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The existence result for a system of generalized mixed
quasi-variational inclusions with (H,7n)-monotone operators *
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ABSTRACT: In this paper, we prove a new existence result for a system of gener-
alized set-valued quasi-variational inclusions by using a fixed point technique.
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1. Introduction

In this paper, we will use the notations and definitions used in [1]. We suppose
that H, and Hs are two Hilbert spaces, Hy,g1 : H1 — H1, Ha, g2 : Ho — Ha,
7 cHy X Hy —)Hh 772:7‘[2)(7‘[2 —>'H27 F,P:H1XH2 —>H1, G,Q:
Hi x Ho —> Ho are all single-valued mappings and A,C : H; — CB(H1),
B,D : Hy — CB(Hs) are four set-valued mappings. Let M : H; — 2% be an
(Hy,n1)-monotone operator and N : Hy — 2%2 be an (Ho,n2)-monotone opera-
tor. We consider the following problem of finding (x,y) € H; X Ha such that

0e F(£E7y) + P('LL,'U) + M(gl(x))7
0€Glz,y) + Qw,z) + N(g2(y))- (1.1)
Where u € A(x),v € B(y),w € C(x),z € D(y).

The problem (1.1) is called a system of generalized mixed quasi-variational
inclusions and was introduced and studied by Peng and Zhu in [1]. By [1], it is
easy to see that problem (1.1) is an important mathematical model and contains
some systems of variational inclusions and systems of variational inequalities as
special cases.

The main result obtained by Peng and Zhu [1] can be stated as follows:
Theorem A. For i = 1,2, let n; : H; X H; — H; be Lipshitz continuous with
constant 7;, H; : H; — H; be strongly 7;-monotone and Lipschitz continuous
with constant «; and §;, respectively, g; : H; — H; be strongly monotone and
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Lipschitz continuous with constant r; and s;, respectively. Let A,C : H; —
CB(H1), B,D : Ho — CB(Hz) be D-Lipschitz continuous with constants [4 > 0,
lec > 0,1l >0, and Ip > 0, respectively. Let F' : Hy X Ho —> H; be strongly
monotone with respect to ¢; in the first argument with constant a; > 0, Lipschitz
continuous in the first argument with constant 5, > 0, and Lipschitz continuous
in the second argument with constant & > 0, respectively, where §; : H1 — H;
is defined by §1(x) = Hy 0 g1(z) = Hi(91(x)),Vo € Hi. Let G : Hy x Ho — Ha
be strongly monotone with respect to go in the second argument with constant
ag > 0, Lipschitz continuous in the second argument with constant S, > 0, and
Lipschitz continuous in the first argument with constant £ > 0, respectively, where
G2 : Ho —> Ho is defined by §2(y) = Hz 0 g2(y) = Ha(g2(y)),Vy € Ha. Assume
that P : Hy x Ho — H; is Lipschitz continuous in the first and second argument
with constants p; > 0 and v > 0, respectively, @ : Hq, X Ho —> Ho is Lipschitz
continuous in the first and second argument with constants ps > 0 and vo > 0,
respectively, M : H; — 271 is an (Hy, 11 )-monotone operator and N : Hy — 272
is an (Haz,72)-monotone operator.
If there exist constants A > 0 and p > 0 such that

VI=2r +51% + %(\/512812 — 20 + A2B1% + Munla) + p(€a + pale) 2 < 1,
V1 =2r; + 537 + %(\/522822 — 2pag + p2B2” + pralp) + A& + nlp)Z- < 1.

Then problem (1.1) admits a solution (z,y) with v € A(z),v € B(y),w €
C(z),z € D(y) and sequences {z,}, {yn}, {un}, {vn}, {wn}, {zn} converge to
x,y,u, v, w, z, respectively, where {x,,}, {yn}, {un}, {vn}, {wn}, {zn} are the se-
quences generated by Algorithm 3.1 in [1].

