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Constrained Recurrent Cubic Fractal Framework and Forecasting based on Decision Tree

L. Rajesh and K. Mahipal Reddy

ABSTRACT: In this paper, we propose a Constrained Recurrent Cubic Fractal Model that integrates the
Recurrent Iterated Function System with a constrained piecewise linear function to model complex datasets
and establish its convergence analysis effectively. The proposed model employs rational cubic and quadratic
P (s
Qx(s)
datasets, including stock data analyzed using decision tree regression. The integration of decision tree re-
gression further enhances predictive performance, enabling accurate interpolation of existing data points and
reliable forecasting of future values. Numerical experiments confirm that the model produces smooth and ac-
curate interpolations, preserves underlying trends, and delivers consistent predictions across diverse datasets.
This study represents a significant advancement in recurrent fractal-based modeling methodologies for data
analysis and forecasting.

forms to ensure precise interpolation. To validate its effectiveness, we apply the model to real-world

Keywords: Recurrent iterated function system, recurrent rational fractal interpolation, convergence,
constrained interpolation, forecasting, decision tree regression.
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1. Introduction

The incorporation of iterated function systems (IFS) into interpolation has led to the development of
fractal-based approaches capable of outperforming classical techniques when dealing with irregular, highly
fluctuating, or self-similar datasets. Due to their recursive construction, fractal interpolation functions
can recover fine-scale structures in data that traditional schemes often fail to detect, thereby enabling suc-
cessful applications in domains such as medical image reconstruction, geophysical surface modelling, and
dynamic signal analysis. The concept of IF'S, introduced by Barnsley, laid the foundation for the system-
atic formulation of Fractal Interpolation Functions (FIFs) [7,9]. Later, Barnsley and Harrington proposed
C"—FIFs that require prescribing all derivatives up to order r at the left endpoint of the interpolation
interval [8]. Abdulla and co-authors modified Non-Affine Fractal Interpolation (NAFI) by optimizing
vertical scaling factors through advanced strategies such as Fractal Nelder—-Mead, Fractal Particle Swarm
Optimization, and Fractal Differential Evolution, and applied these to forecasting models—ARIMA, Nu-
SVR, and neural networks—using Euclidean-distance-based fitness measures [3]. In a subsequent work,
Abdulla et al. introduced Fractal Differential Evolution (FDE) to enhance the design of Rational Fractal
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Cubic (RFC) splines, integrating them with artificial neural networks to improve extrapolation behavior
[2]. Reddy established smooth zipper FIFs and proved that a regular fractal function corresponds to a cer-
tain derivative of these constructions under fixed scaling factors [19]. Chand and collaborators examined
constrained rational cubic FIFs, showing that suitable scaling and form parameters allow the generation
of interpolants that lie between piecewise linear functions or within prescribed bounds, while maintain-
ing convergence and shape preservation [12,20]. A related C! rational cubic scheme by Delbourgo and

Gregory ensured monotonicity and convexity while including rigorous error estimates [15]. Chand et al.
Pmﬁ(s)
qr(s)
ing factors that support positivity, convexity, and monotonicity constraints [13]. With the introduction

of an a-fractal rational quartic spline, Chand and colleagues further established a unified C?-continuous
framework for constructing smooth and bounded fractal curves with controllable error behavior [17]. The
rational cubic IFS using % forms proposed by Chand et al. expanded the flexibility of classical inter-

later generalized rational cubic FIFs via representations incorporating tension parameters and scal-

polants by guaranteeing convergence to C* originals and permitting control over derivative smoothness
[11]. Chand and Vijender developed C'! rational quadratic FIFs that ensure monotonicity without shape
parameters by imposing bounds on scaling factors, enabling both local control and visual smoothness
[14]. Katiyar et al. proposed a cubic rational FIF framework with two to three shape parameters and
an additional tension factor for improved modeling power [18]. Reddy constructed rational cubic spline
FIFs on rectangular domains using partial blending and studied their robustness against perturbations
in scaling parameters [24]. Abdulla, Sana, and Mahipal Reddy also demonstrated the usefulness of IFS
models in creative digital design through clustering-based segmentation of fashion patterns [1]. Other
works by Reddy et al. extended Bézier curves to their fractal counterparts via matrix subdivision while
retaining smoothness and shape preservation [25], and Chand et al. examined fractal modifications of
Bézier forms in 2D and 3D, establishing contractive and convergence requirements [26]. Drakopoulos et
al. constructed affine bivariate FIFs through IFS and derived conditions to ensure positivity and con-
tractivity [16]. Balasubramani et al. introduced a-fractal rational cubic splines with boundedness and
positivity guarantees [5]. Reddy and collaborators also studied monotonic and constrained interpolation
by reducing fractal rational FIFs to classical interpolants under zero scaling factors [21]. In addition,
Mahipal Reddy et al. visualized fractal evolution using MATLAB implementations [6]. Barnsley and his
colleagues later described recurrent IFSs, elaborating connections with Markov chains, ergodic theory,
Julia sets, and the collage theorem [10]. Yun and co-authors generated fractal surfaces using recurrent
fractal curves via Lipschitz-based techniques [27]. Gowrisankar et al. devised an affine recurrent FIF
ensuring bounded interpolation between piecewise linear segments [4]. Lastly, Reddy et al. proposed a
univariate constrained recurrent rational fractal interpolation framework based on a recurrent iterated
function system, which enhances the flexibility of cubic spline construction, establishes uniform error
bounds and convergence results, and provides sufficient conditions to preserve shape constraints and
boundedness between piecewise functions, straight lines, and rectangular regions, as illustrated through
numerical examples [22].

This paper provides an RIFS-based method for creating a constrained recurrent cubic fractal frame-
work for piecewise linear interpolation. This method is flexible, efficient, and guarantees convergence. A
new group of recurrent rational fractal interpolation functions is carefully studied for its limiting behav-
ior and convergence properties. Also, the framework is integrated with decision tree-based forecasting,
which uses recurrent cubic fractal interpolation to ensure that the predicted outputs are smooth and
structurally sound. The new method makes it possible to use it in more areas of science and engineering.

