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Studying The Effects of Vertical-Horizontal Grooves on the (T-S) instabilities of
Thermo-Viscous Flows Over a Heated Rough Plate

Mushrifah A. S. Al-Malki

ABSTRACT: The present paper studies the effects of flow and the stability behavior of an external boundary
layer flow on the wave surface of a heated plate for a fluid. In addition to the effect of roughness, we took into
account the temperature-dependent viscosity of the fluid. The grooved wall in a wavelike form is applied to
the flow by modifying the no-penetration conditions on a heated plate. Our results indicate that increasing
both temperature sensitivity, and the height of grooves acts to move the velocity and temperature profiles
toward the plate surface with Liquid-type viscosities. Whereas gas-type viscosities act to show the reverse
effect with decreasing both the height of the rough surface and temperature dependence. We then numerically
examined impact on the linear stability and found that increasing the depth of wave-like grooves enhances the
flow stability. This investigation is confirmed by a sharply reduction in the total energy contributions. This
study may contribute to many applications in engineering and industrial fields.
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1. Introduction

Since the mid- nineteenth century, there have been experimental studies testing examining the effects
of turbulent flow on rough surface. Mansur et al. [1] experimentally tested a flow over a flat plate
with semicircular rough surfaces for Reynolds numbers up to 2500, and this type of roughness is similar
waviness. The results of this study indicate that the semicircular roughness acts to continue appearance
of Reynolds curves without discontinuous. The numerical studies of Okajima [2], Lindquist et al. [3]
and [4] showed the similar results for the discontinuities of the Strouhal number from their experiments
on square rectangular cylinders. Hoph [5] found two types of different rough surfaces, which are related
to the friction factor. One of them was named ’roughness of wall’ with short wavelength and relatively
high amplitude. A second type of roughness is named a ”waviness wall”, which is a long wavelength.
Previous experimental data presented that the friction coefficient (f) is nearly independent of the Reynolds
number (Re), but is very dependent on the relative roughness. The friction factor for wavy surfaces can be
compared to that of a smooth tube. For more detailed historical context on the study of flow over rough
surfaces, see Saleh’s thesis [6]. In 1933, Nikuradse [7] conducted studies on the flow in internally rough
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pipes . This research is foundational in understanding how roughness affects fluid dynamics in pipes,
influencing the design and analysis of various engineering systems involving fluid flow (see Nikuradse [8]).

In 1939, Colebrook [9] proposed the ”universal” formula for calculating pressure loss in industrial
tubes. This formula, known as the Colebrook equation, is a key tool to predict the friction factor in
turbulent flow within rough pipes. The pioneering work of Nikuradse [7] in the 1930s laid the groundwork
for this formula. He investigated flow in pipes with known roughness, which informed the development of
the Moody diagram in 1944 [10]. The Moody diagram provides a graphical representation of the friction
factor as a function of Reynolds number and relative roughness for various flow conditions.

According to Jiménez [11], and Perry et al. [12] made significant observations in their study of bound-
ary layers over flat plates with narrow square grooves. Their findings lead to the distinction between
D-roughness and K-roughness: The effective roughness of D-Roughness is proportional to the thickness
of the boundary layer rather than the height of the roughness. This suggests that the thickness of the
boundary layer plays a significant role in determining the flow characteristics on these surfaces. However,
K-Roughness (or Normal Roughness) is directly proportional to the roughness dimensions. This type of
roughness is typically referred to as "normal” roughness, and viscosity becomes irrelevant. Later, Schultz
[13] and Flack [14] conducted detailed experiments comparing K-type and D-type roughness, highlight-
ing differences in turbulent intensity and drag. Squire et al. [15], simulating urban-like roughness,
demonstrated that at high Reynolds numbers, classical turbulence scaling laws often break down.

Rough surfaces are generally efficient generators of friction. However, this is not always the case, as
some moderately rough surfaces can actually reduce drag, for an example of this is the flow over riblets,
where a decrease in drag of up to 10 percent, has been observed by Sareen [16]. Bhaganagar and Kim
[17], combining wind tunnel experiments and Direct Numerical Simulation (DNS), observed increased
energy production and dissipation near roughness elements.

There is considerable engineering interest in the study of turbulent boundary layers over rough sur-
faces, especially at moderate Reynolds numbers. This interest is driven by the potential to optimize flow
characteristics in various applications, such as improving fuel efficiency in transportation or enhancing
heat transfer in cooling systems. Understanding the influence of surface roughness on turbulent boundary
layers can lead to more efficient designs and better performance in numerous engineering systems. The
ongoing research and experimental studies aim to improve the understanding of these complex interac-
tions, ultimately leading to more efficient designs and processes in engineering applications. Molki et al.
[18].

