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Translation Operator and Heat Equation Analysis for the Generalized Linear Canonical
Fourier-Bessel Transform

Zakaria Sadik, Abdellatif Akhlidj and Athmane Boumazourh

ABSTRACT: In this work, we introduce a new translation operator naturally associated with the generalized
linear canonical Fourier—Bessel transform F7’,,. This operator is constructed through an appropriate Cauchy
problem involving a generalized Bessel-type differential operator and extends several known translation struc-
tures in harmonic analysis. We establish its main analytical properties and use it to define a convolution
structure adapted to the generalized linear canonical Fourier—Bessel framework. Furthermore, we apply this
convolution approach to the study of the heat equation governed by the conjugate of the generalized Bessel-
type operator A7, . An explicit representation of the solution is obtained via a generalized heat kernel,
highlighting the effectiveness of the proposed method and its potential applications.

Keywords: Generalized Canonical Fourier—Bessel transform, generalized translation operator, con-
volution product, heat equation.
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1. Introduction

Integral transforms play a central role in harmonic analysis and its applications, particularly in math-
ematical physics, signal processing, and quantum mechanics [2,11]. Among these, the generalized linear
canonical Fourier-Bessel transform (GLCFBT) extends classical transforms such as the Fourier and Han-
kel transforms by incorporating matrix parameters m € SL(2,R) [1,10], providing greater analytical
flexibility. In this context, various studies have investigated generalizations and properties related to
translation operators and associated differential equations.

Several contributions have focused on harmonic analysis in the framework of the generalized linear
canonical Fourier—Bessel transform. In particular, [1] established a comprehensive analytical framework,
including inversion formulas, Plancherel-type results, and several uncertainty principles. Nevertheless,
despite these advances, the study of translation operators and convolution structures in this generalized
setting remains limited.

Motivated by these observations, the present paper extends the theory by introducing a new trans-
lation operator associated with the (GLCFBT). This operator is coupled with a convolution structure
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that generalizes classical constructions and enables the treatment of open problems related to the heat
equation governed by the conjugate generalized Bessel-type operator A7',. Specifically, for a function
f € €2([0,+0c]), we define the generalized translation operator 17", f(y), for (x,y) > 0, m € SL(2,R),
and n € N, as the solution of the Cauchy problem:

Agnu(z,y) = Agitu(,y),
U(JZ,O) = f(x)v %U(Z',O) = Oa

where m = (Z Z) € SL(2,R) (ad — be = 1) with b # 0, and
d? 200+ 1 a d a? a dn(a+ n)
m  _ _ 9,7 22 . el R SRS
Aa’”_dx2+( . 22bx> T <b2a: +22(a+1)b> PR

with AZ>7" acting on the variable z.
We show that the unique solution of this Cauchy problem admits an explicit representation in terms
of the classical translation operator associated with the Bessel-type operator A7}, ,,

T f(y) = (29)*" Tolan - (M) (). (1.1)
Based on this operator, we define a generalized convolution product x associated with A7, :
oo ca 2 2 1
fomag= [ @] [ g v, (12)
a,m,n 0

and investigate its main algebraic and analytical properties. These results are then applied to the study
of the heat equation associated with A7, :

{ %u(t, x) = oAl u(t,z), (t,z) € (0,+00) x R,
u(0,2) = f(z).

The paper is organized as follows. Section 2 recalls the necessary background on the linear canonical
Fourier—Bessel transform and associated function spaces. Section 3 introduces the generalized translation
operator, while Section 4 presents the corresponding convolution product. Section 5 addresses the heat
equation related to the generalized Bessel-type operator.

2. Preliminaries

In this section, we briefly recall some basic notions related to the linear and generalized canonical
Fourier—Bessel transforms, and describe the translation and convolution structures associated with the
differential operator AZ'. More details can be found in [1,5,8]. Throughout the paper, we assume that
a>—1/2.

2.1. Functional framework

We denote by €' (R) the space of continuous functions on R and by %, (R) the space of even smooth
functions.
For 1 < p < oo, the weighted Lebesgue space £, o consists of measurable functions f on [0, co[ such

that
) 1/p
nmmz(/|ﬂww%“@) < oo,
0

In particular, £, , is a Hilbert space with inner product

(f9)a = /OOO fW)a(y) v dy.

