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Invariant connections on Euclidean space

Rui Albuquerque and Luisa Consiglieri

ABSTRACT: We recall and solve the equivalence problem for a flat C! connection
V in Euclidean space, with methods from the theory of differential equations. The
problem consists in finding an affine transformation of R” taking V to the so called
trivial connection. Generalized solutions are found in dimension 1 and some exam-
ple problems are solved in dimension 2, mainly dealing with flat connections. A
description of invariant connections in the plane is attempted, in view the study of
real orbifolds. Complex meromorphic connections are shown in the cone cL(p, q) of
a lens-space.
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1. Introduction

We wish to study linear connections V on R” which are less than smooth from
the point of view of the differentiable class, i.e. their Christoffel symbols are not
C*. We are particularly interested in observing the behavior of the associated
tensors, such as the torsion and curvature, and solving the equivalence problem in
the framework of non-smooth connections on smooth manifolds. This is generically
as follows: given two manifolds M7, Ms endowed with linear connections Vi, Vs,
prove the existence of a diffeomorphism & : My — M such that ® - Vy = V5. The
diffeomorphism is then called an affine transformation.
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The equivalence problem is an old theme, as we may see e.g. in [8,9,10], yet
its importance in geometry remains. The equivalence problem is solved in [10] in
the category of analytic manifolds with analytic connections, so it seems that the
problem should be undertaken with PDE tools. Under mild conditions, we solve it
for the case of the trivial connection in R", leaving aside the demand of analyticity.
For one particular example in R? we explicitly give the solution.

We also recall invariant connections for some groups of diffeomorphisms, i.e.
groups of affine transformations for a same V. These are most relevant in the
theory of symmetric spaces. Translations plus one isomorphism F' invariant V are
studied in R?, in order to bring curvature and holonomy issues into the theory of
orbifolds.

Orbifolds are a generalization of manifolds to include the notion of singularities
at the origin of the kind R™/G, where G is a finite subgroup of GL,. Certainly
any definition of connection in this category will agree locally with a G-invariant
connection in Euclidean space (cf. [6,7]).

We show that R?/(F), where F is the conjugation map, admits a symplec-
tic connection, torsion free, with non-vanishing curvature. Also we prove that all
foldings by conjugate-rotations of the plane F(z) = ¢*Z admit some specific flat
non-trivial connections. We look for connections which are translation invariant,
but one should leave such condition in order to solve the question of which connec-
tion better interprets the orbifold singularity.

To finish this article on the quest towards local invariant connections, we treat
the case of lens spaces L(p, q) and their cone singularity. Here the case is of mero-
morphic objects and, indeed, we find a family of such conections, non-flat. We
remark this new V is just an unnoticed particular case within the whole subject of
[12].

1.1. LINEAR CONNECTIONS. Let M be any paracompact smooth manifold and let
Xy denote the Lie algebra of smooth vector fields on an open subset U of M.

We recall the notion of a linear connection on a manifold M. It is given by
a covariant derivative, i.e. an operator V on the space of pairs of smooth vector
fields X, Y defined on M, sending another smooth vector field VxY on M, and
satisfying the following relations:
(1) Vx(fY) =df(X)Y + fVxY (called the Leibniz identity),
(ii) Vx(Y + Z) =VxY +VxZ7Z,
(ill) Vix,+x,Y = fVx, Y + Vx,Y VfeCyp, VX, X1,X2,Y,Z € X

From the first two conditions it follows that V is a local operator (cf. [5]): if
two vector fields Y7, Y, agree on some open subset U, then so do their covariant
derivatives. To prove this suppose ¥ = 0 on U and multiply it by a function
f e C5p with supp f C U and f =1 on a neighborhood of m € U (these functions
exist always). Then fY = 0 exists on M and the result follows by (i). Furthermore
we may find the covariant derivative of vector fields defined only on some open
subset U.

Contrary to other local operators, as for instance the Lie bracket of vector fields,
the covariant derivative of Y € Xy induces a well-defined linear map VY : T,, M —
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TnM for any m € U; for each v € T,, M just take a chart (z1,...,2,) around m
and any smooth functions f; such that v = X,,, where X = fia%i' Then the
previous facts and condition (iii) imply that we can define V,Y := VxY |, =
S fi (m)V%Y im — which therefore does not depend nor on the chart, nor on the

extension X of v.
The following two tensors are used in the study of linear connections. The
torsion
TV(X,Y)=VxY —VyX — [X,Y]

and the curvature
RY(X,Y)Z =VxVyZ—-VyVxZ—VxyZ.

These are tensors indeed, linear over the CfP ring, as it is easy to prove. One
can see the curvature as a measure of how covariant derivatives of Z commute,
along the directions X,Y, up to the one along the Lie commutator of X and
Y. The connection is called flat if RV = 0. Obviously, 7V € Q?(TM) and
RY € Q*(EndTM).

Linear connections give us the notion of geodesics, i.e. curves v which satisfy
V' =0 (we may deduce as above that the operator V. is well defined over a
curve v, i.e., if Y,Y are vector fields on a neighborhood of v such that Y, = fCY,
then V.Y = V., Y).

