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The beginning of the Fucik spectrum for a Steklov Problem

Aomar Anane, Omar Chakrone, Belhadj Karim & Abdellah Zerouali

ABSTRACT: In this paper, we give some properties of the first nonprincipal eigen-
value for an asymmetric Steklov problem with weights, and we study the Fucik
spectrum.
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1. Introduction

In a previous work [4], we investigated the eigenvalues of the following asym-
metric Steklov problem with weights

{ Apu = |ulP~2u in Q, 1)
[ValP=2 32 = Am(z)(uh)P~" —n(z)(w)P~'] on 00,

where v denotes the unit exterior normal, 1 < p < oo and A,u = div(|VulP~2Vu)
indicate the p-Laplacian. Q C RY be a bounded domain with a Lipschitz contin-
uous boundary, where N > 2, m, n € L9(02) with % <qif 1 <p < N and
qg>11if p > N. We proved the existence of a first nonprincipal positive eigenvalue
¢(m,n) for (1).

Our purpose in the present paper is to give some properties of ¢(m,n) and to
study the Fuéik spectrum of the Steklov problem on W1P(Q). Recall that the
latter is defined as the set ¥ = X(m,n) of those (o, 3) € R? such that

Apu = |ulP~2u in @)
[VulP=22% = am(z)(ut)P~t — Bn(z)(u™)P~! on 09,

has a nontrivial solution. Let A;(m) be the principal positive eigenvalue of the
following Steklov problem

Apu = ulP~2u in €, (3)
|Vu\p_2% — )\m(x)|u|1’_2u on 0f).
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The Fucik spectrum % clearly contains the lines {0} x R, R x {0}, {A\1(m)} x R,
R x {A1(n)} and also possibly the lines Rx {—X1(—n)} and {—A;(—m)} xR. It will
be convenient to denote by X* = X*(m,n) the set 3 without these 2, 3 or 4 lines.
In this work, we show in particular that if m and n both change sign in 9, then
each of the four quadrants in the («, 8) plane contains a first (nontrivial) curve of
Y. This is probably the main results of our paper.

In the preliminary Section 2, we collect some results relative to the usual Steklov
problem (3). We also recall some results concerning ¢(m,n) the first nonprincipal
positive eigenvalue of (1). Several properties of the ¢(m,n) as a function of the
weights m, n are investigated in Section 3: continuity, monotonicity and homogene-
ity. In Section 4, we apply our results to the study of the Fucik spectrum. We also
proved the continuity, the monotonicity of the first (nontrivial) curve of X, and we
show that the two trivial lines {A\;1(m)} x R, R x {A;(n)} are isolated in X.

2. Preliminaries

Throughout this paper € will be a bounded domain in RY with a Lipschitz
continuous boundary. We assume that m, n € L1(9Q), where ¢ as above. We also
assume that

mT = max(m,0) Z 0 and n" = max(n,0) # 0, (4)

and do is the N — 1 dimensional Hausdorff measure. We start by recall some results
relative to the usual Steklov problem (3). Let

1/p
fulbwroioy = ([ 1VaPds+ [ Juras)
Q Q

be the norm of W1?(Q), and for any integer k > 1 let

1 mlu|Pdo
= sup min f‘m%,
A(m)  cec, ueC ||U||W1,p(g)

where
Cr = {C Cc W'P(Q); C is compact, symmetric and v(C) > k},
with v is the Krasnoselski genus.

Proposition 2.1 Assume m € L1(09Q) and m™ % 0 in 0. Then \g(m) is a
sequence of eigenvalues of problem 3 such that Ag(m) — +o0 as k — +oo.

Proposition 2.1 is proved in [5] by applying a general result from infinite dimen-
sional Ljusternik-Schnirelman theory (see [6]). In [5], the authors proved the sim-
plicity, isolation and monotonicity with respect to the weight of the first eigenvalue
A1(m) of the Steklov eigenvalue problem 6.

The lemma below guarantees that in a mountain pass situation, any minimizing
path contains a critical point at the mountain pass level.
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Lemma 2.1 (see [1] and [2])

Let E be a real Banach space and let M := {u € E; g(u) = 1}, where g € C*(E,R)
and 1 is a regular value of g. Let f € C1(E,R) and consider the restriction f of f
to M.

Let u, v € M with u # v and assume that

H:={h e C([0,1], M); h(0) = u and h(1) = v}
is nonempty and that

€= i iy, (W) > max{ flu), f(v)}

Suppose that h € H is such that Ii{l(?bxl]) f(u) = c. Then there exists u € h([0,1])
ue s

with f(u) = ¢ and which is a critical point of f.

