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Wave Equation with Acoustic/Memory Boundary Conditions

André Vicente

ABSTRACT: In this paper we prove the existence and uniqueness of global solution
to the mixed problem for the wave equation with acoustic boundary conditions on
a portion of the boundary and memory type conditions on the rest of it.

Key Words: wave equation, acoustic boundary conditions, memory boundary
term.

Contents
1 Introduction 29
2 Notations and Principal Result 30
3 Perturbed Problem 32

1. Introduction

Let 2 C R™ be an open, bounded and connected set with smooth boundary T"
and T > 0. Suppose I is divided into two portion of positive measure I' = T'g U T’y
such that To N Ty = 0. Let v be the outward unit normal vector on I". Moreover,
consider the following given functions F : Q x (0,T7) — R; f,g,h : I1 — R;
B:RY = R;up,u; : @ = Rand & : I'; — R. In this work we study the mixed
problem for the wave equation with acoustic/memory boundary conditions

W —Au=F inQx(0,7), (1)
K ou

u+/0 B(tfs)g(s) ds =10 on 'y x (0,7), (2)
0

ai: =&  onTyx(0,7), (3)
u+ f6"+g8 +h6=0  onTy x(0,7), (4)
U(SC,O) = Uo(l‘), u’(x,O) = ul(x)7 z €, (5)
5(x,0) = do(z), &'(z,0) = %(m), z ey, (6)

0 " 92

where ' = e and A = g 922 is the Laplacian operator.
o
i=1 i
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Mixed problems for wave equations with homogeneous boundary conditions
have been studied for a long time. However, time-dependent boundary conditions
seems to be more suitable to model concrete applications, see [2], [10] , [14].

In this direction boundary conditions of memory type, as equation (2), imposed
on a portion of the boundary and Dirichlet condition on the rest of the boundary,
have been considered, for instance [1], [4], [12] and [13]. Equation (2) means that
the portion I'g is clamped in a body with viscoelastic properties. On the other
hand, wave equations equipped with time-dependent acoustic boundary conditions
have been considered also. For locally reacting boundaries, conditions (3) and (4),
were introduced by Beale-Rosencrans [2]| and studied in [3], [5], [6], [7], [8] and
[11]. In these cases, the solution u of the wave equation (1) is the velocity potential
of a fluid undergoing acoustic wave motion and §(z,t) is the normal displacement
to the boundary at time ¢ with the boundary point x. Similarly, acoustic boundary
conditions have been coupled with homogeneous Dirichlet condition on a portion of
the boundary, excepted in [7], [9] and [11] where the acoustic boundary condition
were imposed in the whole boundary T'.

The main purpose of this paper is to study the combination of acoustic and
memory boundary conditions. We prove the existence and uniqueness of global
solution to the problem (1)-(6). Our proof is based on Galerkin’s method and
compactness arguments. Technical difficulties in studying equation (2) lead us, by
using the inverse Volterra’s operator, to another equivalent condition in which the
normal derivative % appears explicit. Furthermore, the usual approach to the
Galerkin’s method meet up with technical problems when estimating approximate
solutions !’ (0). In order to avoid these difficulties we first solve a problem with
homogeneous initial data and then we take an appropriated transformation to
reduce the study of the nonhomogeneous case to similar one with homogeneous
initial data. Finally we observe that when we have homogeneous Dirichlet condition
on a portion I'y of the boundary with positive measure, the natural space to be
considered is {u € H*(Q) such that the trace ofu = 0 a. e. in Ty} and Poincaré’s
inequality trivially holds in such space. In our case, we do not have homogeneous
Dirichlet condition on a portion of the boundary, then we introduce a close subspace
W of H'(Q) where the Poincaré inequality is satisfied.