By Lemma 3.1 in [1], we can easily get the following result:

Lemma 1.1. Let 0y : Hy X H1 — Hi; n2 @ Ha X Ho — Ho be two single-valued
operators. Hy : Hi1 — H1 be a strictly n;-monotone operator and Hs : Ho — Ho
be a strictly n;-monotone operator and M : H; — 2% be an (Hy,n;)-monotone
operator, N : Hy — 2M2 be an (Hy,ny)-monotone operator. Then the following
statements are equivalent each other:

(a) (z,y) € H1 x Ha is a solution of problem (1.1);
(b) (x,y) € Hi x Ha satisfies
g1(x) = Ry " [Hi(g1(x)) = AF(w,y) — AP(u,v)],
92(y) = Ry%" [Ha(g2(y)) — pGla,y) — pQ(w, 2)]}. (1.2)
Where u € A(z),v € B(y),w € C(z),z € D(y) and Rﬁl’;\m = (Hi + AM)7 1,
szé’zp,nz = (Hz +pN)~1, A >0 and p > 0 are constants;
(c) The set-valued mapping E : Ho — 2%2 defined by
E(Y) = Uyec @) Usenw v — 92(v) + Ry (Ha(92(y)) — pG(,y) — pQ(w, 2))],
g1(z) = Rf/ﬁ;\m [Hi(g1(x)) — AF(x,y) — AP(u,v)]},where u € A(z),v € B(y) (1.3)
has a fixed point in Hs.

Lemma 1.2 [2]. Let n: H x H — H be a single-valued Lipschitz continuous
operator with constant 7, H : H — H be a strongly n-monotone operator with
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constant v > 0 and M : H —2* be an (H,n)-monotone operator. Then, the
resolvent operator Rﬁg : H — H is Lipschitz continuous with constant %, ie.,

H, M, T
IRy A (@) = RS @)l < ;HI*yH, Va,y € H.

In this paper, we will prove a new existence result for problem (1.1) which is
different from Theorem A.

2. Main result

In this section, we will prove the following new existence of solutions for problem

(1.1).
Theorem 2.1. For ¢ = 1,2, let n; : H; X H; — H; be Lipshitz continuous with
constant 7;, H; : H; — H; be strongly 7;-monotone and Lipschitz continuous with
constant ~y; and J;, respectively, g; : H; — H; be strongly monotone and Lipschitz
continuous with constant r; and s; , respectively. Let A,C : H; — CB(H1), B, D :
Ho — CB(Hz) be D-Lipschitz continuous with constants i4 > 0,lc > 0,l5 > 0
and Ip > 0, respectively. Let F' : ‘Hy x Ho — H; be strongly monotone with
respect to g1 in the first argument with constant oy > 0, Lipschitz continuous in
the first argument with constant 5, > 0, and Lipschitz continuous in the second
argument with constant £ > 0, respectively, where ¢; : H1 — Hi is defined by
g1(z) = Hy o g1(x) = Hi(g1(x)), Vo € Hi. Let G : Hy x Hy — Ho be strongly
monotone with respect to g2 in the second argument with constant as > 0, Lipschitz
continuous in the second argument with constant 52 > 0, and Lipschitz continuous
in the first argument with constant £& > 0, respectively, where go : Ho — Ho is
defined by §2(y) = Hs 0 g2(y) = Ha(g2(y)), Yy € Ho. Assume that P : Hy X Ho —
‘H1 is Lipschitz continuous in the first and second argument with constants g > 0
and v1 > 0, respectively, @ : H1 X Ha — Ha is Lipschitz continuous in the first and
second argument with constants o > 0 and v5 > 0, respectively, M : H, — 271
is an (Hy,n;)-monotone operator and N : Ho — 2M2 is an (Hs,7,)-monotone
operator, respectively, g; ! is Lipschitz continuous with constant ¢. If there exist
constants A > 0 and p > 0 such that

61 = [\/1 = 2rs + 53 + 22(\/6353 — 2paz + p253 + pialp)]