We also denote by S.(R) the even Schwartz space.
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2.2. Linear canonical Fourier—Bessel transform

Let m = (Ccl b> € SL(2,R) with b # 0. For f € L4 4, the linear canonical Fourier-Bessel transform

d
is defined by

m 20+1
Ffly @ a+1/ K™ (y, ) f(2) 2> da, (2.1)

where ¢! = 29T (o + 1) and

Here j, denotes the normalized Bessel function (see [5,8]).

2.3. Generalized linear canonical Fourier—Bessel transform

Let n > 0. Consider the multiplication operator
Mf(x) = 2" f(z),

which induces an isometric isomorphism between the weighted spaces L, o2, and L%, ,, the latter being
endowed with the norm

Hf”p,am = ||M_1f||p,a+2n~ (2-2)

For f € Ea »n, the generalized canonical Fourier—Bessel transform is given by

C o
Pt ) = G / K (3,2) f(2)%+ do. (2.3)

where Kg,Ln(y’ ) QnKZL—i-Qn( .73)
The associated differential operator is

d? 200+ 1 a d a? dn(a+n)
AT = —2icg ) = — (L4 2 1 er
an dm2+( x lbx> dz (me (et )b> 22

The operator A}, is symmetric on S * (R) and is related to A7, 5, through M (see [1]).

n

2.4. Translation operator

The translation operator associated with the linear canonical Fourier—Bessel transform was introduced
n [5,8]. For suitable functions f, it is defined by

2

e f(y) = 5 EHOTE [s 1 e 75E 1(5)] (), (2.4)

where T;* denotes the classical Bessel translation operator.

2.5. Convolution product

Using this operator, one defines the convolution product by

(ib)a+1 o a2 2041
T/o (T2 f(w) (e 5 g(y))y*** dy, (2.5)

f o g(x) =

whenever the integral is well defined.
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3. Generalized translation operator associated with A7,
Let
a b
m = <c d> € SL(2,R), b#0,

and let o > 5! and n € N. The generalized translation related to the operator Ay, is introduced via a
symmetric evolution equation.
For a given function f € ¥(R), consider the following Cauchy problem:

Az, y) = Az, y),
u(z,0) = f(x), (3.1)
Oz u(z,0) = 0.
This problem admits a unique solution, which allows us to define the generalized translation operator
75" by
To fy) = (zy) " ToH2mm (M7 ) (y), (32)

where T2 2%™ denotes the classical translation associated with A", and M is the intertwining operator
introduced previously.

Definition 3.1 Let m € SL(2,R) such that b # 0. For each f € €(R), we define the generalized
translation operators associated with the operator A7, by :

T f = (xy)* Ty 2mm (M) (y). (3.3)
Remark 3.1 It is easy to see that

T f = a® [MoTgt?m™ o M7 f.
Proposition 3.1 The operator T, satisfies the following properties:

(1) Normalization and symmetry.

Ton " f=1f o fly) =T f(2).
(2) Linearity. For all o, € C,

TR (af + B9) = oIy f + BT5"g.

(8) Support preservation. If supp(f) C [0,7], then Twa,;znf(y) = 0 whenever |x —y| > r.

(4) Kernel product formula. For all x,y,z > 0,

a2
b

T (K (0, )] (2) = e 500 K (y,0) K7 (y, 2)-

z,mn a,n

(5) Integral representation. For x,y >0,
> ca 2
TS = [ e W (a0 2
0

where W;’}n(m7y, 2) = (zyz)*" on(T,y, 2).
6) Continuity of translation operator T, : The operator T, is continuous from :

e Z(R) into itself.
e % (R) into itself.
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o Lb ,, into itself. More precisely, for all f € LL, ,, p € [1,+00], and x > 0, the function Vsl

a,n

is defined almost everywhere on [0, +oc], belongs to LL, , and we have :

1T fllpain < 22" fllpan- (3.4)

7) Commutativity :
o T commutes with itself in € (R) :
Tt o Ty =Ty o T

o [t also commutes with A7 in €«(R) :

a,n
m a,m __ qo,m m
Aa,n © TI,;I - Tz,zn © Aa,n'

8) For any function f € Eé,n and any bounded continuous function g € €,(R), the following integral
holds :

+oo 2 > ca, 2
/ (T2 f)lle™ 5 g(y)ly*dy = / e FWNT g ()]y*H dy. (3-5)
0 0

9) For any function f € L} ., we have :

a,n’

id
ez b

MK L) FL FN). (3.6)

Fa [T )

10) For any function f € L5, , p €]1,2] we have :

i d
b

Faa [T 1] ) = A P K N a) Fa, S V).