To finish, suppose we have two connections V', V2. Then it is trivial to check
that their difference is a tensor: V! = V2 4+ T' with 'y € EndTM, VYX € TM, or
simply T' € QY(End TM).

1.2. DIFFEOMORPHISMS ACTION ON CONNECTIONS. We recall here other well known
facts about connections.

Let M, N be two manifolds and suppose & : M — N is a smooth diffeomor-
phism. Then ® induces a linear map X +— ® - X defined by:

(I)'Xy:d(p(Xq>—l(y)), Yy € N.

We shall consider the action of the diffeomorphism ® against the Lie bracket of
vector fields acting on smooth functions. First, let f € CR°. Then

(@-X)(f) =X (fod)od™". (1)

Hence for two smooth vector fields on M, we find (- X)((®-Y)(f)) = X((®-Y)(f)o
®)od ! = X(Y(fo®))od L. Applying this formula twice we get (®-[X,Y])(f) =
[@-X,®-Y](f), which proves that ® : Xy — Xy is a Lie algebra homomorphism.

Notice that, for any h € C53, we have ® - (hX) = (ho @ 1)®- X = (®-h)D- X,
extending notation to functions. Also notice that formula (1) can be written as
(@ X)(@-h) =D (X(h).

Given a diffeomorphism ¥ : N — O to any other manifold O, we have U - (P -
X)=(Pod) X.
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The relevant property of the ‘push-forward’ map is its action on the space of
connections. Given a connection V on M we may define a new connection ¢ - V
on N by

(@-V)zW =& (Vg-1.,07" - W)

for any Z, W € Xy. The only non trivial identity to check is the Leibniz identity:

(@-V)2fW = & (V1,07 (fW))
= @ (Vgrz(@7h-f)(@ W)
O (271 f)lVe12®7 - W HA(@- )@ 2) (271 -W))
= [P (Vo122 - W)+ @ ((@71-2Z)(@ " )W
= f(@-V)zW+ Z(f)W.

The action on connections under composition of two diffeomorphisms carries canon-
ically, as it should: ¥ - (®-V) = (To®) V.

Let V be another connection on N. We recall that a map ® which satisfies
V =&V is called an affine transformation. If it is an affine transformation of M
onto itself, with V= V, then the connection is said to be ® invariant. All these
definitions are in [8] or [10].

As we have been showing, any given tensors transform under the push-forward
map in an obvious way. For instance ® - TV(Z,W) =& - (TV(®~1-Z,&~1-W)).
The following identities are easy to check:

TV =®.TV, R™YW =@ RY. (2)

Under affine transformations, clearly unparametrized geodesics are taken to
geodesics. A map which has such a property is called a projective transformation.
This notion has been thoroughly studied in Riemannian geometry. Recently, V.
S. Matveev proved the Lichnerowicz-Obata conjecture, stating that a connected
group which acts projectively on a closed Riemannian manifold, then acts affinely
(cf. the proof and the history of this conjecture in [13,14]). A close question dealing
with projective metric structures in real dimension 2, is found in recent [3]. Our
last section studies R? too.

Example 1.1 The trivial connection d in M = R" is defined as

oY oY
Y =(dY7(X),.... dY,, (X)) =X{—+ - -+ X, —
dx (dY1(X),...,dY, (X)) 18x1+ + "D

where X, Y are seen as vector-valued functions M — T M = M xR™ in the ubicuous
notation X, = (x, X,). Of course, d is torsion free and flat. Let Diff(R™) denote
the group of diffeomorphisms of R™. Then it would be interesting to know the orbit
of d on the space of torsion free and flat connections, under the action of any given
subgroup H C Diff(R™).
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Example 1.2 On homogeneous spaces M = G/H, one explores the use of G-
invariant connections, that is, connections invariant under all left translations of
M induced by elements of G. They are in 1-1 correspondence, when H is closed,
with direct sum decompositions of the Lie algebra Lie(G) = Lie(H) @& m such that
ad (H)(m) =m, c¢f. [10].

1.3. CONNECTIONS IN R™. We shall now restrict our study to connections in Eu-
clidean space. We change notation a bit and assume F' : R™ — R” is a diffeomor-
phism. Also we let (z1,...,2,) 0 (yl, ..., Yn) denote Euclidean coordinates and
abbreviate the induced Vector ﬁelds 8 to 0;. This is just the vector e; of the
canonical basis. Writing F'(z) =y then '

F-0;,= Zaxl

From now on we assume Einstein’s summation convention.
Let V be any connection. It is determined by the Christoffel symbols: V,0; =
T,
J

Proposition 1.1 Let V. = F - V. Then the Christoffel symbols f‘f] of this new
connection satisfy the equation:
0?Fy, OF; OF,, ~ _ OF

ZZEph
Bxiaxj + axl axj tm of = 8xh FU. (3)

Proof: We have that

On the left hand side we have, letting G = F~1,

OFy, OF, - (OF,, B
VraF 05y _vaFl( o o, T Om = 5@ )Vz( o, 8m) L=
0F, 82Fm aG OF,, OFn, =~
- — r -
82 m 6}71 aF‘m

since G(y) = x. Hence the formula (3). O

Of course, we may write an equation analogous to (3) in terms of G = F~, since
G-V = V. Moreover, a given connection on a manifold satisfies such equation,
with T' = T, under any coordinate change diffeomorphism.