Let us conclude this section with some results concerning ¢(m, n) the first non-
principal positive eigenvalue of (1). Let A and B,,, : W'P(Q) — R, defined by

Au) = %||u||€v17p(m and By, p(u) = %faﬂ[m(u"‘)p + n(u~)P]do. At this point let

us introduce the set M, ,, := {u € W'P(Q); By, ,(u) = 1}. The condition m™* # 0
implies that M, , # . Moreover the set M,, , is a C! manifold in WP(Q). A
denotes the restriction of A to the manifold M,, . In [4] we showed the following
theorem concerning the first nonprincipal positive eigenvalue ¢(m,n) for (1), where

c(m,n) = 361{“ uglvz[ag’(l] A(u) and (5)

I'={y € C([0,1], My n) : 7(0) = —¢p, and 7(1) = o},
where ¢,, denotes the normalized positive first eigenvalue of A\ (m).
Theorem 2.1 c¢(m,n) is an eigenvalue of (1) which satisfies
max{A;(m), \1(n)} < c(m,n).
Moreover there is no eigenvalue of (1) between max{A;(m), \1(n)} and c(m,n).

3. Some properties of the first non trivial eigenvalue

In the following proposition suppose that my, nx, m,n satisfy our preliminaries
conditions.

Proposition 3.1 If (mg,ng) — (m,n) in L1(OQ) x L1(ON) then c(my,ng) —
c(m,n).

Lemma 3.1 (see [/]) Let vy € WHP(Q) with vg > 0, v, £ 0 and |vg > 0] — 0.
Let ny be bounded in L1(0). Then [, nwido/”vﬂﬁvlmm)dx — 0.
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Proof: [Proof of Proposition 3.1.] We first prove the upper semicontinuity. Let
e > 0 and take v € I' such that m{ax}A(w(t)) < ¢(m,n) + e. Since By, »(7(1))
t€lo,1

is continuous in its 3 arguments (m,n,t), we deduce that, for k sufficiently large

max A(Y(t)/Bumy, n, (7())Y/P) < c(m, n)+e, consequently we have lim sup c(my, ny) <

te[0,1]

¢(m,n) + e. Since ¢ is arbitrary, the upper semicontinuity follows. To prove the
lower semicontinuity, suppose by contadiction that, for a subsequence, c(mg, ng) —
co with ¢o < ¢(m,n). Let up € My, n, be a solution of (1), for A = ¢(mg, ng)
and for the weights my,ng. As [Jug|w1.r) remains bounded, for a subsequence
ug, — ug weakly in WP (Q); moreover ug € M,, ,, and ug is a solution of (1) for
A = ¢o and for the weights m,n. Since ¢y < ¢(m,n) then cg = A1(m) and ug = @,
or ¢g = A1(n) and ug = —¢,,. Consider the first case (similar argument in the other
case). In that case |uy | — 0. It then follows from Lemma 3.1 that

| niydefully ) 0. (6)

But multiplying by wu, the equation satisfied by us, one gets that the expression
in (6) is equal to 1/c(mg, ng), which goes to 1/¢g # 0, a contradiction. O

Proposition 3.2 If m < and n < 7, then ¢(m,n) > c(m,n).

Proof If 'y is a path admissible in formula (5) for ¢(m,n), then

= faQ )P+ n(y(t)”)P)do > 1 and consequently () := 'y(t)/B,;,ﬁ(v(t))l/p
1S well- deﬁned and is a path admissible in formula (5) for ¢(m,n). Moreover
A(%(t)) < A(y(t)), and the conclusion follows. O

To conclude this section, let us observe that definition (5) clearly implies that
¢(m,n) is homogeneous of degree -1:

c(sm, sn) = c(m,n)/s for s > 0. (7)
Some sort of separate sub-homogeneity also holds, which will be useful later:
Proposition 3.3 If0 < s < §, then ¢(5m,n) < c(sm,n) and c(m, sn) < c¢(m, sn).

Proof: We will deal with the first inequality (similar argument for the second one).
Let u be an eigenfunction in Mg, ,, associated to ¢(sm,n) and let v be the path in
My, n from g, to —p, constructed from u as in the proof of Proposition 31 of
[1]. The path 4(t) := (£)Y/Py(t)* — y(t)~ is then admissible in the definition (5)
of ¢(8m,n) and we have

R s 1 _
AGD) = IO ooy + 1O ey

< Ol 000 = AG),
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with strict inequality if y(t)™ # 0. So the path 4 goes in Mg, ., from ¢z, to —¢,
and remains at levels < c(sm,n) except at the point v := —u~/Bgyn(—u)/P
where the level is ¢(sm,n). It follows that ¢(§m,n) < ¢(sm,n). Assume now by
contradiction that ¢(8m,n) = ¢(sm,n). We can apply Lemma 2.1 to the path 4 in
the manifold Mgy, », to conclude that v must be a critical point of the restriction of
A in Mgy, » at level ¢(5m,n). But this is impossible since v does not change sign.