Our paper is organized as follows. In section 2 we introduce the notations and
the main result. In section 3 we deal with the perturbed problem and then prove
the main result Theorem 2.1.
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2. Notations and Principal Result

The inner product and norm in L?(2), L?(T") and L?(T;), i = 0, 1, are denoted,
respectively, by

o) = [ @ ds = ([ )P dxf ;
.00 = [ s@o@ydrs 16l = ( / |<s<ac>|2czr)é :
(6,0)p, = / @0 A ol = ( / @ dr>é

Let H(A,Q) = {u € H*(Q); Au € L?(Q)} be the Hilbert space equipped with
1
the norm |ulga,0) = <||u||%p(m + \Au\2> *, where H'(Q) is the real Sobolev

space of first order. Denoting vo : H'(€2) — H2 (') and v, : H(A,Q) — H~2(I)
the trace map of order zero and the Neumann trace map on H(A, ), respectively,

we have yo(u) = uj, and v (u) = (@)I for all u € D(Q2). Some times to simplify

ov
the notation we write u an instead of yg(u) and 1 (u), respectively.

For each point z( fixed in I‘ let V., = {u € C*(Q)such that u(xg) = 0}. The
Poincaré inequality holds in V,,, that is,

dau

\u|2 < D? |Vu|2 for all u € V,,,

where D is the diameter of Q. Now we consider V = |J V, and Poincaré’s in-
zel’
equality holds in V also, since the constant D is independent of z € I". By density

the Poincaré inequality still holds in the H'(Q) closure of V' which we denote by

W .= VH @ . The inner product and norm in W are denoted, respectively, by

(u,v) Z/ 8:1:1 -(z)dz,

Jul = ( A )

M

= </Q |Vu(z)|2dx>é

Poincaré’s inequality and the continuity of trace map yield a constant C such
that

ho(w[2 < Cllul?,  for all u e W. (7)

As we sad before we shall replace equation (2) to another equivalent one. We
write the convolution product operator

(B )t /Bt—s
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Suppose that 3 : [0,00) — R satisfies
L
B(0)”

then from Banach'’s fix point Theorem there exists a unique function k € W11(0, o),
usually called by resolvent kernel, such that

k(t) = —nB'(t) —n(8 * k)(t), ae. in (0,00). (9)

The Volterra Operator (&) = —3(0)¢ — B’ & for all € € L>(0,T; L2(Ty)) is well
defined and its inverse is given by ¥~1(¢) = —n(¢ + k * ¢).

Differentiating (2) with respect to ¢ and applying the inverse Volterra’s Opera-
tor, we obtain

BEW1(0,00), 5(0) #0 and 7|#|pi0,) < 1, where s = )

% = —n(u + k(0)u — k(t)uo + k" xu) on Iy x (0,7T), (10)
which is equivalent to (2). Hence we have the following equivalent problem
v —Au=F inQx(0,7T), (11)
% = —n(u +k(0)u—k(t)uo + k¥ xu) on Ty x (0,T), (12)
% =§ onlyx(0,7), (13)
w4+ f6" + g8 +héd =0 onTy x(0,T), (14)
U(l‘70) = UO(I)v u/(QQ" 0) = ul(gj) in 0, (15)
8(2,0) = do(x), '(z,0) = %(I) onTi. (16)

In order to state our main result we assume:
f,9,h € C(T'y) such that f(z),h(z) >0 and g(z) >0, for all z € Ty (17)

and
ke Wh(0,00) N W%(0, 00) . (18)

Theorem 2.1 Suppose (17) and (18) hold. Let ug,u; € W N H?(Q), & € L*(T'y),
F,F" € L$ (0,00; L(Q)) with

loc
ou,
871/0 = —nu; onTy. (19)
Then, for all T > 0, there exist a unique pair (u,d), in the class
u,u’ € L>(0,T; W) such that u(t) € H(A,Q) a.e. in [0,T]; (20)
u” € L=(0,T;L*(Q)); 6,0',6" € L>=(0,T;L*(T1)), (21)

which comprise a solution to the problem (11)-(16).
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3. Perturbed Problem
Let f,g,h, F,k,ug,u; and dg be as in Theorem 2.1. We define
o(z,t) = up(x) + tug (),
‘F(x,t) - F(xat) + A¢(xat) ’
¢