Miklavcic and Wang [19] developed a new model (MW) due to a rough rotating disk. Generally, this
model is based on the creation of grooves on the disk such as concentric grooves or radial grooves in the
radial and azimuthal directions, respectively.

The results of this study may also be applicable to the special case of a randomly rough disk. The
investigation aims to understand how these roughness patterns affect the flow dynamics, including flow
characteristics, examining how the opposite directions of roughness patterns such as uniform grooves
influence the overall flow behavior around any surface. Furthermore, This study analyzed the impact
of roughness on pressure drop and velocities distribution in the flow, and investigated the formation
and behavior of turbulent flow structures near the rough surface of the disk. This study has broader
implications for more applications, where rotating disks are used, particularly in engineering systems and
surface roughness can affect performance [20], [21], [22]. From these the investigations, we will visualize
that a flat plate is grooved by wavy roughness in vertical or horizontal direction, and this change will be
named (anisotropic grooves). This roughness must be in opposite flow direction as known that the flow
over a 2D-dimensional plate is only in one way, either in the x- or y-direction. Therefore, We will apply
the model (MW) on a heated surface.

The Blasius boundary layer has been a fundamental topic in fluid mechanics since the early twentieth
century [23]. Initial studies on small disturbances in laminar flow over a flat plate were conducted by
Tollmien and Schlichting [24], and [25], who identified the amplification of linear wave-like disturbances
as the primary mechanism for unstable flows. Their work was crucial in determining the critical Reynolds
number, which marks the transition point from laminar to turbulent flow. The existence of Tollmien-
Schlichting (T-S) waves was later confirmed by Schubauer [26], who observed these waves for the first
time in experiments conducted in a heavily damped wind tunnel.
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There are many studies that collectively advance the understanding of non-parallel effects on stability
and improve the accuracy of theoretical predictions relative to experimental observations. For example,
Fasel and Konzelmann [27] provided direct numerical solutions to a fully non-parallel problem, highlight-
ing inconsistencies across different studies in determining which nonparallel terms are significant. They
stressed the importance of using solutions to the Orr-Sommerfeld equation [28] as a first approximation
when extending to non-parallel theory [29].

Although linear stability analyses generally focus on modeling the initial phases of transitional flows,
many studies have emphasized the significance of nonlinearity and non-normality in predicting the tran-
sition to turbulence and their influence on the development of primary instabilities [30] and [31]. The
e analysis developed by van Ingen [32] integrates non-linearity into a linear framework by using lin-
ear amplification rates. This method aligns well with empirical data on transitional Reynolds numbers
observed in experiments (see [33]).

Our paper aims to analyze how wall roughness affects the (T-S) instabilities of the external layer
flow with taking into our consideration the effects resulting from the change in viscosity of a fluid (gas,
liquid), that depends on the temperature. The common applications such as aerodynamic Surface Design,
hypersonic and high-speed, turbomachinery and internal Flows, environmental and atmospheric modeling,
and Chemical Vapor Deposition (CVD) reactors [34], etc. We see in the (CVD) where maintaining
laminar flow is crucial for regular and cohesive film growth. Sharp temperature gradients in (CVD)
reactors can lead to variations in fluid properties, necessitating a temperature-dependent viscosity model
[35]. Building on Miller et al.’s initial analysis [36] of flow stability on a smooth flat plate, this study will
extend this work by incorporating the effects of the waviness wall, which was experimentally shown by
Mansour et al. [1], with partial slip as studied in MW model [19]. The difference between MW model
and our model is the pervious approach has been applied on rotating geometries (disks, cones) in three-
dimensions, while this paper will examine the same idea but on a non-rotating surface in tow-dimensions.
Here, the grooves will form a short or long wave length and the flat plate will change to a wavy grooved
plate, including the effect of the temperature-dependent viscosity, as examined by Miller et al. [36] and
Al-Malki et al. [37]. This approach will help better understand how these factors influence flow stability
in many applications such as (CVD) reactors.

The rest of the paper is structured as follows. The next section 2 details the formulation, covering the
model setup, characteristics of the undisturbed flow, and the interpretations of the solutions . Sections
3 and 4 focus on linear stability and energy analyses for a rough heated plate, considering scenarios
involving vertical or horizontal grooves. Section 5 concludes the study.