O

4. Fucik spectrum

Assume that the weights m an n satisfy our preliminaries conditions. The Fucik
spectrum is thus defined as the set 3 = X(m, n) of those (a, 3) € R? such that (2)
has a nontrivial solution. ¥ clearly contains the lines {0} xR, Rx {0}, {\1(m)} xR,
R x {A1(n)} and also possibly the lines R x {—=A;(—n)} and {—X1(—m)} x R. It
will be convenient to denote by ¥* = ¥*(m,n) the set ¥ without these 2, 3 or 4
lines.

We will start by looking at the part of ¥* which lies in RT™ x R*. The case of
the other quadrants will be considered briefly at the end of the section. From the
properties of Ai(n), A1 (m) follows that if (a, 8) € ¥*N(RT x R1), then o > Ay (m)
and 8 > A1(n).

Theorem 4.1 For any s > 0, the line § = sa in the («, 8) plane intersects ¥* N
(RT xRT). Moreover the first point in this intersection is given by a(s) = c¢(m, sn),
B(s) = sa(s), where ¢(.,.) is defined in (3).

Proof: It is easily adapted from Theorem 4.1 of [3]. O

Letting s > 0 varying, we get in this way a first curve C' := {(a(s), 8(s)) : s > 0}
in * N (R x R"). Here are some properties of this curve.

Proposition 4.1 The functions a(s) and S(s) in Theorem 4.1 are continuous.
Moreover a(s) is strictly decreasing and B(s) is strictly increasing. One also has
that a(s) — as s — 0 and B(s) = +oo as s — +oo.

Proof: It is easily adapted from Proposition 4.2 of [3]. O
Lemma 4.1 The lines Rx{\1(n)} and {\1(m)} xR are isolated in L*N(RT xRT).

Proof: Assume by contradiction the existence of a sequence (ay, B) € * N (RT x
R™) such that oy — ag and B — By with ap € R and say Sy = Ai(n). Let uy be

an eigenfunction corresponding to (ag, Sk). Put vy = ”Z—:H Note that v changes

sign, for a subsequence, vy — vo weakly in WP(Q), strongly in LP(Q) and strongly
in L%((?Q) with

/Q Vg [P + /Q (g [P = M (n) /a nfa) (v "o (8)
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Consequently either (i) v, = 0 or (ii) v, is an eigenfunction associated to A1 (n).
In case (i), vo > 0, vg # 0 and so vg > 0 in €, which implies |v, > 0] — 0.
It then follows from Lemma 3.1 that

| B @ /197 Wy = 0 9)
o

which is impossible since by the equation satisfied by v, the expression in (9) is
equal to 1. In case (ii), vo < 0 in €2, which implies |v,j > 0] — 0. An argument as
above applied to v,j then leads to a contradiction. O

To conclude this section we consider the distribution ¥* in the other quadrants
of R x R. From now on we do not assume below that the weights m, n satisfy the
condition (4).

Proposition 4.2 X*(m,n) intersects RT xRT (resp. R™xR~, Rt xR~, R~ xR")
if and only if m™ and nt # 0 in OQ (rep. m™ andn~ # 0 in 0Q, m* andn™ £ 0
in O, m~ and nt # 0 in 9Q).

Proof: The necessary conditions follow from the fact that, if (a, ) € X*, then,
for u a corresponding solution of (2),

0< |lut|?P = a/ m|ut|Pdo and 0 < |lu”||P = ﬂ/ m|u~ |Pdo.
o9 ro)

To prove the sufficient conditions, let us consider for instance R~ x R~ (similar
arguments in the other quadrants). We have that (a, 5) € £*(m,n)NR~ xR~ if and
only if (—a, =) € ¥*(—m, —n)NR~ x R™. The assumption m~ and n~ # 0 in 9
means that the weights —m, —n satisfy (—m)™ and (—n)™ # 0 in 01, i.e. satisfy
the condition (4). Consequently Theorem 4.1 implies that ¥*(—m, —n) NRT x RT
is nonempty and consequently ¥*(m,n) "R~ x R~ is nonempty. O

Corollary 4.1A If m and n both change sign in 0X), each of the four quadrants
in the (a, B) plane contains a first curve of o*.
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