33

(22)
(23)

r(@,t) = —n[¢'(z,t) + k(0)p(z,t) — k(t)(x,0) + (K" ¢)(t)] — - (x,t). (24)

ov

Whence we consider the following perturbed problem

V' —Av=F inQx(0,7),

0 O+ K %) £ on To x (0,7),
o 0
87;):5/—87? ODF1X(07T)7

v+ f8" + g8 +héd=—¢ onTy x(0,7T),
v(z,0) =v'(2,0) =0 in Q,
5(z,0) = do(x), & (x,0) = %(x) onT;.
Theorem 3.1 (Perturbed Problem) Let ¢, F and r given by (22)-(24).
all T > 0, there exist a unique pair (v,0), in the class
v,v" € L>®(0,T; W) such that v(t) € H(A,Q) a.e. in[0,T];
v € L(0,T; L*(Q)); 6,0",8" € L>=(0,T; L*(T)),

which comprise a solution to the problem (25)-(30).

Proof.: Let (w;)jen, (2;)jen be orthonormal bases in W and L?(I';), respectively.
For each m € N let Uy, = span{wy,wa, ..., wy,} and Z,, = span{z1,22,...,2m}-
From ODE theory, we can find 0 < T,,, < T, vy, : Q@ x [0,T,,] — R and §,, :

I'y x [0,T;,] — R such that
v (2, t) = Zajm(t)wj () and O, (z,t) = Zﬁjm(t)zj(a:)
Jj=1 j=1

satisfy the approximate problem

(v (8), w5) + ((0m (), w;)) + (Vg () + E(O)vm (£) + (B v ) ()], Y0 (W),

=00t + (250 = B0 rnln)) = ().

W 0).2)p, = (PO + 053 (8) + W) ), + (6 (0) ),

0(0) = 1, (0) = 0

Om(0) = Gom = > _ (80, 2i)p, 21 — 6o em L*(I'1),  4,,(0)
i=1

. Buo

oo’
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forj=1,...,m.

Now we need estimates which allow us to extend the solutions u.,, d,, to the
whole interval [0, 7] and pass to limit as m — co. From (33) and (34) we have the
following approximate equations:

(v (1), w) + ((0m (), w)) + (v, (£) + E(0)vm () + (K vm) ()] = 7(£), v0 (W), +

+ (8?(;) — 5;n(t)a70(w))rl = (F(t),w), Yw € Up, (37)

= (W (8), 2)p, = (f0,,(t) + 905, (t) + hdm (1), 2)p, + (¢ (1), 2)p, , V2 € Zm. (38)
Estimate I: Taking w = 2v],(¢) in (37), z = 24/,(¢) in (38) and substituting the

second equation into to the first, we obtain

d 1 1 1
= (10 OF + lom @I + 726,01, + h26n O, ) +2nlvl, O, +2lg? 6, 1R,

= =20k(0) (vm (£), v3 (), — 200 (K" 5 0 ) (£), 03, (), + 2 (r(£), 07, (1)),

2 (ag? , v;na)) —2(/(1), 0, (), +2(FW. 0 (0). (39)
I
We observe that
[20£(0) (v (£), V3 (D)1, | < glvin(t)\%o + 3nk(0)2Clvm (£) ]| (40)

t
n
127 (K" % v ) (), 3 (), | < glvﬁn(t)@o + 377|’f’|L1<o,oo>/0 K (t = $)|[vm(5)|7, ds;
12 (7 (1), vl (8))p, | < Dol (B3, + §|7’(15)|2 (42)
> Ym I 3 m Ty n Ty
Using (40)-(42) in (39) and integrating from 0 to ¢ < T,,, we get
t
[0 (O + [[om (O] + 1265, (6)[F, + 26, (1), +n / [0 (€)[2, €

t 3u0 2
38 2 < |z 220
+2/0 1926, ()1, d§ < ‘f 5

t
4 BE5m(0)[2, + 3nk(0)2C / o (€)]2de
I 0

t g
30lE o) [ [ WE= Dlivn (0, dsde
3 2 8¢(£) ! ! ! /
@, 2 (P50 @) 20, 0O, +2 <f<5>,vm<§>>] .
(43)