2. Mean Flow of a Heated Rough Plate
2.1. Formulation

Consider a heated semi-infinite plate with an incompressible fluid body with velocity X = (u*,v*),
where u* and v* are the velocities in the streamwise and plate-normal directions x* and y*, respectively.
Here T™ is the temperature of the fluid, and the plate is heated to a fixed temperature 7% . Figure 1
shows the structure of the model in Cartesian Coordinates. We obtained the following system from the
Navier-Stokes equations by using the nondimensional variables of the system, which are defined as

X=X, (wv), (z%y") =L (x,y), " =(L"/X),
pt=PXZp, TP -TL=TAT*, v =v/AT"

We assume that the surface plate is grooved vertically or horizontally as seen in Figures 2 and 3. The
partial-slip conditions will take this form; x-direction form, horizontal grooves:

u(y =0) = mgpAu’(y = 0), (2.1)
or y-direction form, vertical grooves:
v(z = 0) = mgp'(x = 0), (2.2)

where mg are the corresponding slip coefficients and p represents the density of the fluid, and A is the
viscosity. This formulation is clarified in [19]. We reduced the momentum and continuity system derived
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Figure 1: Visual schematic of the physical setup. (1) the grooved wall, (2) laminar /turbulent boundary
layer, (3) thermally affected boundary region

from reference frame of Navier -Stokes equations to the ODE system. The establishment coordinate (,
defined as ¢ = z(~1/2y. Then the following variables are selected for the transformation as follows:

u="h(), (2.3)
c(=D/2
v =T () — AL (2.4
T =0((). (2.5)
We obtained the following equations.
(ALY + %hh” =0. (2.6)
0" + %Prh@’ =0, (2.7)

where the viscosity is based on the change of temperature, and is expressed by this form A\ = (1+v0)7!.
Pr is Prandtl number, which is determined in this study at the value Pr = 0.72, to be suitable for
liquids and gases. The full formulation for above system can be seen in [37]. Equations 2.6 and 2.7
are the boundary value problem, which is solved using numerical methods, subject to the modified wall
boundary conditions. Therefore, the grooved plate is represented by the partial-slip condition only in one
direction ether x or y. This modification is considered because the fluid flow over a fat surface is only in
one direction. The boundary conditions take the following form:

h(0) =0, wu(0) = (0) = K;h"(0), ©(0)=1 (2.8)

and h'(( — o0) = 1, ©(¢ — o0) — 0. Here, the primes denote differentiation regardingn, Ks; = mgpA,
gives experimental measures of the roughness only in one direction. This paper will present this type
of roughness as horizontal or vertical grooves, as it is clear in Figures 2 and 3. These kinds of rough
plates are like waves. These boundary conditions change to the non-penetration boundary conditions for
a smooth plate, when K, = 0. The solutions converge at ¢ = 20 to a tolerance of 10~%; we consider
this numerical representation of free-stream conditions {( — oo. The effect of v on the boundary layer
thickness o* is noted by measuring the Blasius constant J, given by

Y P, ¢4
a_/o (1= X = o [5. (2.9)
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Figure 2: Horizontal grooves.

Figure 3: Vertical Grooves.
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2.2. The solutions For The Mean System

The equations (2.6-2.9) are solved by the (bvp4c) Method using Matlab language The plots in Figure
4 clarify the influence of the vertical roughness, and the combined grooves with higher temperatures of
the fluid (gas-liquid). The curves move close to the surface, as we use greater values for both grooves
and temperature. The boundary layers are very thin specially the red curves, which show the viscosity in
the liquid case. The uniform viscosity is denoted by A(¢) = 1 (green line). Here, the viscosity remained
constant despite the increase in surface roughness.

Figure 5 displays a good comparison between each case of the fluid from gases to liquids. In this
figures, the mean flow velocities are presented by X (¢), X’(¢), and ©((¢), where the flow velocities were
plotted for three cases of temperature-dependent viscosity with increasing the hight of grooves of the
surface from 0 to 1 (increment 0.25). In all outer boundary layer profiles: blue represents gas flow with

temperature-dependent viscosity (v = —0.75), green corresponds to the case of constant viscosity at zero
temperature (v = 0), and red indicates liquid-phase flow at elevated temperature with lower viscosity
(v =10.75).

