition 2.2 Let 1 < p < oo, 7 € N and a > 0. Let M,, be the intertwining operator between the
generalized Bessel operator By, and the classical Bessel operator Bo,. Then, for all f € L% (Ry) and
all t > 0, we have

K (f, 1), = K20 (M fo8)

where lcﬁ""”) denotes the K -functional associated, with B, , and IC,(fl) is the classical Bessel K -functional
associated, with B.,.

Proof:
Recall that the K-functional associated, with the generalized Bessel operator B, is defined by

Kem(fy = int (If = gluz, + 1B aglez., )

@,n,p

Let g € W, ,, - Since By n = M Bo ML we have

By ng = MuBLM g,
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we obtain
If=allez, = M) = M9 ee,,
and
1B glze. = 1M By gl = 1B Ma @l
Therefore,
Ko (fty = it (M = Mgl 1B My gl )

My gewy ,

where Wy, , =Wy (B,). So:
KL (f,0), = K (M1 fot), -

This completes the proof. O

Proposition 2.3 (Extension generalized case) Let f € L%, (Ry), and denote by

Q'I‘,p,a,n(f, t) ‘= Sup ||AITz,oz,anL£m
[h|<t

the generalized Bessel modulus of continuity. Then there exist constants c1,co > 0 such that, for allt > 0,
clt—Qnm Qm,2,a,n(f; t) < K:;?’n) (f’ t2m)2 < CQt—Qnm Qm,2,a,n(f7 t),
where f € L2, (Ry)

Proof: Let f € Liyn(RjL). By the intertwining properties of the operator M, the generalized K-
functional satisfies

KLem (f )y = K2 (M £, ), (9)

In the classical case (that is, for n = 0), it is well known that the K—functional is equivalent to the
modulus of smoothness, namely, there exist constants ¢1,ca > 0 such that (by [11])

C1 Qm,27a+2n(gat) < ’Cq(v?Jrzn) (gvtzm)Q < e Qm,Q,a+2n(gat), (10)

forall g € L2 5, (R;) and all ¢ > 0.
Applying, with g = M_'f and using the relation between the generalized and classical moduli of
smoothness,

Qm72,a+2n (M;1f> t) = t_an Qm72,a7n(f7 t)7 (11)
we obtain
C1 t—2mn Qm,2,o¢,n(fa t) S K:»ng) (f7 tQm)Q S Co t_an Qm,Q,a,n (f7 t)
This completes the proof. O
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