In this work, the overall structure is organized as follows: Section 3 introduces the essential termi-
nology and fundamental concepts related to the Recurrent Iterated Function System (RIFS). Section 4
presents the construction of the proposed Constrained Recurrent Cubic Fractal Model (CR-CFM). Sec-
tion 5 provides a detailed convergence analysis of the developed model. Section 6 discusses the constraints
imposed on the vertical scaling factors and shape parameters of the constrained cubic recurrent rational
fractal model. Section 7 demonstrates the predictive capability of the model through Decision Tree-based
forecasting.
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2. Recurrent Iterated Function System

In this section, we describe the formulation of the Recurrent Iterated Function System using the
available data set. {(sx, tx) : & € My = {1,2,..., M}}, where the data set is defined over a strictly
increasing sequence of abscissa. Indicate £ = [s1, sas], L% =[Sk, Sk+1]- For each L%, let the data lie in
the interval A, = [s1(x), S2(x)] in such a way s, 11 —8, < Sa(x) —S1(x), Where 8(,),S2(x) € {S1,82,...,8Mm},
1(k) < 2(k) and 1(k),2(k) € Mpr. Let Eg - Ay — L, K € My = {1,2,...,M — 1}, be contractive

mapping defined by E(s) = axs + b, such that

]Er@(sl(n)) = Sk EK(SQ(N)) = Sk+1, (21)

where a,, and b,; are computed according to (2.1).
We affirm that the mapping F,, : A, Xx R = R,k € Mjy;_1, is well-defined if it meets the following
conditions:

]FI{(Sl(K,)v tl(m)) = ts, FK(SQ(&)7 t2(;;)) = tit1,

2.2
[Fie(s,t1) = Fuls, t2)| < [Belltr — ta|, Bl <1. @2

The parameters (/.s are interpreted as vertical scaling factors, and their collection 8 = (51, B2, ...,8n-1)
is termed the scale vector. For index k € Mjys_1, a transformation v, : A, x R — £ x R is defined
by Y. (s,t) = {E.(s),Fx(s,t)}, where E, governs the horizontal mapping and F, controls the vertical
dynamics. The collection of these transformations acting on the corresponding domains A, X R forms a
recurrent iterated function system, which provides the mathematical framework for constructing recurrent
fractal interpolation functions.

3. Recurrent Fractal Interpolation Model

This section introduces the formulation of a recurrent fractal interpolation function framework and the
construction of a recurrent cubic fractal interpolation function controlled by a single shape parameter.
To this end, we introduce the function space G = {F € C(L) : F(s1) = t1 and F(sp) = tar}, which
comprises all continuous functions defined on £ that exactly interpolate the prescribed endpoint data.
Endowing this space with the uniform metric establishes a robust analytical setting for defining the
recurrent fractal interpolation scheme and for examining its structural and functional properties.

D(F1, F2) = max{|Fi(s) — Fa(s)| : s € L}, for F1,F2 €G.
We define an operator 7 : G — G by the relation:
(TF)(s) := FK(Egl(s), }'oEgl(s)), K€ Muy_;.

As T is a contraction mapping defined on the complete metric space, (G, D), it follows from the Banach
fixed-point Theorem that there exists a unique function F € G satisfying:

TF(s)=F(s), VselL
This function F fulfills the functional equation:
F(s) =F(E;'(s), FoE '(s)), forse L.

The graphical representation of the continuous function F, which exactly interpolates the prescribed
data points F(s,) = t, for K € {1,2,..., M}, is identified as a recurrent fractal interpolation function
associated with the given recurrent iterated function system (RIFS). The theorem presented below rigor-
ously characterizes the analytical conditions under which such a recurrent fractal interpolant exists and
is uniquely determined.

Theorem 1: Let{(s,,t,):i=1,2,..., N} be the interpolation data, E,(x) is an affine function satisfy
(2.1), and a continuous function Fy (s, t) = B.y+q.(s) satisfy (2.2) for each Ax = [s1(,), So(w)] € [S1, sN].
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Suppose for some integer j > 0, |Bx| < za, 0 <z <1 and gx € C?[s1(4), So(x)], K € L. Let

Bry + g (s) 4 (siw)) a1 (Saw))

Fio(s,t) = , t =—F——-t =
a(s:t) a$ 1(r)e af — B 2m)ex afy—y — Bu—1

fora=1,2,...,7.

If ]Flifl’Oé(SQ(R)’tQ(R)’a) = ]Fi,a(sl(n)atl(n),a) for k = ]., 2, ceey N—-1land a= ]., 2, e ,j,
then 7. (s, t) = {(Ex(s),Fa(s,t)) : £ = 1,2,..., N — 1} determines a RFIF f € C/[s(,),Sa(x)] and f* is
the RFIF determined by {(E.(s), Fx(s,t)):k € M1} fora=1,2,...,7.

4. Construction of Recurrent Cubic Fractal Model

Consider a Hermite interpolation data set {(s,, tx,dx) : & € Mpr}. For each, k € Mj;_1, we construct
amapping F,. : A, xR — R satisfying the interpolation conditions Fy (s1(x), t1(x)) = te, Fa(S2(x), tas)) =
ti+1. The collection of maps v, (s, t) = (E.(s), Fe(s,t)) then forms a recurrent iterated function system,
where d,; denotes the proposed the prescribed derivative at 3, represents the corresponding vertical
scaling factor. Here, the horizontal and vertical components are chosen as an affine map E,(s) = a,s+ by
and a rational function Fy(s,t) = Bt + gi ((Z)), respectively. As a result, the associated rational recurrent

fractal interpolation function ® satisfies the following functional equation.

D(E,(s)) = B.P(s) + se A, (4.1)

where PK(S) = Tl,i(l — 5)3 + TQ,Z'(S(I — 5)2 + Tg,i(SQ(l — 5) + T4,i§3,
Qu(z) =1+ (re —2)6(1 = 9),

. . S—S
T1,i, T2, T34, T4, are the coefficient of Py(s), ry is the shape parameter ¢ = ﬁa se A..
K K

Put s = s1(,), § = 0 and s = sy(,;), 0 = 1 in (4.1), we get
PH(Sl(H)) = Tl,i7 ]P)n(sl(n)) =1 and PI{(SQ(H)) = T4,ia Pn(s2(ﬁ)) =1

Substitute s = s1(,) and s = sy, in (4.1), we obtain Ty ; = t, — Buti(s)

and Ty; = ter1 — Butow)-

Derivative of ® in (4.1) with respect to s is

Qx(s)P(s) — Pu(s)Qy(s)
(Qx(s))?