/
0
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We note that

t e t
301K | L1 (0,00 / / K€ = ) [om(5) 2, dsdE < 3k 21 0,00, C / lom (€)1 de;

(44)
/ 7?;|r( O3, dE < Cy+ Co(T +T2); (45)

6¢(€) / (b t
/ ( (€ >r1 d =2 /F | / (2 €)vm (& ) + 50 (2, €)um (&, T
<O+ CUT T O / lom @2 + 3llom(2)IP. (16)

Coming back with these estimates to (43) and applying Gronwall’s inequality, we
have that there exist a constant, L; = L;(T) > 0, independent of the m and
t € [0,T,,], such that

[or, (O + lom (1> + 105, (D)2, + [6m (D), < L1, VE€[0,Tn].  (47)

From this estimate we can extend the solution of the approximate problem to the
whole interval [0,7] and (47) holds for all ¢ € [0, T].

Estimate II: Taking w = v/ (¢) in the approximate equation (37) and putting
t = 0, we come to

O = (== G200)) -+ (F0)+ . 0)). (48)

Now, taking z = §// (¢) in (38) and putting ¢t = 0 we get
0= (54,0 + 952 + 18, 0).04,0)) (w840,

Ty

This inequality, (48), the assumptions on g, u1, do, F, f, g, h and (19) yield a con-
stant C5 such that

[0 (0)] + 167, (0)Ir, < C. (49)

Differentiating (37) and (38) with respect to ¢t and taking w = 20/ (t) and
z =20V (t) we find

d 1 1 1

7 (lviﬁ(t)\z +llom O + 1f200@)IE, + |h25§n(t)|%1) +2njvy, (1)IE, +2192 07, (D7,

= —20k(0) (5,01, ), = 20 (O 0 )0 000) )

2000, -2 (G 0) 2O, 6)
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Next we estimate each term in the right hand side of (50). We note that

120K(0) (04, (6), V() | < Tl (O, + 30k(OCllofu D% (51)
20700 O)r, | < FIn O, + 1 O, (52

Since

%(k’ * v ) (1) = k' (£)v,, (0) + /0 K (m)vl,(t — 7)dr = (K xv],)(t),

analogously to the (41) we have

t
30k 2 000 / K (& — )|l (5)[2, ds. (53)
0

Using (51)-(53) in (50), integrating from 0 to ¢ < T and noting (49), we obtain

t
W O + (O + [F26 @R, + 8L 0R, + 1 / ot (€)[2, dé
t N t
12 / 19330 ()2 de < Ci + 3nk(0)C / ot (€)|2de
0 0

t r€
130K |1 (0.00) / / k(€ — )|[ul(5)[2, dsde
0 0

/
0

We have

§7"I 2 9¢'(€) o / o
Ao, -2 (T ) +20e m<f)>] € (o)

t et t
301K | L1 (0,00 / / K€ = )l[uta ()2, dsdE < 3k 21 000, C / [ (O de;

(55)
¢
3.
| 2@ de < €+ ot (56)
0
and proceeding as in (46), we obtain
’ a ' 1" 1 /
2 [(25E.0000) de< ot oI, (57)
0 v r 2

Substituting (55)-(57) in (54), we can apply Gronwall’s inequality to get a constant
Ly = Ly(T) > 0, independent of the m and t € [0, 7], such that

o (O + [ln, (W1 + 7, (DIF, + 167, (DIF, < L2, V€ [0,T]. (58)
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which is the second estimate.
From (47) and (58) we can find subsequences, still denoted by (v )men, (0m)men
and functions v, such that

Um — v in L®(0,T; W), S — 8 in L=(0,T; L*(T'y)),
vl S in L0, T; W), 8, 6" in L>=(0,T; L3(T)), (59)
o S in L°(0,T; L2(Q)), 67 58" in L>(0,T; L*(T1)).