0y = )\(€1+V1lB)qﬁ
1—q%(\/5§sf—z>\a1+>\2ﬁ§+AullA)
O3 = p(&2 + polc) 2

0=0,+0:05 <1 (21)
then the problem (1.1) has a solution.
Proof. From Lemma 1.1, we only need to prove that F(y) has a unique fixed point
in Ho. In fact, for any yi,ys € Ho and y; # yo, if there exist z1,29 € Hi,u; €
A(z1),v1 € B(y1); u2 € A(z2),v2 € B(y2), satisfying

21 = g7 "Ryt [Hi (g1 (1)) = AF (21, y1) = AP (uy, 01)] (2.2)

vy = g7 Ryt " [Hi(g1 () = AF (w3, y2) = AP(u2, v2)] (2.3)

From definition of E(y), we conclude that for any t1 € E(y1), t2 € E(y2), there

exists wy € C(x1),21 € D(y1); wa € C(x2), 22 € D(y2), satisfying
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t1 = y1—g2(y1)+ RS [Ha(g2(y1)) —pGa1, y1) —pQ (w1, 21)] (2.4)
ta = y2—g2(y2) +RN% [Ha(g2(y2)) — pGl(w2, y2) — pQ(w2, 22)] (2.5)
Let b1 = Ha(g2(y1)) — pG(z1,91) — pQ(w1,21), by = Ha(g2(y2)) — pG(22,92) —
pQ(wa, z2). From (2.4), (2.5) and Lemma 1.2, we have
l[t1 —tall < lly1 —y2—[92(y1) — g2 (y2)] [ + 2 [[b1 — b2 | (2.6)
Since go : Ho — Ho is strongly monotone and Lipschitz continuous with con-
stant ro and ss, respectively, we have
ly1 —yo — [g2(y1) — g2(y2)]II?
< lyr = 2l — 2(g2(y1) — 92(y2): y1 — y2) + lg2(y1) — g2(y2)
< (1=2ra+53) [y —yo 27

[

and
o1 — b2l = [|H2(92(y1)) — pG(z1,91) — pQ (w1, 21)
— [Ha(g2(y2)) — pG(w2,y2) — pQ(w2, 22)]||
< [[Ha(g2(y1)) — H2(92(y2)) — p[G(21,y1) — G(x1,32)]]
+pl|G (21, y2) —G(22, y2)[|+p[|Q (w1, 21) = Q (w2, 22) || (2.8)

Since G : Hq x Ho — Ho is strongly monotone with respect to go = Hs 0 g2 in
the second argument with constant cy > 0 and Lipschitz continuous in the second
argument with constant 85 > 0, respectively, we obtain

1Ha(92(y1)) — H2(g2(y2)) — plG(x1,91) — G(a1,52)][1?
< [[Ha(92(y1)) — Ha(g2(y2))I* — 2p(G(w1,y1) — G(21, y2), Ha(g2(y1)) — Ha(g2(y2)))
+ PG (21, 11) — Gla1,y2)|?
< (0353 —2pas +p* 3) 1 — y2 I (2.9)

Since G : H1 x Hy — Ho is Lipschitz continuous in the first arguments with

constant & > 0, we have
1G(21,y2) =G (2, y2)|| < &2llz1—22]] . (2.10)

It follows from the Lipschitz continuity of @, the D-Lipschitz continuity of C' and
D, we have that

1Q(w1, 21) — Q(w2, 22)|

< [Q(wr, z1) — Q(wa, z1)[| + [|Q(w2, 21) — Q(w2, 22|

< pallwr — wa| + vallz1 — 2|

< 2 D(C(z1), C(x2)) + v2D(D(y1), D(y2))

< pale||lzy — z2|| +valpllyr — o] (2.11)
By using (2.6)-(2.11), we have
t1—t2|l < 01]lys —yo||+ 03|z — 22| (2.12)

Where 61 = [\/1 — 27y + s2 + %(\/5%8% — 2pag + p2 B2 + palp)]
Os = p(&2 + palc) 22
Let a1 = Hi(g1(21)) = AF(21,91) — AP(u1,01), az = Hi(g1(x2)) — AF(22,2) —
AP (ug,vs). In a similar way from (2.2) (2.3) and the Lipschitz continuity of g;*,
we have