Figure 5 (a) displays the profiles of the X (¢). The blue curves at fixed v = —0.75 and increasing K show
the behavior of the boundary layer in fluid flow over a flat plate, where the velocity profiles gradually
form, starting from zero at the surface and increasing up to (0.1). We note that the velocity increases
progressively with distance close to the plate. At zero temperature and a gradual increase in the depth
of the roughness (Kj), the green velocity profiles become closer to the surface and show higher velocity
values. But the boundary layers are thicker and the fluid accelerates faster as noted in Table 1, likely due
to lower viscosity at this value of the temperature, and uniform surface grooves cause a slip velocity near
the wall by allowing fluid to partially enter the grooves. This reduces friction, modifies the boundary
layer, and leads to faster flow near the surface compared to a smooth wall. When v equals 0.75 with the
same range of the K values, we observe the similar changes that seen in green plots but the red profiles
are closer to the plate and greater slip velocity, making the flow faster than from previous cases. We
notice that the lower viscosity and the deeper roughness lead to moving the velocities to the surface. It
is clear that all profiles appear nearly parallel and the boundary layer thickness is almost constant at the
surface while it is thinner as X (() reaches one away from the plate to free stream, this indicates that the
flow has become steady and uniform (laminar).

Similarity, Figures 5 (b) and (c) of the X’(¢) and the ©(¢) have the same changes that seen in Figures
5 (a). This reflects the natural development of the boundary layer along the plate are less disturbance
or separation.



STUDYING THE EFFECTS OF VERTICAL-HORIZONTAL GROOVES 7

v =—0.75,0,0.75
I

T
v=—-0.75,K, =0

—v=0,K;=0.25
—v=0,K;=0.5 |
v=0,K,=0.75

v=0,K,=

v=0.75K,=0 i
-y =0.75,K, = 0.25
v =0.75,K, =05
ceeev=0.75,K, = 0.75 | -
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Figure 4: The viscosity profiles A\(¢) for a range of roughness K > 0.

3. Stability of the Linearized System
3.1. Deriving the equations for perturbations

Minor disturbances are now actively altering the mean-flow solutions, giving rise to

Ulz,y,t) = u(z,y) + Uz, y,1), (3.1)
V(w,y,t) = R u(a,y) + V(z,y,1), (3.2)
P(z,y,t) = p(x) + P(x,y,1), (3.3)
T(z,y,t) = O(z,y) + 0(z,y,1). (3.4)

The governing equations have been reformulated in a dimensionless form, incorporating new characteristic
scales for length, velocity, time, pressure, and temperature which determine the resulting coefficients:

X =X (UV), (", y") =" (z,y), t* = (" /X)),

p* = p*X* ?p, T - T =ToT", v =v/oT".

Notably, the scaling method remains consistent, with the only differences being adjustments to the
characteristic length and time scales, which are now derived from the boundary layer thickness o*.
Consequently, the Reynolds number (Re) is redefined accordingly:

Re=o0VzR.

The modified base flow expressions from equations (3.1 - 3.4) are substituted into the resulting equa-
tion system. For analytical convenience, we adopt the ”parallel flow approximation,” which presumes
that disturbances arise sufficiently far downstream (z > 1), rendering the streamwise evolution of the
boundary layer negligible. Under this assumption, the primary flow variables v and 6 depend exclu-
sively on the transverse coordinate y, while v is assumed to be significantly less than one. To maintain
consistency with the base flow characteristics, the viscosity A is approximated via a first-order Taylor
expansion.

N 1 _ vO
T 1+10 (1_|_y@)2

A = A+,
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Figure 5: Mean flow profiles for a range of values roughness K, > 0. (a) X({) (streamwise profile), (b)
X'(¢) (velocity gradient), and (c¢) ©(¢) (temperature).
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Table 1: The mean flow data for a range of K > 0 (horizontal or vertical grooves) at fixed v values.

’ v=-0.75 ‘
K ] X© | X'(Q |
0 0 0.103317
0.25 0.0256186 | 0.103317
0.5 0.05152663 | 0.103317
0.75 0.082157 | 0.103317
1 0.103317 | 0.103317
[ v=0 |
LK | X© [ X ]
0 0 0.332057
0.25 0.082157 | 0.328628
0.5 0.159892 | 0.319784
0.75 0.236044 | 0.307645
1 0.293897 | 0.293876
| v=075 ]
LK | X | X(© |
0 0 0.485333
0.25 0.117636 | 0.470545
0.5 0.222352 | 0.444704
0.75 0.311157 | 0.414878
1 0.385104 | 0.385104
Where A = —vA20. We now arrive at a system of partial differential equations that can be separated

into components dependent on x and t¢.

ou oV

4L =0 3.5

oz Ty =0 (3-5)