Proof: The proof relies on the intertwining relation between the operators 7™z, n and T 2"™g via
the mapping M.

1) The identities Tgf W f=fand T fly) = Ty f(x) follow directly from the corresponding prop-

erties of the classical translation 79" and the symmetry of the kernel W[, .

2) Linearity is an immediate consequence of the linearity of 72T2™™ and of the operator M.

3) Assume that f vanishes on [r,+oc0). Since T¢H2™™ preserves compact supports, we obtain
Torm (M1 f)(y) = 0 whenever |z — y| > 7, which implies the same property for T f.

4) Using Definition (3.2) and the product formula satisfied by K", ,,, we compute

T2 (K (y, )(2) = (w2)* T2 (Ko (v, )] (2)
n —idg2 m m
= ({ITZ)2 e 2 i Ka+2n(ya‘r)Ka+2n(yvz)v
which yields the desired identity.

5) The integral representation follows from the corresponding formula for T92™™ and from the defi-
nition of the kernel W[, .

6) This follows from the definition of 737", and the fact that 7.3 is continuous from %'(R) into itself,

T.mn >

¢ (R) into itself and £, . into itself respectively.
Now let f € L ,, the function T3 f belongs to LF, |, and we have :

o,n? n
T2 fllpam = 2" Mo T2 0 M7 f|p a0,
— l,2n||Toz+2n,m O./\/lilf
T
2| M7 fllpatan

<
<& fllp.an-

|p7a+2n
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7) o Let f € €(R) we have :

(T2 o Tya] f(2) = (wy2)" [T F2m™ o T2 [ (M f)(2)
— (xyZ)Qn [T;—&-Zn,m ° Tz(x+2n,m] (M_1f>(2’)
= [Ty o Ton] f(2).

e Let f € €«(R) then :

(AL o T F(y) = (2)™" [AQ g, 0 T (M7 ()
(wy)*" [T o AQl L, | (MTH) ()
Tom 0 AT,

Z,

Ty
Y

8) Let f € L], and g € €,(R). Then :
“+o0 w2
/0 T2 F)]le 8V g ()] dy

JFOO a2

- x%/o (T2 (ML) @)™ (M g) ()ly* 4 dy
+o00o

ez / (e~ 80 (ML) () [T 2 (M g) ()P4 dy

+oo w2
- / [ 8 ()T g ()P dy.

9) Let f € £, then :

(Z-b)a+2n+1 +oo ) L
e Fa [T N = | KR AT )y dy
a+2n 0
Z a +OO )\ 1a
—atneE ) [ (OIS (M ) )y
0
2n i(4)\27ﬁz2) oo 2n l'ﬂyz ma+2n . As 200+1
=z ezl vt T yezv? f(y)Ty [s—>3a+zn(?)](y)y dy
0
n —Liag?. Az e m a
=272 jatan(7) K O y) f(y)y?tdy
0
b a+2n+1 i
= O N R L ).

Ca+2n

10) From (9) the result is true for f € £}, N LE . On the other hand Babenko inequality (??) and

the relation (3.4) show that the mappings f — F7, [Tf,{nf] and f — FJ, f are continuous from
1 1
LP into £4 . (= + = = 1). We obtain the result from density of £ , N LP  in LF .
: m Ty ; : )

Corollary 3.1 Let m € SL(2,R) such that b # 0 and x € R. Then the operator Ty leaves Si(R)

invariant, and for any f € Sx(R) we have :

[SIEY
e

o ey Caton  _iay2 - Y Km (N, z)F™ f(NN2eF2tlg)
z,n f(y)—We ; Jat2n \ 7 T (N @) FL f(A) :
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Proof: Observe that if f € S,(R) then the inequality (3.4) shows that y — [Tr.n f](y) is a continuous
function of Eiyn. The result is then a consequence of (3.6) and the reversibility property of the generalized
canonical Fourier-Bessel transform. O

Theorem 3.1 Let m € SL(2,R) such that b # 0.

1) For any f € €.0(R), we have T3 f = flloo = 0.

lim
Yy—r—+o00

2) For any f € Lb, ,,, with 1 < p < oo, we have lim || T3 f — f
y—+o00 ’

a,n’

p,a,m 0.

Proof:
1) Let f € €.o(R)

Ty fa) = f(a) = (ay) " Ty (M7 ) (@) = 2 (M7 (2)

= 2" [y T (M) (@) — (M) ()]

S0
175" f = Flloe < T2 (ML) = M7 oo
hence lim (T2 f — flleo = 0.