Substitute, E.(S1(x)) = Sk; Ex(S2(x)) = k41 and Ty, Ty ; expression in (4.2), we get

q)/(]EK(S))aH = Bntb’(s) +

. (4.2)

)(t,{ - ﬁntl(n)) + hedy — 5n(dl(n) (SQ(K) - Sl(H)))?

)(tn-&-l - /BHtQ(K)) - hl{dﬁ—‘—l + ﬂn(dZ(n) (SQ(H) - Sl(m)))'

We obtained a recurrent cubic fractal model as

Py (s)

Qx(s)’

Pu(8) = (b — Brba(e) (1= 0) + {(r + 1) (b — Buti(n)) + P — Bre(di() (S2()
- Sl(n)))}(s(l - 5)2 + {(TN + 1)(tn+1 - ﬁntQ(m)) - h/‘idl'i-‘rl + /Bﬁ(d2(m) (SQ(N)
- Sl(n)))}52(1 - 5) + (tn+1 - 5Ht2(n))537

Qn(s) =14 (r, — 2)6(1 —§), 6= — 20
S2(k) — S1(k)

P(Ex(s)) = BxP(s) +

s e A,.
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5. Convergence Analysis

We now analyze the convergence behavior. Assume that the Hermite data {(sx,tx) : K € My} are
generated by a smooth function ¥ € C*(£). Let C be the associated classical interpolation of the RRFIF.
The convergence of the proposal model ® towards W is achieved by first proving that C' converges to W
and subsequently estimating the uniform distance between ® and C. Using the triangle inequality, we
obtain

[® = Wllae < [® = Cllac + € — ¥

We have ®(E,(s)) = B.P(s) + g:((z)) If 3., = 0 then, we get

PH(S) . Tlﬂ'(l — /\)3 + Tg,i)\(l — )\)2 + T37i/\2(1 — )\) + T4,i)\3

C(x)

T Qu(s) L+ (re —2)A1 = ) :
Pe(s) = te(1 = A)2 + {(re + Dtw + hued A1 = N2 + {(re + Dtpg1 — hedep1 JIA2(1 = N)
+ b1 A,
Qu(s) =1+ (re —2AN1—A), A= — "% sels,, sppal, k€ My
Sm-&-l — Sk

Now, we express the difference between ®(x) and C(x) as:

1
Qx(N)
AL = N)?] + [(re + Dyage) + daguy (Sa(x) — S100))] A (1 — A)}-

D(s) - C(s) =

{ = Bie [ty (1 = X)® + toy) A* 4 (1 + Dby — dige) (Sage) — S1(x)))

We can rewrite it as:
1
d(s)—C(s) = ———
()= Qx(A)
where Vg = (1 = \)? 4 (re + D1 = N2, Vi = (re + DAZ(1 = \) + A3,
Vo = ho A1 — N2, Vs = —h A3 (1 = N\).

{=BrVoti(e) + Vitae + Vadi(x) + Vadain]}

Vo+ Vi, VatVa _ hAL=N(—2)
Q) 7 QN 1+ (re—2A0 =N
_Bn
®(s) - C(s) = .00 [Voti(e) + Vitage + Vadi(e) + Vadae] -

[B(s) — C(s)] < [Bel [max{ty(x), tom) } + V(A h) max{dy(x), daw)}] ;

 h A1 =M1 —2))
where V(A h) = T+ (M=)

[@(s) = C(s)lloe < |Bloclyloc + V(®; )|d]so.
Now, W(s) = C(s) = (1 = A)*[¥(s) = yu] + (rx + DAL = A)*[¥(s) — t.]
+ (re + DAL= N[W(S) = topa] + A°[T(8) = trot]
M1 = N2d + de 1 N2(1 = N).

The maximum error can be evaluated using the infinity norm:

1
B Qx(s)
Where Wy = (1 —A) + (re + DAL = N2, Wi = (1 + DAZ(1 = \) + A3,
Wy = —h A1 = N2, W3 = hA%(1—\).
Wo+ Wi | WatWs _ —hA(1-N)(1-2))
Qx(s) T Qu(s) Qx(s) '

U(s) - C(s) {(‘I’(S) —t)Wo + (U(s) — trs1)Wi + Wad,, + W3dn+1]}-

Now
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1 1 1
¥e) - CI < iy [(4|m| n 1) W h) + S (]| |dnl)]

where  W(U;h) = max{|¥(s) — U*(s)| : |s — s*| < h,s,s" € L}.

We can express it as:
[W(s) = C(s)lloc < |Bloctloc + W (¥, h)|d|o,

where,

tloo = max{|ti()|, [tagey] 14 =1,2,..., N} <max{|t.]:i=1,2,...,N},
|d|oo = max{|dy ()], |da(ey| 14 =1,2,..., N} <max{|dx|oo :7=1,2,...,N},
|h|oo = max{|hg| :i=1,2,...,N =1}, |r|ec = max{|rs|:i=1,2,...,N —1}.

Thus, |®(s) — ¥(s)| < [B.] [max{ti (), b2} + V(A k) max{di (), das) }]

1 1 1
.00 [(4'”' + 1) W (W3 k) + 3 max{|du], desa [}

Convergence Result: Let ¢ be uniformly continuous on £. Then its modulus of continuity W (¥;h)
— 0, vanishes as the mesh size h — 0. Consequently, by comparing ¥ with its classical analogue C,
one can rigorously derive an explicit upper estimate for the associated approximation error, thereby
establishing the convergence of the proposed scheme.

@ = Vfloo < [[@ = Clloc +[|C = ¥][co-

6. Constraints of the Recurrent Cubic Fractal Model

This section delineates the form parameters and vector scaling factor that satisfy the requirements
of the recurrent cubic fractal model. Our primary aim is to develop a restricted RCFM such that the
interpolation dataset, {(sy, t.) : £ € My}, is confined to the boundaries of two piecewise linear functions:
Gl = Qus+ p, and G = Qs + p. Considering that RCFM is generated by an implicit method, we will
analyze two cases: B, > 0 and 8, < 0 for all kK € Mj;_1. The subsequent condition must be verified to
ensure that the assertions provided by the iterative procedure adhere to these regulations when piecewise
linear functions encompass the dataset:

GrL(Ex(s)) < f(Ex(s)) < GE(Ex(z)), E(s;) = axs; + by, j € M,

Pu(o;) _ . .S S
= Q(Ex(s))) + p < Buf(ss) + Qn(a]j) < QL (Ex(sy)) +pny 05 = 5200 — P10
Here f(sj) > Qurj + pn = ﬂf-cf(sj) > Bm(QnSj + tw),

= ﬁmf(sj)Qn(aj) > BN(QKSJ' + MH)QK(U]').