%—FU@—F’M,V—F@*A 6204_@ X ﬂ_}_@ uﬂj\_i_uilé (36)
ot Ox Or  Re \ 0x2 = 0y2 Re \ 0x Oy Re  Redy’ ’
ot Or Oy Re\ 0x2 = 0y? Re 0y  Redz’ ’

8—é+ 8—é+9’f/— ! @+@ (3.8)
ot " "or "~ RePr \ 9z2  0y2 ]’ ’

Perturbation variables are commonly expressed using a normal mode formulation

Where, a denotes the complex wavenumber in the streamwise direction, with «,. and «a; representing its
real and imaginary components, respectively. The parameter w corresponds to the real-valued disturbance
frequency. A negative «; indicates convective instability, implying that the disturbance amplifies as it
moves downstream with the flow. The governing stability equations are obtained by substituting this
normal mode representation into Equations (3.5-3.8) to express the perturbation fields.

iaU +V' =0, (3.9)
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- _ N /- N wA? - - N 22203006
: o U . _ "o 2 _ ! ! : /
i(au—w) U +u'V +iaP = 2 (U a U) = {@ (U +zaV) n (U 9) } + I (3.10)
- - \ /- - A2 - K
1 _ /T "o 2 AN AV . !
i(lou—w)V+P Toe (V o V) + T [2@ Vi+iaU 9} , (3.11)
. . A N o’ 20
i(lou—w)d+0O'V TePr (0 a 0) . (3.12)

As v tends toward zero, the formulation reduces to the classical fourth-order Orr—Sommerfeld equa-
tion. The problem of determining solutions for Equations (3.9-3.12) can be reformulated as a quadratic
eigenvalue problem of the form:

. ~ . . . AT
(M2a2 + Mo+ Mo) @ = 0, where @ stands for the vector consisting of eigenfunctions: (U, V,P, 9) .

The matrices My, My, and My hold the coefficients corresponding to the terms of order O (Ozo) , 0 (al) ,
and O (aQ),, in that order. The specified boundary conditions are applied to find the eigenfunctions:

U0)=V(0)=V"(0)=P(0)=6(0)=0, (3.13)

U (00) =V (00) = P (00) = 0 (c0) = 0. (3.14)

The no-slip condition is imposed along the wall, with the boundary for ¢’ derived from Equation (3.9),
while the plate is assumed to remain at a constant, fluctuation-free temperature. All perturbations are
further required to decay to zero at sufficiently large distances from the surface. Neutral stability solutions
in both temporal and spatial frameworks are obtained via Chebyshev polynomial discretization based on
the our results that obtained from the mean flow solutions. The governing stability equations, expressed
in primitive variables, are solved at 100 uniformly spaced collocation points spanning the domain from the
lower to the upper boundary. Boundary conditions, as prescribed in Equations (3.13-3.14), are enforced
at y = 0 and ¥ = Ymaz, where the mean flow reaches convergence at ¥m,q.: = 20.

3.2. Physical interpretation of the linear stability results

The above equations (3.9- 3.14) are numerically solved by Matlab language to find the relationship
between the frequency F' = £, and the Reynolds number (Re). As known from previous studies, the
area enclosed (a; < 0) by neutral curves represented of this relationship is the unstable region while the
outside (a; > 0) of these curves is a stable area of the flow (T-S) waves.

Physically, we note in Figure 6 (a) that the neutral curves extremely close to each other, when we examine
the gas (v = —0.75) case of the fluid (v < 0) and increase the roughness depth. Although increasing the
roughness depth raises the Reynolds number, this increase is very small in the case of gases. This means
that the effect is still destabilizing, since the maximum groove depth is considered small. We expect that
by taking larger roughness values, the Reynolds number will become higher. This trend in the values is
beneficial and useful for increasing the stability of fluid flow.

In Figure 6 (b), when v is raised to zero, the fluid viscosity becomes uniform; therefore, we notice that
increasing K enhances stability to a greater extent, with viscosity remaining constant and independent
of temperature. Compared to the previous case that seen in Figure 6 , the fluid flow is more stable.
It is clear that roughness is a more effective factor with fluids that have constant viscosity, as the fluid
partially slides over a uniformly rough surface resembling regular waves. This waviness contributes to
stabilizing the fluid flow and also works to delay or dampen disturbances that destabilize the flow of the
(T-S) waves.

At v = 0.75 in Figure 6 (c) that shows that stability is greatly increased when both temperature and
roughness are increased simultaneously. This means that fluid flow in the liquid state, with high tem-
perature and high roughness, will be more stable than in all previous cases. This is very clear from the
significant increase in the Reynolds number, which makes the unstable region smaller in area, as shown
in the figure related to the explanation.