Yy—r+00

2) Follows from (1) and density of € o(R) in L .

4. Generalized convolution product

Let m € SL(2,R) with b # 0. Given two measurable functions f and g on [0, +00), we define their
generalized convolution associated with A7, by

f * o)) = /OOO 72 1) [ 3 g(y)] 92 dy, (4.1)

whenever the integral is well defined.

Proposition 4.1 Assume that all integrals converge. The convolution *  satisfies:

a,m,n

(i) Commutativity.
fox g=g x f

a,m,n ,m,n
(i1) Translation invariance. For all x > 0,

TN s )= (T8 % g=1 x (TSM).

(iii) Associativity.

Proof:
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1) This follows directly from the symmetry of the translation operator, but we give here another proof.
From Fubini’s Theorem :

S /0+°° (T2 f] (v) {e‘i%yzg(y)} Y2 dy
- / - U h e (Z)Wﬁn(x,yw)zz““#] [e*i%y"’g(y)} 2ot gy
0

0
+oo 400 o Ny
:/ {/ e Y g(y)W;rfn(m,y,Z)y2a+1dy:| {e"iz f(z)} Z2a+1dz
0 0
g

2. By Fubini’s Theorem :

—+o00
emit%’ (f * g) (Z)ngn(m,%z)zm“dz

a,m,n

Tom (f ] g> () =
a,m,n

ca +oo ca
et [/ (T2 f(s)] [6_13829(8)] s2a+1ds} W;’fn(m,y,z)zzaﬂdz
0

T [T ] () [ 8 g(s)] 241 ds
Ui [TIO‘,Z” } (s) {e*i%gg(s)} g2t

J
J
- /0+°° Uom e [T £(2)] W(Tn(w,y,z)z%‘*ldz} [ei#g(s)] s2o+1ds
J
J
(

[Toaf] g) (y)-

a,m,n

3) Follows (1), (2) and Fubini’s Theorem :

({f X g] Wk h) () = /(:oo To: [fa * g} () [~ 37 i) | v+ dy

;MMM ,m,n

+oo 2
= / [g o e } (y) {e"“ h(y)] y**tdy
0 a,m,n

+o0 400 o N
/0 [/0 T;;ng(s)e_zgs Tgmf(5)52a+1ds] [e_lw h(y)} 2t dy

= / T;t’;n (8)671%52 |:/ Tghmg(y) [671%y2h(y):| y2a+1dy:| s2at1 s
0 0

+o0 _a
:/ T (s)e_l?52 {g * h] (s)**Tds
0 @

m,n

Remark 4.1 It is easy to see that :

o,m, a+2n,m

Fopn 0= MM i) (1.2

where  x  is the convolution product given in (?7?).

a+2n,m
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Proposition 4.2 (Young’s inequality) Let m € SL(2,R) such that b # 0.
Suppose 1 <p, ¢, r < +oo and p~ ' +q¢ P =r"1 +1.
If f € LF,, satisfy g € L, then f = g€ Ly, and we have :

a,m,n
If * gllran < Ifllpanllgllaan: (4.3)
a,m,n
Proof: Using (4.2)
If * gllran= ||(M_1f) * (M_lg)
a,m,n a+2n,m
< ||M_1f||p~,a+2n||M_19||q,oc+2n

= [Ifllp.anllgllgan-

O

Proposition 4.3 Let m € SL(2,R) such that b # 0.
1) Let f and g be two functions in L, ,,. We have :

2

O T (@) Fng(@).

:rhm

Ca n m - i
Vo € R, (b)a%}' (fa*ng>(x):e 5

2) Let f € L, and g € L?,,, (p €]1,2]). We have :

S (T 0) 0 = R @) ato)

(ib)a+2n+1

Proof:
1) According to the previous proposition, one has f * ¢ € LL . From the definition of F, and
a,m,n ’ ’
(3.6) it is easy to see that

Fan (faj;mg) @)= SIQQZ+1/ K(,y) <fa;5mg) (y)y**+dy

. Ca+2n oo K Ta,m %z 2 2a+1d 2a+1d
= (ibyarentt an(T,y) ) v f(2) € g(2)] 2 K Y
2

o Ca+2n /+Ooei 2z (Z)
= (ib)at2ntT 9 o
+oo 2
= [ et [ (T ) )] 2ot
0
(ib)a+2n+l _% 5