Our aim is now to derive suitable conditions on the RIFS parameters that ensure the satisfaction of the
following inequalities:

Py (o))

0n(0)) and B, f(s) + Puloy) < (aes + b)) + pk. (6.1)
w\Tj

Qe (s +bi) + i < Bef(s) +
Qn(aj )

Theorem 2. Let the set of points {(sx, t., dx): K € My} represent Hermite data located above the
given piecewise linear functions. If the lower and upper bounding functions are defined as

Gl = Qus+p, and G = Qs+ pu*, k € My;_1, then the constructed RCFM will lie entirely above these



CONSTRAINED RECURRENT CUBIC FRACTAL FRAMEWORK AND FORECASTING BASED ON DECISION TREE
bounding functions, provided that the recurrent IFS parameters are chosen suitably.

tn - gé(sm) ti+1 - g,lg(sn-l-l)
tige) — GL(s1m)) " o) — GL(S20n))

Gi(sk) =t G (Sky1) — tit1
Gr(s1(r)) = ti(r) GE(S2(r)) — t2(r) |

N; N3 Nj N7]

(1) 0 < B < min lam

i K 07 N ) N0 N N
(i) r >max[ N,’ N, Ng’ Ne

where

Ny = —[(tx — Gr(sx)) = Belti(e) — Gr(S1())) + Al — Brdige)|J| + (B — ai)|J],
Ny = (tx — Gh(sx)) = Bultipe) — Ghls1(0))],

Ni = —[(tis1 — GL(Skt1)) — Be(bage) — GL(Sa(n))) — M1 + Brdaie) ],

Ny = (bis1 — Gl(sn41))) = Br(baie) — Gh(S20n)) + (B — ax) ||,

N; = —[(Gi(sk) — ti) — Br(Gl(S1(w)) — ti(w)) — Pl + Brdi(y|J| + Qi (an — Be)l ],
Ng = (G (s) — tr) — Be(Gi (s1(s)) — ti())s

N7 = —[(Gr(Skr1) = trt1) = Bul(Gi(s20x)) — b2(x))] — Pudit1 + Brda)l ],

Ng = (G (snt1) = tug1) = Br(Gi(S2(s)) — taw)) + Qi (ax — Br)|J|.

proof. The left-hand side inequality of (6.1) can be expressed as,
Brf(8)Qn(05) + Pr(0;) = {[Qn(ans + br) + 11x] Qi ()} = 0.
Assume that B, > 0.Thus, £(8) > Qus + s = B f(8)Qu(05) > B + 1) Qu(01):
Consequently, the required criteria inherently ensure the validity of the following inequalities.

Bre (s + 1) Qi (05) + Pri(05) — (R (as + i) + ) Qi (05) > 0,
= Be[Qu(S1(r) + 05 (S20x) = S1(x)) + 1] Qr () + Pr(05) — [Qu(an[s1(x) + 75(S2(x) — S1(x)) + ]
+ 1] Qi (05) >0,
= B [Qnsl(n) + /J‘K]QH(UJ) + ﬁnQn(SZ(n) - Sl(ﬁ))JjQH(Jj) + Pi(oy) — [Q,{(a,{sl(,{) + i) + ]
Qu(0) = Qwan(S2(x) — S1(x))0Qx(0) > 0.

Which can be rewritten as,

5H[Qn51(n) + NH]QN(JJ') + ﬁn(s2(n) - Sl(ﬂ))UjQH(Jj) + PN(JJ')

— [Qn(aﬂsl(n) —+ b,{) -+ ILLK]QK(O'J') — QKGK(SQ(K/) — Sl(ﬁ))UjQK(O'j) > 0. (62)

Using degree elevation technique on Q,(c;) and 0,;Qx(c;), we obtain,
Qu(0j) = (1 =03)° + (r + (1 = 0j)0; + (e + Do} (1 = o) + 03,
0;Qr(o;) =(1— oj)zaj + T,QO'?(I —o0j)+ O’?.
Using (6.2)-(6.3), we get
{8 (Qus1(x) + 1s) = [Qi(@sS1(s) + i) + ] H{(1 — Uj)3 + (re +1)(1 = Uj)2‘7j
+ (re + DoF(1—05) + 03} + (B — an)[JI{(1 = 05)°05 + 707 (1 = 0;) + 73}
+ {[(tﬁ - 6Nt1(n))](1 - aj)3 + [(Tﬁ + 1)(tm - 6mt1(n)) + hkdy — ﬁndl(ﬁ)l‘”](l - O'j)zo'j
+ [(re + D (bis1 — Butae) = Prdtr + Brdage) | J](1 — 0)07 + [(tig1 — Brtae)]os} > 0.
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By rearranging and simplifying the given inequality, we obtain
= [(tn - (Qn(aﬁsl(n) + bli) + MH)) - Bn(tl(n) - (Qnsl(ko) + Mfi))](l - Uj)3 + {(rm + 1)
[(ts — (Qn(ansl(n) +be) + ) — ﬁn(tl(m) - (Qnsl(n) + )] + [hidy — Bl‘édl(ff,)|‘]|
+ Qe (Br — an)|']H}(1 - Uj)20j + {(Tn + 1)[(ti+1 - (Qn(a%sl(n) +be) + k) — Bn(t2(n)
— (s1(x) + 1)) = Pt + Brdoio)| I | + 1 (e (B — an)| ) }oF (1 — o) + {[(is1
- (Qn(aﬁsl(m) +bi) + k) — /Bn(tZ(m) - (Qnsl(n) + pr)) + (26 (B — an)|<]|)}‘7§‘) > 0.