Using compactness arguments and the convergences (59) we can pass to limit,
as m — 00, in the approximate equations (37), (38). Whence we have

@"(8),w) + ((v(t),w)) + (" (t) + EO)v () + (K" * 0)(£)] = r(t), v0(w))r,

(F(t),w), VweW, (60)

+
RS
Q)
|
d
—
~
:./
2
—
S
"
e
I

— (V' (1), 2)p, = (f8"(t) + g&'(t) + hé(t), z)p, + (¢'(t), 2)p, » Vz € L*(T1). (61)
The last equation proves (28). Taking w € D(Q2) in (60) we obtain
V'(t) — Av(t) = F(t) inD'(Q), ae. in (0,7), (62)

and since F(t),v"(t) € L*(2), we can see that Av(t) € L?(Q), and equation (62)
holds a.e. in © x (0,7T), which proves (25).

Now we shall interpret the sense in which v and § satisfy (26) and (27). Mul-
tiplying (25) by w € W, integrating over  and using the Green’s formula we

find

" _ 1 1 = .
/Qv wder/QVvadQ: <71(U(t))’rYO(w)>H7§(F)><H§(F) /Q]:wdx

This and (60) yield
O (w(®)v0(w) -3 1

(), (

which proves (26) and (27).
Uniqueness: Let (v1,01) and (vz, d2) be solutions to (25)-(30). Define ¥ = v; — v
and 6 = §; — 62, then

= — (' (t) + k(0)v(t) + (K" + v)(B)], 10(w))r,

(w)) , YweW, ae. in[0,T],(63)
Iy

M\»—l

¥ —AY=0 ae. inQx(0,7T), (64)
Y+ f0"+g0 +h0=0 ae only x(0,7T), (65)
)00 5 sy = — (1 () + OO + (K 5 )0 70w,
+(0'(t),vo(w))p, , YweW, ae. in[0,T], (66)
I(z,0) =9 (z, ()) =0 inQ, (67)

0(x,0) =0 (x,0) =0 on ;. (68)
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Multiplying (64) by ¥/, (65) by ¢, integrating over 2 and T'j, respectively, and
observing (66) we obtain

L (0 OF + WO+ £ O, + RHOOR, + kOO, ) + 200 (0,

+2]g20 ()[R, = —2n (K * 9)(£), 9" (1)), - (69)
Note that

t
|20 (K" 9)(1), 9" (1)), | < nIk'ILl(o,oo)/O K (t = 9)|[9(s)[7, ds +nl9' ()]7, -

Using this estimate in (69), integrating from 0 to ¢t < T and proceeding as in (44)
we can see that there exists a constant Cig > 0 such that

["(OF + 19O + 10", +100)IF, < 010/0 19(€)117dg,

which yields ¥ = 0 a.e. in Q x [0,7] and § = 0 a.e. in T'; x [0,7]. This complete
the proof of uniqueness.
O

Remark 3.1 If we have regularity on function v, for instance v € L>=(0,7; W N

H?(Q)), we can see that (26) and (27) hold a.e. in Ty x (0,7) and I'y x (0,T),
respectively. To verify this assertion, let

H = {(70()),,, such that ¢ € W with (y0(¢})),, = 0}

Thus H is dense in L?(T';). We can rewrite (63) as

(Go0n0) -+ (Fomm0m) =

09(t)
9

14

-5 (00)

Ty

= (n[v'(t) + k(0)v(t) + (K" * v) ()] = r(t), v0(w))p, — <
YV w € W. Hence,

v () ’ _
(&/(t)+ ey —5(t),z)r1—0, VzeH,

which gives

0 0

8—5 = - 8—‘5, ae. in Ty x (0,7).
Analogously, we can prove that

% = —nlv' +k00)v+ (K *v)]+r, ae inTyx (0,T).
v
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Remark 3.2 Let (v,0) be the solution to the perturbed problem given by the-

10.

11.

12.

13.

14.

orem (3.1) and ¢ the function defined in (22). Then we can easily verify that
(u,d), where

u(z,t) = v(z,t) + ¢, ),
is the solution to (11)-(16) and theorem (2.1) is proved.
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