1 — 22|l < gTH[lar — az| (2.13)
and
llar — az|| = [[Hi(g1(21)) — AF'(x1,91) — AP(u1,v1) — [Hi(g1(22)) — AF'(22,2) —
AP (uz, v2)]

<|[Hi(g1(z1)) — Hi(g1(22)) — A[F'(w1,91) — F (22, 91)]|l
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FAF (2, y1) = F (22, y2) [[+A P(ur, v1)— P(uz, va) | (2.14)
Since F' : Hi X Ho — H; is strongly monotone with respect to g3 = Hy o g1 in
the first argument with constant «; > 0 and Lipschitz continuous in the second
argument with constant 5, > 0, respectively, we obtain
[ H1(g1(21)) = Hi(g1(22)) — A[F(z1,91) — F(z2,51)]1?
< [Hi(g1 (1)) = Hi (g1 (x2)) [P =2MF (21, 1) = F (22, 1), Hi(g1(21)) — Hi(91(22)))
+ N F(z1,51) = Fzz, )|
< (0383~ 2p0n + pPB2) |21 — s |2 (2.15)
Since F' : Hy x Ho — Hi is Lipschitz continuous in the second arguments with
constant & > 0, we have
[ F (22, y1) = F(w2,y2)|| < &illyr —y2|l 3 (2.16)
It follows from the Lipschitz continuity of P, the D-Lipschitz continuity of A and
B, we have
[ P(u1,v1) — P(uz, v2)|
< [P (u1,v1) — P(uz, v1)|| + [ P(u2, v1) — P(uz, v2)||
< pullur — ol + vifjvr — |
< mD(A(z1), A(22)) + 1 D(B(y1), B(y2))
< pal gz —x2|[+rilB|lyr —y2 || (2.17)
It follows from (2.13)-(2.17), we conclude that
o1 — @2l < qZ-(\/07s7 — 20 + N2BT + Mala) o1 — 22|
+ A& +als)aZt [y — el (2.18)
It is easy to obtain that

)\(§1+V113)¢I%
1—q%(\/6335—2,\041“2/3%““114)

lz1—af < lly1—y2 |l (2.19)

Let
0, — A€1+vilp)gzt

2T 1l (V/eRsT2har 1 A2 4 ML)
It follows from (2.12) and (2.19) that

[[t1 —tall < Ollyr —y2| (2.20)
where 0 = 91 + 9293

From condition (2.1), we have # < 1 which indicate that E(y) is a contraction
mapping. By a fixed point Theorem of Nadler [3], we have for each FE(y) has a
fixed point y*, such that y* € E(y*). Then there exist z* € Hy,u* € A(z*),v* €
B(y*),w* € C(x*),z* € D(y*), s.t.
2" = gy 'Ry Hi (91 (27) = AP (2%, y") = AP(u”,v")]

And
Yt =y = 0a(y7) + Ry (Ha(g2(y7) = pG(a*. %) — pQw, 27)]
By Lemma 1.1, we know that (z*,y*) is a solution of problem (1.1).
This completes the proof of Theorem 2.1.

References

1. . Peng, D.L. Zhu, A new system of generalized mixed quasi-variational inclusions with

J.
(H,n)-monotone operators, J. Math. Anal. Appl. 327(2007), 175-187.

n
2. Y. P. Fan, N. J. Huang and H. B. Thompson, A new system of variational inclusions with
(H,n)-monotone operators in Hilbert spaces, Computers Math. Appl. 49 (2005), 365-374.



14 XiIN-BO YANG AND JIAN-WEN PENG

3. S. B. Nadler, Multi-valued contraction mappings, Pacific J. Math. 30, 475-488, (1969).

Xin-bo YANG

Department of Computer and Modern Education Technology,
Chongqing Education College, Chongqing 400067,

P.R. China

yzb2009Qyahoo.com.cn
and

Jian-wen PENG

College of Mathematics and Computer Science,
Chongging Normal University, Chongging 400047,
P.R. China



	Introduction
	Main result