Therefore, the inequality stated above holds true under the following conditions:

tl{ - g,l{(sn) ti+1 - g,li(skﬂ»l)
ti) — GL(S10m)) " tage) — GL(S2(x))

(1) 0 < By < min [am

N; N
(%) r,, > max l(), ! 31,

Ny’ Ny

where,

N1 = —[(ts = Gh(5x)) = Balbign) = GhlS1(s)) + Prd = Buda(my | + (B — a) 1],
Ny = (tx — G(8x)) = Bu(bign) — Gh(s100)))];

N3 = —[(tix1 — GL(Su+1)) — Bu(boge) — Gh(S2(x))) — hwdis1 + Brdage |1,

Ny = (tit1 = Gr(sni1))) = Brlbagn) — GulS2(n))) + (B — an)|J|.

The right-hand side inequality of (6.1) can be expressed as,
Gr(En(2)) < f(En(2)) < G (Eu(@)), E(z)) = apz; +bs, j € M.

Pi(o))
QH(UJ')

Right inequality of the above expression is considered.

S — Sl(,{)

J € M.

Qu(Ex(s)) + pe < Bef(sk) + SQ(Ex(s) +pxy 05 =

Sa(k) — Sl(ﬁ)’

= Buf(s) + g((‘;)) < O (aws + by) + 1.

Multiplying both sides of the inequality by the positive quantity Q. (c;), we obtain
= Buf(8)Qulo;) + Pulo;) — Qo)) [ (ans + bs) + ] < 0.
Using the assumed lower bound on the function f, namely f(s) > Qs + p*, and since 8, > 0, we have

Here f(s) = Qs + py = B f(s) = Br(Q5s + )
= Brf(8)Qu(05) = Br(2s + 1) Qi (0)-

Substituting this estimate into the previous inequality yields
= Br(S0s + 1) Qr(0;) + Pr(05) — (Qu(0)) [ (ans + bx) + p] < 0.
Next, expressing s in terms of the local coordinate s = s, + 0;|.J|, the inequality can be rewritten as

= [IBH(Q:(Sl(H) + 1) — Q:(aﬁsl(n) + brc) + MD]@N(UJ)
- [5KQ:|J| - Q:aH|J|]ann(Jj) + ]Pn(oj) < 0.



CONSTRAINED RECURRENT CUBIC FRACTAL FRAMEWORK AND FORECASTING BASED ON DECISION TREE 9

By performing degree elevation on Q,(c;) and ¢;Q,(c;), we derive

(2 (ars1(ny + br) + 1) = Br(is1(e) + 1) {((1 = 05)° + (re + 1D)(1 = 05)%0;

+ (re + 1)03—(1 —0j)+ 05-’} + [Q%(ax — Be)|J{ (1 — aj)2aj + r,{ojz(l —0j)+ 05’}

—{[(tx = Batr)(L — 05)° + [(re + 1) (b — Buti(n)) + Pdi — Brdi(n)l J[](1 — 05)%0;

+ [(re + 1) (bns1 — Brba)) — hdnss + Brdage [J|(1 = 05)07 + [(biy1 — Batae))]os} > 0.

Rewriting and simplifying the inequality, we derive

= (re = DI Q(ansi() +be) + 1) = te) = Bul(Qis100) + 12) = t1)](1 — 05)°
+ {2 = DI (ans1(n) +bs) + 1) = ts) = Bu((Qesi(w) + 11) = ta(w)
+ (re = DI (ax = Bo)lJ| = hudy + Bedi ] T[]} = 0;)%0;
+{(rs + DI (@ns1(e) +bx) + 11) = trgr) = Bul(Qis1(e) + 1) = ta(e))]
+ 1 (ax = Be) 1] + hudicrr = Brdao | T1}05 (1 = o) + [(Q(ansie) + be) + 412)
—tr1) = Bu((Qsi(0) + 1) = tage) + Qlaw = B0 > 0.

Therefore, the aforementioned inequality is applicable when the subsequent criteria are satisfied.

Gr(se) =t Gr(Sur1) — ot
Gi(s100) = brim) " G (S20m) — ta(e) |

Ns Ny
Ng' Ns |’

(ii1) 0 < B < min [am

(iv) ry, > max [0,

where,

N5 = —[(G(sk) — tw) — Br(Gl(S100)) — t1(w)) — hidi + Brdi)|J| + Qi (aw — Bi)|J|],
No = (G5 (sk) = te) — Be(Gi (S1(x)) — t1(e))s

N7 = —[(Gx(sk+1) = tut1) = Bu(Gs (Sa(w)) — tagw))] — hudit1 + Budaie)l |,

Ns = (G, (sk+1) = tut1) — Bul(Gi (S20s)) — t2(m)) + i (an — Be)|J|.

Remark 2: Assume that there are piecewise-defined bounding functions G!(s) and G¥(s) that satisfy
the condition G.(s) < t. < G¥(s) for all kK € Mj;_; and all z in the domain. Provided the recurrent
IFS parameters are chosen approximately, the cubic recurrent rational fractal interpolation function with
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positive scaling factors will stay within these bounds.

tn - g;lg(slﬁ?) K,Jrl gl ( )
tie) — GL(s1(m)) " to(e) — GL (Sz(n))

Gr(sk) — tw G (Skt1) — trs1
Gi(s1(x)) = trge) G(S2(s)) — tog)

N, N3 N; N7]

(1) 0 < B < min lam

g 0. N1 N3 N
(i) r5>maxl N, N, No Ne

where,
N1 = —[(ts = Gi(sx)) = Bulbrie) — Gk(510)) + Rl = Budii) || + Qu(Bs — a)| J]],
Ny = (t, — GL(sx)) — Bu(tige) — Ghls10))]s
N3 = —[(tr+1 — GL(Sk+41)) — Bulbapn) — Gh(S2(m))) — Puedis1 + Brdaiey | 1],
Ny = (trr1 — GL(Sk41))) — Bu(bage) — Gh(S2(s))) + Qu(Be — ai)| ],
N5 = —[(Gy(sx) = t) = Bu(Gx(S1(x)) = ti(w)) — Puds + Budi(wy|J] + 2 (an — Bl ],
N = (Gr (8x) — tr) — Bu(Gr (81(x)) — 1))
N7 = —[(Gi(s5+1) = trt1) = Bu(Gi (82(x)) — ta(e))] = M1 + Brda(w)|J |,
Ng = (G (snt1) = tug1) — Bu(Gh(S2(x)) — ta(w)) + Qi (ax — Be)l ],
and |J| = [sa(x) — S1(s) |-

Furthermore, negative scaling factors are incorporated to derive a constrained form of the fractal inter-
polant. Hence, our objective is to explore the limiting properties of the recurrent cubic fractal model.
Theorem 3. If G.(s) < t, < G%(s) holds for all Kk € My, and j € My, then the set

{(8k,tw,ds) : K € My} constitutes a Hermite dataset. The aim is to guarantee that the negative scalings
of the recurrent rational fractal models, denoted by G (s,) = Qs + . and G¥(s,) = Qis + p*, stay
within their designated limits. It is essential to meet the following recurring IFS criteria.