In general, uniform surface roughness increases the stability of fluid flow in all previous studies; therefore,
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our study is in strong agreement with the previous research regarding the effect of the roughness factor
[21], [19], [20]. All our interpretations in this context are supported by critical value data, which are

clearly presented in the attached Table 1.

Table 2: Critical data for a range of K > 0 (horizontal or vertical grooves) at fixed v values.

[ v=—075 ]
y K, \ Re, | Fx10° ] Qe |
0 150.07 2298.26 0.6512
0.25 155.17 2174.39 0.6254
0.5 160.15 2061.82 0.6006
0.75 164.98 1966.30 0.5788
1 169.62 1871.83 0.5561
[ v=0_ |
] K, \ Re. |  Fx10° Qe
0 519.08 232.72 0.3044
0.25 641.09 178.45 0.2648
0.5 755.70 145.69 0.2341
0.75 857.10 123.32 0.2081
1 944.20 107.82 0.1874
[ v=075 ]
y K, \ Re. | Fx10° | Qe |
0 1124.80 61.88 0.2265
0.25 1449.40 49.95 0.1931
0.5 1743.90 41.46 0.1643
0.75 1910 38.17 0.1457
1 2054.40 4.41 0.1283

3.3. Eigen Functions

In the coming Section 4, energy balance study will employ Type I eigenfunctions, which here are eval-
uated at Re = Re.+200, v = —0.75,0, 2, and a range of the K, a position well within the unstable range.
The parameter « is chosen to correspond to the disturbance that experiences the greatest amplification
at the specified Reynolds number.

From the Figure 7 (a) of the |U| profiles, it is observed that at v < 0, the eigenvelocities, represented in
blue, move away the surface, and the boundary layers are notably narrow and closely spaced. Furthermore,
three distinct peaks are present, with the first peak on the right exhibiting a curvature. These peaks
gradually increase in magnitude as the surface of the plate is approached. This indicates that the flow in
this case is highly turbulent, although an increase in the value of K, tends to mitigate this turbulence.
This interpretation is consistent with the explanation of velocity behavior in the case of steady flow.
In the same figure, at ¥ = 0 the green and increasing K, eigenfunctions profiles tend to approach the
surface more prominently, and the two upper peaks that seen in blue curves merge into a single peak. In
addition, a downward decrease in the jet is observed as K value is increased. The similar behavior is
noted with the red eigenfunction curves at v > 0 and increasing K, but to a much greater extent, as is
evident from the red curves in Figure 7 (a).

The curves in Figure 7 (b) of the |V| perturbations, respectively, exhibit the same conduct with
respect to the jet height reduction and the velocities approaching the surface of the flow profiles for three
cases of the temperature (v) (blue, green, and red), that observed in Figure 7 (a). It is observed that the
changes in the eigenfunctions under turbulent flow conditions are consistent with, and dependent upon,
the same variations observed in the primary flows.

As for the turbulent temperature profiles (|f]), we record an inverse trend as follows: the higher
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Figure 6: Curves illustrating the transition point between stability and instability with changing viscosity
(v =-0.75,0,0.75) and a range of grooves K, > 0.
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the temperature, the lower the profiles and the closer they are to the surface; whereas the greater the
roughness depth, the higher the jet rises gradually as it is apparent in Figure 7 (c).

4. Energy Analysis
4.1. Formulation

Analyzing how disturbances contribute energy to or extract energy from the mean flow relies on the
eigenfunctions. By multiplying equations 3.6 and 3.7 by U and V, respectively, and then adding them
together, one obtains an expression that describes the system’s energy transfer mechanisms:

~OU oV N v [ ~OP 0P

N [ A02U 0%V .02V 92U
+R6<U8x2+U8y2+V8x2+vay2>

The definitions of the variables provided below are as follows:

1y o oV oU oV oU

€1 == U2+V2>7 €y =———, €3=—+—,

172 ( 7 o Oy 57 bx Jy

here, €7 represents the kinetic energy associated with the two disturbance variables, €5 denotes the

disturbance vorticity, and €3 is introduced solely for notational convenience. After some algebraic rear-
rangement of expression (4.1), the energy equation can be written as:

o(0F) o(VP)

(g)t—kuaax)él—i—u’ﬁ'f/:— o " oy
Y |9(Ve) o(ve A la(ov
(3 [el) e ] 1 [0 B
+ 48 <é18—; VQ) + 0 <;\yU) + 9 (;xV) — \é3
+ u"S\U} )