= @) F ()
a+2n

+oo

oo

Kz, )TE" f (y)y““dy} 22t dz

s

2) From (1) the result is true for g € £}, N L% ,. . On the other hand, the Babenko inequality

and Proposition (4.2) show that the mappings f — FI', (f * g) and g — FXP, fFT,.g are
’ o,m,n ’ ’

1
continuous from LF, ,, into £ , (2; + — = 1). We obtain the result from density of £}, N L%, in

q
LEn



10 7. SADIK, A. AKHLIDJ AND A. BOUMAZOURH

5. Heat Equation Associated with A7,

In this section, we study the heat equation associated with the conjugate of the generalized Bessel-
type operator A7', using the generalized translation operator and the generalized convolution product.
Our goal is to construct explicit solutions by means of the generalized linear canonical Fourier-Bessel
transform, building on the properties developed in earlier sections.

We consider the Cauchy problem:

%(t,x) =0 An, u(t,x), ()€ (0,+00) xR, (5.1)
u(O,x) = f(x)a
where f € LF |, with 1 < p < oo, and o > 0 is the heat conductivity. The initial condition means that

u(t,z) = f(z) as t — 0 in the £,  -norm.
Formal Solution Using the Transform

Applying the generalized linear canonical Fourier-Bessel transform FJ,, the PDE reduces to the
ordinary differential equation

Its general solution is
_ ot .2

Farnlu(t, ))(x) = c(x)e” ="
By imposing the initial condition 77, [u(0,-)](x) = F;,,[f](x), we obtain
o) = Fi[fl(x), hence F,[u(t,))() = ™" FL,[f]().

Using the integral identity [8]

T, xy MNa+2n+1) _ <2
[ e i () gty = HE S 0,20,

we can write

ot b a+2n+1 :
e = B it o)
« n
where 5 ,
P () = (dgt) (b2t D 2n g ga 2

MNa+2n+1)
By Proposition 4.3, it follows that

Fatalult, (@) = Fom (P F) (@),
which leads to the candidate solution

“+o0 2
u(t,z) = PP, * () = / Tama, n[P™t, n)(y) ¢ 9" £ (y) 7 dy.
n 0

a,m,
5.1. Generalized Heat Kernel
Definition 5.1 Let m € SL(2,R) with b # 0. The generalized heat kernel G}, is defined by

t,n
Gin(x,y) =Tz, n[P"t,n](y), z,y€R, t>0. (5:2)
Lemma 5.1 (Bessel Product Formula [8]) Let B,r,s € C with ®(B) > 0. Then

MNoa+2n+1) 2.2 22'7‘5)

“+o00
2 . . — .
/ =P jaton(2rw)jaton(2s2) 2 I dy = — ol T Ja+2n(f
0

= (5.3)
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5.2. Properties of the Generalized Heat Kernel
Proposition 5.1 Let m € SL(2,R) with b# 0. Then GY', satisfies the following properties:

1. Explicit formula:

2 i 2 22442

~E5 ) o T () (@)
F(a+2n+1)(4ot)a+2”+1e N @) Jaran 20t

G??n (JC, y) =

2. Upper bound:
2(xy)?" _ Uzl=lyD?
Gm < 4ot .
|GV (@, )| < F(a+2n+1)(40t)a+2”+1e

3. Reproducing property:

+oo
/ e%%(I2+y2)GTn(fﬂ, y)y2a+2n+1dy — g2
0

4. Semigroup property:
Foo ca 2
Gﬁs,n("ﬂ»y) = / e'v? G;nn(x’ Z)GZ},L(% Z)Z2a+1dz.
0

5. For fired y € R, the function u(t,z) = G, (x,y) solves the heat equation:

Owu(t,r) = cAm, u(t,x), (t,x) € (0,+00) x R.

Proof:
1) From the definition of T;*;™ it follows that

G, y) = Ton [P (y)
= (zy)" T MR (y)

: 2
267%%(Z2+y2)674ygt QTLW 7&
= T(a 1 on 1 Ddonerzrt @v) T e l().