. ) t. — Gl(sw) tir1 — GL(Spt1)
i) 0 < By < min | — ay, u , = ,
(0 0< b [ Tt — GE (1) tage) — Gl (Sa(m)
gg(sn) - tn g:(sn-‘rl) - ti+1

GL(s1x)) — ti) GL(S20x)) — tag)

3 B, By By B
" 0,
(#9) 7y > max By’ B, By’ Bs]

where
Bi = (tx — Gp.(sx)) = Br(tiw) — GL(S1() + Pndi — Brdim)| ] + (8 — Quan)| I,
By = 2{(tx — G(8x)) = Br(brt) — G (510))] + hcdl = B[] + (B — Qean)| J1,
Bz = —[(tir1 — G.(sks1)) — Br(taw) — Ge(S2(x))) = Prdiy1 + Brda)| I ]
By = (tiy1 — G (Swt1)) — Bm(tﬂ(n = Gi(s2(x))) + (B — Quar)| ],

= (Gi(sx) — tx) — Bu(g (Sl(n)) —ti(w))) = hrdi + Brdiy || + (Qrak — QBi)| I,
Bs = 2[(G(sx) — tx) — Bx(G, (51(@) t1(s))] — P + Brdi(e)|J] + (Qan — QeBi)] ],
Br = —[(G(Sns1) — tus1) — Bu(G! (Sz(n)) togn)) = Prdit1 + Brdaey)| 1]
and Bg = (G (Skt1) — biy1) — Bu(Gr(Sa()) — b)) + (an — QcfBi) ).
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Proof: Here the scaling f, satisfies —a,, < fx < 0. The first inequality (6.1) can be written in the
following form:

Q{8 + bi) + 1 < B f(5) + (g((?j)
= Buf(s) + g:((ijj)) — [ (axs + be) 4 pe] > 0.

Multiplying the above inequality by the positive quantity Q. (c;), we obtain

= ﬁmf(S)Qn(ij) =+ Pm(aj) — [Qu(axs +bi) + NK]Qn(Uj) > 0.

Using the assumed upper bound on the function f, namely f(s) < Qfs+ p¥, and noting that 5, > 0,
we get

f(8) SUis+ iy = Buf(8) = Bu(Ris + py) = B f(8)Qu(0) = Bi(is + 1) Qi (o)

Substituting this estimate into the previous inequality yields

= {Be (s + 1) — [Q(ars + bs) + 1] }Qx (o) + Pi(oj) > 0.
Next, expressing s in terms of the local parameterization s = s, + 0;|.J|, we rewrite the inequality as

= {8 (i (8100) + 051 I1) + 1) = [Qs(an(s1(r) + 051 ]) + ) + 1]} Qi (05) + Pr() > 0.

Separating the constant and o;-dependent terms, we obtain

= [Be(Qis1(s) + 1) — (UarnS1(x) + b)) + 115)] Qi (05)
+ {8, — Qnan]lﬂ}gj@n(aj) + PK(Uj) > 0.

Utilizing the degree of elevation, we obtain

Qu(oy) = (re = 1)1 = 0;)° + 2re — 1)(1 — 0;)%05 + (rx + )03 (1 — 0;) + 77,
0;Qu(0j) = (rp — 1)(1 — O’j)QJj + r,{ajg»(l —0j)+ 05-’.
We can be written as

[Br (is100) + 115) — (Qans1(e) + bic) + p)][(rs — 1)(1 = 0)* + (2rx — 1)(1 = 7)o,
+ (ry + 1)0?-(1 —0o;)+ 0?] + {[Q% 8 — Qa]| I} (re — 1)(1 — )0 + majz-(l —0j)
+ 03]+ {[(r1 = Db — Brta)](1 = 0;)° + [(2re — D)(ts — Batar))
+ (re = D{hydy = Budi(n)| 31 = 05)%05 + [(rs + 1) (tis1 — Butaw))

— hdpg1 + Brdao) | J||(1 = 05)07 + [(tir1 — Brbage)]os} > 0.

Which is simplified as,

(re = D(ts — Gr(8x)) = Bu(tam) — Gt (s10)](1 = 95)” + {[2[(ts — Gl (s4))

= Br(br(e) = GE(s100)))] + hwe = Brdi(o) || + (B — Q)| I [Jre — [(bx — Gllsn))
= Br(b1) — G (s1(0))) + P — By || + (B — Quane) ||} (1 — 05)%0;

F {ra[(tiv1 = Grlswr1)) = Bulbags) — Gl (Sa(s))) + (B — Q)| J))]

+ [(tig1 — GL(Sws1)) — Brlbae) — Gl (Sa(m))) — hdgr + 5nd2(n)|<]|]}0—32'(1 —0j)

+ [(bis1 — GL(Skt1)) — Brl(bagn) — Gr(S2(0))) + (B — Qar)|J|)]o? > 0.
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Hence,

. . te — QL(SK) tiv1 — gl (8r+1)
o< P — Ug, ’ ’
(i) 0 < B < min l a tie) — G(S1(s)) " ta@) — G (52(f<))

B, I533

0
"By By

(#9) r,, > max

where

By = (tx — Gh(sx)) = Bru(b1(n) — G (s100))) + s — Brdi(wy | I| + (2585 — Qwa) ],
By = 2[(tx — Gr(s)) — Br(ti(n) — G2 (s1(0))] + Prdi — Brdi ()| J| + (2B — Q)| J],
Bs = —[(ti11 — GL(Skt1)) — Br(bae) — G (S20m))) — Puedis1 + Brdaioy| ],

and By = (ti11 — Gh(Snt1)) — Brlbage) — Gr(S2(m))) + (25 Bs — Q)| J].