By performing a full integration across the boundary layer, the energy equation is thoroughly obtained
in the integral formulation given below:

A B

‘% S {/OOO W ({UV) dy} - é {ddx /OOOMVéz)dy - /Ooo u<é22>dy}

e {;; / T (VO ) ay (43)

+ /OOO (x'<Ué2> W (<é1 + V2>) - u'<xé3>) dy}c .
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The quantities appearing on the left-hand side of equation (4.3) rigorously embody the system’s total
mechanical energy (Eyn,), wherein: E = [ (u(e}) + (ﬁf’}) dy. Integral A constitutes a definitive mea-

sure of mechanical energy production attributable to Reynolds stress mechanisms (R.,), while integral
B represents the exact quantification of viscous-induced energy dissipation (V4). The terms collected in
C emerge exclusively from spatial or temporal variability in viscosity (Vj,) and identically annul in the
inviscid limit, » = 0. The computational determination of the system’s total mechanical energy (T},.)
presents the predominant contributions on the left-hand side arise from term A and the second subcom-
ponent of term B. The terms grouped under C' are asymptotically negligible and are thus systematically
excluded from the analysis. The remaining terms are subsequently normalized in exact accordance with:

fooo (u (€1) + <ﬁf:’>) dy, as provided below

a0V Vg [ A
20 ~ i <UV>udy+Re/O A(é?) dy, (4.4)

me

Rep Ved

where €] = % ([ﬁ + 172) , 6 =iaV —U', and (Zg) = Zy* + Z*y. Here, * denotes the complex
conjugate. Sustained amplification of a turbulent eigenmode arises only when the instantaneous rate of
energy production unambiguously exceeds the total energy dissipated through viscous mechanisms. In the
present formulation, the V., is rigorously decomposed into an invariant constant-viscosity contribution
and a temperature-dependent term, thereby establishing:

/0°° M) dy = /000 (&%) dy+ /OOO (A—1) (&%) dy. (4.5)

Ved Na Tad

In this context, N; denotes Newtonian dissipation, whereas Ty, signifies temperature-dependent dissi-
pation. This decomposition within V.4 enables a deeper examination of the decisive role that variable
viscosity plays in governing flow stability, particularly under increasing the grooves depth of the roughness
and the temperature (v).

4.2. Interpretation of the energy study results

The amplification occurs in a turbulent eigenmode once energy production predominates over dissi-
pation. Figure 8(a) illustrates how the energy contributions vary under different combined roughness
(Ks) intensity values with a range of the temperature (v) atRe.(v) 4+ 200 . This results show that for
v i 0, disturbances experience a marked amplification, which progressively diminishes as both v and
K increase. However, when v exceeds 0.75, noticeable variations in amplification emerge. Overall, the
energy loss profiles from V.4 tend to approach zero with rising values of both K and v. It is also evident
that none of the curves remain constant across the different height of grooves. This indicates that the
influence of wall roughness coupled with temperature-dependent viscosity does not align precisely with
the impact of the temperature, as reported by Miller et al. [36] and Al-Malki et al. [37].

As we mentioned regarding the clarification of the components of the equation (4.5). Figure 8(b)
shows that the interplay between flow over a rough plate and the two components is examined across
different temperature-dependence levels. Increasing groove depth leads to higher energy dissipation,
although small oscillations in the energy contribution from V.4 become apparent once K is greater than
zZero.

Figure 8(c) illustrates the energy balance calculation for fixed v at —0.75,0,0.75, in order, with
roughness. In this scenario, the effects of the horizontal or vertical grooves are examined for the energy
production term R.p, the energy dissipation Vg, and the total mechanical energy 7),. of the system.
The results indicate that T, significantly decreases as K increases, due to a simultaneous reduction
in both energy production and energy dissipation with rising Kg and v. The energy analysis technique
using bar charts in Figure 8(c) confirms our interpretation of the results shown in the two Figures 8(a)
and (b), which were previously presented using curves.
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Figure 8: (a) Energy contributions from individual components and (b) overall and individual energy
dissipation caused by viscosity, shown across various temperature-dependent scenarios (v), and K. Black
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5. Discussion and Conclusions

A comprehensive linear stability assessment has been conducted on the geometric shape boundary
layer in the presence of surface roughness, modeled through the application of slip boundary conditions
at the surface wall. In this formulation, partial slip effects were incorporated into the no-penetration
conditions of the unperturbed base flow of a fluid whose viscosity depends on temperature. The present
analysis evaluates the stability characteristics of the (T-S) instabilities across partial wavy slips on a
heated plate corresponding to horizontal or vertical grooves K, > 0.