A simple calculation show that

— 2 T(a+2n+1 T 244 ey cos
Tet2n et (y) (at2n+1) )/ e T (sin )20 T4 g
0

- Vil(a+2n+1/2

F(O[ + 2n + 1) _ 22442 4 zycosO , | 2
= ot ot §)2etingg
Jillatant1/2¢ /0 e >t (sinf)
Clat+2n+1) e (X (55)" /ﬂ Ko 20
= e~ Aot z cos™(6)(sin(0))** 4" dp.
Val(a+2n+1/2) I;) kLo

By the equation (3.7) in [8], we deduce

5 _ 22 2?42 1y
Tg+2n[e 5t ](y) = e At ]a””(fct

).
3) From Lemma 5.1 we know that

+OO i a 2 2
/ ezt VI (z,y)y** T dy
0
2

2¢~ dot on [T _a2 . 1Y\ 2atantl 2
_ = y dy = 22",
F(a+2n+1)(4at)a+2"+1w /0 € ]a+2"<20t)y ve=s

11
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4) We have :

+oo ca 2
| et w0 w2 s
0

2
de™ 4ate 4056 2b(w +?)

= 5.4
FQ(Oz +2n + 1)(40.t)a+2n+1(40.8)a+2n+1 ( )
too 2 2 irz 1Yz, o
% — it e i5s .a n(— .a (= oz+4n+1d .
/o € € Ja+2 (2075)‘] +2 (205)2 z
By Lemma 5.1 we have
T 24 1Tz iyz .|
— i s g hadal ot WZ 2atantl g
/0 € Ja+2n(2gt)3a+2n(205)z Z
a+2n+1 o2 y2 ;
_ I'(a+2n+1)(4ots) o em]oﬁ»?ﬂ(&)
2(t + s)ot2ntl 20(t+s)
Now a simple calculation shows that
/—i_OC ei%zsz (iE Z)Gm ( 2a+1
t,n 9 s,n y,Z)Z dZ
0
2 ia(,2 .2y _ @2+y? ; il‘y
_ —3 3@ +Y7) g 2o(ers 2n,
= X 2% (t+s) aton
T(a+2n + 1)(do(t + s))or2ntl € e (@y)™" otz (20(t+5))
= G?—l}-s,n(x7 y)
5) Fory € Rand ¢t >0
2% 4+ 92 _a+t 2n+1
—Gm = Gy,
gt Ctn(@:9) = ( Aot? t ) n(9) 55
V2002 5.5
26*5%(”” +92)e* '4tty 1y ;! (ny)
T(o+ 2n + 1)(dot)at2ntt \ 22 ) Jat2ning):
By the transmutations property
ML AR o M =AT, (5.6)
and o L
e2 b AT, oe 28T = AT, (5.7)
We have
BT [GT(@9)] = oM o By [M7AGP (2,1)]
= oM [ B (8 MUIGE (0,1) )|
2
20e~ 55 (@*+y") e 57 S o2 ixy
= "Aqyon |€ 1 joron(5=)] -
I'(a+2n + 1)(4ot)at2nt+l (20)" Dotz [e Jat2 (2Ut)]
An easy calculation shows that
| _s2 iy
Anyon 4ot Jat2on g
+2 [6 Ja+2 (2015)}
_e? [, iy 5., izy iy(2a+4n+1) iy |, izy
— ot < —Z — —Z 5.8
(i) + (LI D B G (5.9
x? a+2n+1 Ty
— joton(=—=)| - 5.9
i — o )| (59)
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. . 20+ 4n+1 . .
Since i 00(2) + o 19(2) = —jasan(2) 2 € C.
We denote
| =2 . 1y o2 [ (2?2 +y? a+2n+1) . iy wy iy
A 1ot —2)| = ict — 7y - 7 —Z)] .
at2n |€ ]a+2n(20t)} ¢ K 4022 ot ja+2n(20t) 2022 ]a+2"(20t)
Then

9 .
au(t, r) = oAl u(t, ).

5.3. Solution of the Cauchy Problem
Proposition 5.2 Let m € SL(2,R) with b# 0, and let f € LP. ., 1 < p < oo. Define

a,n’

u(t,x) = Pl x f(x), (t,z) € (0,4+0) x R.

Then:
1. u satisfies the heat equation (5.1).

2. The following estimate holds:

(4ot)*+2nH 1D (o + 20 4+ 1)] 5"
2

Jult, ), c,n < g~ D £lp, a,m,

where p,q,r € [1,00] satisfy % + % =1+ %
3. u(t,-) is the unique solution of (5.1) in Ly, ,, for 1 <r < oo.

Proof (Sketch). The result follows from expressing u(¢,x) as a convolution with the generalized

heat kernel:
+oo

u(t, ) = G (2, y) €8 f(y) y?*H dy,
0

applying the semigroup property (Proposition 5.1) and Young’s inequality for £P . spaces, and using

a,n
standard uniqueness arguments. The kernel G}, satisfies the heat equation, which ensures that u solves
the PDE.
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