The second inequality (6.1) can be written in the following form,

Brf(s) + (gﬁ(( ))<Q*(a,gs—|—b )+

PR(O'J)
Qx(0;)
= [ (axs + bi) + 1] Qi (o) = B f(5)Qi(0)) = Pi(o;) 2 0,

Here, f(s) > Qs + p1s = B f(8) < Bu(Qus + pu) = Bif ( )Qri(05) < Br(Shes + 1) Qe (0;),
= [Q(ans + i) + 1] Qu(05) — (Br(ss + 1) Qu(05) — Pi(o;)) =0,

)
= [Q:(an(sl(n) + 0j|=]|) +bi) + N’K]QK(J]) B (82 ﬁ(sl(m) + (0])| )+ MK)Q,{(UJ') - Pn(aj) > 0.
Applying the degree of elevation, we get

= Bef(s) + — [ (axs +bs) + p] <0,

(@ (an(S10) + 051 T1) + i) + 112) = Bu(Qe(S100) + 0517 ]) + )] [(r = D)(1 = 7)?
+(2ry = 1)(1 — 0)%0; + (re + 1)0]2-(1 —0;)+ 05-’] + [(Qak — Q0 Be)| ]
[(re — 1)(1— orj)zoj + 7‘%0]24(1 —o0j)+ a;-'] —P.(0j) > 0.
Extending this formulation, we derive the following inequality:
(5 (an(s100) + 05 T1) + i) + p15) = B Qe (S10) + 051 T]) + ) [(r = 1)(1 = 05)°
+ (2r = 1)(1 = 0;)%0; + (re + 1o (1 — 0;) + 03] + [(san — QB I[(rs — 1)(1 = 05)%0;
+ 7503 (1 =) + 03] = {[(r1 = 1)(ts — Btag))(1 = 0)° + [(2r — 1) (s — Buti(e)
+ (rs = D{hudi = Brdi(o)| JN(1 = 05)%05 + [(re + 1) (tir1 — Buboge)) — haduia
+ Brday| J]](1 — O'j)UJQ- + [(tit1 — ﬂntQ(n))]O—?} 2 0.

The validity of the above inequality depends on the satisfaction of the following conditions,

gg(sn) - tn g}i (SnJrl) - ti+1

114 0§Bn<mln — Qg, ) )

(i) GL(s1n)) = tim) GL(S20x)) — tag)
B B

(iv) ry > max lO, ﬁ, Bj,

where

= (Gr(sx) — tx) — Bu(G (Sl(n)) —t1(r))) = hede + Budie)|J| + (Qar — Qe Bi)|J],
Bs = 2[(G(sx) — tx) — Bx(G, (51(@) t1(x))] = P + Brdi(e) || + (Qaw — QiBi)l ],
Bz = —[(Gr(Skt1) = brr1) — Bl(Gh(Sa(n)) — ta(n)) — hudrir + Brdagey)| ],
Bs = (G (sk11) = but1) = Br(Gh(Sa()) — bam)) + (ian — Q)| )).-
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6.1. An example of the constrained RRFIF lies between two piecewise lines:

Consider the following Hermite interpolation data set:
{(sk,tr,ds) = (1, 2, 6.5),(2, 5, —0.5),(3, 1, —0.5),(4, 4, 1.5),(5, 6, 2.5)}. The data is between two
piecewise linear functions, G, and G*, which are above and below, respectively.

3s—3 if 1<s<2,

al — —4s+11 if 2<s<3,

3s—10 if 3<s<4,

2s — 6 if 4<s<5,

and

3s+1 if 1<s<2,

G _ —4s+15 if 2<s <3,

C13s-6 if 3<s<4,

2s — 2 if 4<s<5.

Constrained RRFIFs are generated by evaluating derivative information at the prescribed grid points.
Figure 1 illustrates how different parameter configurations affect the shape and behavior of the RRFIF.
According to Table 1, modifying the IFS parameters alone does not guarantee that the RRFIF remains
enclosed between the two piecewise linear curves, which is evident in Figure 1(a). However, when both
the scaling factors and the shape parameters satisfy the conditions stated in Theorem 2, the RRFIF
consistently lies within these bounds, as seen in Figure 1(b). Further, altering only the scaling parameter
based on Figure 1(b) yields the RRFIF displayed in Figure 1(c), while tuning the r-shape parameter from
the same reference configuration results in the curve shown in Figure 1(d). The constrained RRFIF in
Figure 1(f) is obtained by adjusting the parameters with respect to the IFS values from Figure 1(b). When
the scaling parameters are chosen to be zero, the restricted RRFIF reverts to the configuration depicted
in Figure 1(b). Overall, Figure 1(a) illustrates the unconstrained scenario, whereas Figure 1(b) serves as
the benchmark for the constrained case, with the remaining figures demonstrating the consequences of
modifying individual parameter groups.
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Lo o n o a2 oo o o~ ®

L o 4 n o s o e N @

Lo o n e o a oo o~ ®

(a) Unconstrained RRFIF. (b) Constrained RRFIF. (c) Changed v in 1b.

Lo o n e o a a o N

Lo 2 o & oo o o~ @

L o o e s o o o~ ®

1 15 2 25 3 35 4 a5 5

(f) Classical constrained of
(d) Perturbation r in 1b. (e) Perturbation IFS in 1b. RRFIF in 1b.

Figure 1: RRFIF lies between piecewise lines.

Table 1: Scale control parameters and recurrence/tension parameters used in constructing the piecewise
lines RRFIF in Figure 1.

Scale factor () Fig. | Shape parameter (r) | Fig.
[0.32 0.49 0.31 0.48] | la 22222 la
[0.31 0.45 0.32 0.45] | 1b,d [55555] 1b,c
(0.20 0.40 0.29 0.40] | 1c [10 10 10 10 10] 1d
[0.25 0.39 0.28 0.38] le [100 100 100 100 100] le

[0000] if [50 50 50 50 50] 1if

7. Performance Evaluation of Fractal Interpolation and Decision Tree Prediction

The present study utilises stock price observations from 10 consecutive trading days to evaluate the
effectiveness of fractal interpolation in modelling financial time-series behaviour. Let

s=11,2,...,10]
denote the time index (days), and let the associated closing stock values be
t = [100, 102, 101, 105, 107, 106, 108, 110, 112, 115]T.