Integrating this roughness pattern with positive temperatures on uniformly heated plates significantly
enhances the stability of the (T-S) instability flows. An energy balance analysis reveals that this sub-
stantial stabilizing effect results from a reduction in Reynolds stress energy production, accompanied by
an increase in energy loss through viscous dissipation.

These results on the general effect of surface roughness are in complete agreement with previous
studies [20], [21], [22], in which the roughness was applied in a manner similar to that used in the
current work on the surface of a heated plate. Although previous studies applied the MW model to
rotating geometries, the results are in fully agreement.

Smith [38], using the triple-deck framework, argued that the lower deck generates a displacement
function that affects the main deck. This displacement exhibits a wave-like structure, arising from the
undulating surface below. For sufficiently small roughness heights, the boundary condition can be written
as:

u*(0) = m%(O)7 m=—k f(r*, k),

where k is the roughness height and f(r*,k) represents the surface shape function. When
k= O(Re_5/ Sr*), the lower deck becomes nonlinear, requiring the displacement function to be obtained
numerically.

To examine this in more detail, Chicchiero et al. [39] compared mean-flow profiles predicted by triple-
deck theory (T'DT') with those from direct numerical simulations (DNS), the latter incorporating a
slight modification of the von Kdrmén-type flow described by Miklavéic and Wang [19]. They found
that for groove wavelengths exceeding 4 and roughness height k£ = 0.1, the time-averaged velocity field
became independent of the groove wavelength. The agreement between (T'DT') and (DN.S) predictions
was reported to be strong.

In this study, we adopted the same values of roughness used in previous research, namely 0, 0.25,
0.5, 0.75, and 1. When comparing the effect of these values on the stability of fluid flow, several obser-
vations emerge. Although earlier investigations were conducted on rotating geometrical shapes such as
disks, where the roughness grooves were arranged concentrically, radially, or symmetrically, the grooving
method—whether circular, radial, or a combination of both—resembles, to some extent, the grooving
applied on flat plates in either horizontal or vertical orientations. Therefore, it is possible to compare
fluid slip at the same values across these types of geometrical configurations.

In prior studies on the rotating disk, the maximum Reynolds number recorded was Re = (722.6) for
the cross-flow type of neutral curves under the effect of radial grooves when their value was equal to
one, as reported in Cooper’s study [20]. Meanwhile, in our current study, the highest Reynolds number
(Re = 944.2) was obtained under the influence of horizontal or vertical grooves with a value of one. This
finding indicates that roughness in the form of parallel grooves enhances the stability of fluid flow over
flat plates more effectively than other geometrical shapes.

Our findings were interpreted in the framework of chemical vapor deposition (CVD) reactor flows,
where viscosity decreases as temperature rises (v < 0) and typical operation occurs around Re = 200.
For v = —0.62, representative of dry air in the 300-1300 K range [41], the onset of instability appears
below Re = 200. At even lower viscosity (v = —0.75), the flow destabilizes more readily, with a critical
Reynolds number of about 150. Surface roughness generally suppresses instabilities, although its stabi-
lizing influence is reduced when v = —0.75 and K; = 1. For v = —0.62, increasing K from 0 to finite
values raises the critical Reynolds number from roughly 150 to above 160, implying that deeper grooves
could enhance stability.

A natural extension of this model is to incorporate temperature-dependent density, thereby accounting
for thermal expansion, as advocated by Jensen et al. [40]. Because the Prandtl number and specific heat
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show only minor temperature sensitivity [42], density variations may provide sufficient compensation to
justify an incompressible treatment. The Blasius formulation adopted here parallels earlier Poiseuille-
based descriptions of metal-organic CVD (MOCVD) reactor flows [43,44]. Still, a complete assessment
requires careful inclusion of temperature effects on all transport properties, so that the validity of various
approximations can be critically evaluated. Following the approach of Ref. [44], we plan to explicitly
incorporate density dependence in future work.

The chemistry underlying CVD is intrinsically complex, consisting of multiple stages and numerous
reaction pathways [36]. A rigorous description would therefore require solving a full set of coupled species-
continuity equations. However, since reactant concentrations are generally small compared to those of
the carrier gas, it is often adequate to employ a simplified formulation based on a single diffusion equation
that neglects homogeneous gas-phase reactions [34]. Even within this reduced framework, cross-species
transport driven by thermal gradients can still be represented through the Soret effect [45].
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