This experiment aims to construct a fractal interpolation curve for the given dataset and verify whether
the fractal model successfully retains the inherent price dynamics and variation patterns. In addition, the
generated fractal data is employed to train a Decision Tree Regression model, and its predictive capability
is evaluated using performance metrics such as Mean Squared Error (MSE), Pearson correlation, auto-
correlation, and return correlation between the original and fractal-interpolated prices.

1. Mean Squared Error (MSE):

The Mean Squared Error evaluates the deviation between Decision Tree predictions and the fractal
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interpolated stock prices. It measures the average squared difference between the actual and predicted
values, therefore indicating prediction accuracy.

1 « .
MSE = — t, —t,.)2

- ;( )
where t,, = true stock price (fractal value), t,. = predicted stock price by the Decision Tree model,
n = total number of observations. In this study, the computed MSE is 0.8500, which confirms that the
Decision Tree model achieves highly accurate predictions with minimal error. A lower MSE value implies
better performance of the prediction system.
2. Pearson Correlation (Original vs Fractal Data):
Pearson correlation is used to examine whether the fractal interpolation preserves the statistical trend of
the original stock prices. -

>.(s—8)(t—t)

r= .
oS TR M

A value of r = 1 indicates a perfect linear relationship. The obtained correlation coefficient is 1.0000,

signifying that the fractal interpolation perfectly retains the original stock price behavior without

any loss of information. This demonstrates the reliability of fractal extrapolation for time series

enhancement.

3. Auto-Correlation of Fractal Data:

Auto-correlation quantifies the linear relationship between a time series and its lagged values, providing

insights into the memory effect or momentum within price fluctuations.

P (T — T)(Teyr, — T)
Z?:l(Tt - T)2

where k denotes the lag value. Computed results indicate:

AutoCorr (k) =

Lag-1 Auto-correlation = 0.9790, Lag-2 Auto-correlation = 0.9550

These extremely high values confirm that the fractal interpolation retains long-term dependence and
trend-following behaviour of stock prices — a crucial property for financial decision-making and forecast-
ing.
4. Correlation Between Time and Price (Fractal Data):
This correlation verifies whether the fractal stock price consistently moves upward or downward with the
progression of trading periods.

Ttime,price = COI'I'(S, T)

The calculated value is 0.9587, which indicates a strong positive relationship between time and fractal
price levels. Thus, the upward price trend is successfully preserved in the fractal representation.
5. Decision Tree Prediction Correlation:
Predictive accuracy of the Decision Tree model is evaluated using correlation between actual and predicted
fractal prices.

r = corr(T, T).

The correlation value obtained is 0.9751, highlighting that the predicted price movement closely follows
the true fractal price dynamics. This proves the suitability of machine learning algorithms for stock
prediction when trained on fractal-enhanced data.
6. R-Squared (Coefficient of Determination):
The R-squared value explains the proportion of variation in stock prices accurately captured by the
Decision Tree regression model. R
pe o D(T-T)
> (T —-T)?
The computed value is 0.9508, implying that 95.08% of price variability is modeled correctly
by the Decision Tree. This reflects a highly efficient and data-adaptive prediction framework.
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7. Correlation Between Price Changes (Returns):
Returns represent the change in stock price from one trading point to the next:

Rt - Tt - Tt—1~
The relationship between original and fractal-based returns is measured as:

Corr(Roriginalu Rfractal) .

The computed value is 1.0000, indicating that fractal interpolation perfectly preserves the di-
rection and magnitude of market movements. This is especially important for volatility, technical
trading, and short-term investment analysis.

Final Interpretation and Finding:

Fractal interpolation significantly enhances the resolution of stock time-series while retaining its original
characteristics. Pearson correlation of 1.0000 proves that no information distortion occurs during the
interpolation process. High lag autocorrelation confirms the preservation of market momentum and
memory. The decision tree model shows strong predictive capability with R? = 0.9508 and correlation
of 0.9751. Return behavior is completely preserved, demonstrating suitability for financial analytics and

trading-based models.

Decision Tree Regression on Fractal Data

15

Fractal Interpolation of Stock Prices

15

10

Stock Price

Stock Price

\ N ©Training Data

[ - N / A > o¢ Decision Tree Prediction
=790 807 1108100 11%ose s

of o
1018600 1018779
+ 2 3 4 5 6 7 8 8 10

,
Original Data // \ Trading Days
12 3 4 5 & 7 8 9 1 e ol
Trading Days .. .
(c) Decision tree regression on
(a) Fractal curve. (b) Decision Tree. fractal data.
chisicn Tree Regression on Stock Price Fractal Data (MSE = 0.1997) 4 115 Fearson Correlation: 1.0000 115 Time-Price Gorrelation: 0.9677
T T T 3 ” A d /|
: -t
g0 0 g 110
) o 3
£ 105 02 & 105
1ot = .
3 o
8 £ 1000 2 100
E 100 105 110 115 [ 5 10
= Original Stock Prices Trading Days
§ Correlation Matrix Returns Correlation: 1.0000 .
7] 1 o4 >
105+ Original o5 %
5 2
Fractal 098 §
& o
Fractal Curve 097 ‘ﬁ“
Decision Tree Prediction Tree Pred SUELIEEENS 2
1001 é & ,; 5: é 7 8 9 10 3 d o 22
& g0 :
Trading Days o e o Original Price Changes
(d) Fractal vs decision tree. (e) Original vs fractal vs tree prediction.

Figure 2: RRFIF and decision tree fit.

8. Conclusion

This work introduced a Constrained Recurrent Cubic Fractal Model that combines the advantages
of the Recurrent Iterated Function System with a constrained piecewise linear formulation to capture
complex patterns in real data. By incorporating rational cubic and quadratic representations, the model
ensures smoothness while preserving interpolation accuracy. The integration of decision tree regression
further strengthens the analytical and predictive capability of the framework, allowing both precise fitting
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of historical data and dependable forecasting of unseen values. Experimental results on real datasets, in-
cluding stock market data, demonstrate that the proposed model maintains structural consistency, adapts
effectively to underlying trends, and delivers stable performance across varying conditions. Overall, the
study establishes a robust and flexible fractal-based methodology for data modeling and prediction, open-
ing new directions for future developments in computational fractal analysis and intelligent forecasting
systems.
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