Given any V and V, when does there exist a diffeomorphism F which makes
the two connections the affine transformation of one another? This is called the
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equivalence problem. In [10, chapter VI, theorem 7.4] it is proved that a local
solution to this problem exists in a point xg, if the connections have analytic
Christoffel symbols and if higher order derivatives of the torsion and the curvature
tensors satisfy

G- (VFTY 4) =VFTY . ¢ (VFRY ) = VFRY

for all £ = 0,1,2,... and for a linear isomorphism ¢ : T, M — T, N. By a local
solution it is meant a diffeomorphism F' : U — V from a neighborhood U of z¢
onto a neighborhood V' of yy and such that dF,, = ¢. Moreover, the problem is
solved globally in the restricted context of analytic manifolds M, N.

Remark 1.1 An interesting consequence of this result is the following. If M is a
C> manifold with a C™ linear connection such that VIV =0, VRY =0, then
M is an analytic manifold and the connection is analytic [10, chapter VI, theorem
7.7]. This shows that all symmetric spaces are analytic manifolds.

For other relevant questions on the equivalence problem with further constraints
we refer to [11] and the references there in.

Remark 1.2 There is another type of transformation of linear connections we
want to be aware (this applies generally to connections on vector bundles, cf. [5]).
The gauge transformations, which we recall in the case of U open in R™, are defined
by a map u : U — GL,, and act on connections V = d+1" almost like an “infinitesi-
mal affine transformation” covering the identity map of the manifold. Namely, they
are defined by

(uVu N xY =u(Vx(u™'Y)) = VxV — (Vxu)u 'Y
or, we may say, I transforms into T — (Vu)u~! (notice that the inverse is in GL,, ).

Before we proceed, we recall in local coordinates the formula for RV(&-, 0;)0k =
Réjkall

ZJk = 0; F]k 0; Flk + Fiprfk Féprfk (4)

1.4. FLAT CONNECTIONS. It is easy to see the gauge transformation induces a
conjugation by u of the curvature tensor, but the same is not true for the torsion.

Proposition 1.2 Any flat connection V is locally equal to the gauge transforma-
tion udu™!, for some map u. Such connection is torsion free if, and only if,

LI O
“J a“’“ulj, Vi, ke {1,...,n}. (5)

Proof: Let so = (d4,...,0,). We first show that there is a solution of Vs = 0, for
a smooth frame s : U — (R™)", on an open neighborhood U of each point. Writing
in matrix notation s = sgu and Vsg = sol’, we have

Vs = (Vsg)u+ sodu = so(T'u + du).
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Now I'u + du = 0 is a first order linear differential equation, which has a solution
if, and only if, its exterior derivative is zero. Therefore we compute dI"u—T' Adu+
d%u = 0 or, equivalently, d[' 4+ I' AT = 0. But, the reader may care to deduce this
is the same as RY = 0.

The second part of the result is trivial to check. O

In the following, let DF = [gf <], Here we state an approach to the equivalence
J

problem for the trivial connection.

Proposition 1.3 Let u : R® — GL,, be a C' map. Suppose V = udu~"! is torsion
free. Then V = F -d for a diffeomorphism F if, and only if,

woF =DFk (6)

with k a constant invertible matrix.

Proof: The existence of F' is assumed either way. By straightforward computations
we find F'-sg = so DFjp-1 and (F - d)x(F - s9) = F - (dp-1.x50) = 0, with
so = (01,...,0n). Hence condition (6), say u = DF|p-1 k, implies that souk™! is
parallel for F'-d. From Proposition 1.2 and its proof, having such parallel frame
implies F'-d = uk’ld(ukfl)_1 =udu~t=V.

Reciprocally, if F'-d = udu™! is satisfied, then sgu is parallel for F'-d. Hence
sou = (F - 59)k, for some constant k, and consequently (6) holds. O

Notice that, once we find F', we may incorporate k in u.

2. Existence results for the equivalence problem

2.1. THE DIMENSION n = 1 CASE. In R suppose we are given a linear connection
V =d+T, with I a 1-form with values in EndR = R. Clearly, a 1-form on the
real line corresponds to a function I'l; such that I',(v) = I'l;(z)v, Vo € R, and
clearly the torsion and the curvature of V both vanish. Nevertheless, we may still
try to solve the equivalence problem. According to Proposition 3 we look for a
diffeomorphism F' which verifies the following nonlinear ODE of second order (we
let T =T4,)

F'+(F)ToF =0. (7)

Noteworthy, with the most simple non-trivial connection, that is, with I" a non-zero
constant, we obtain the transformation

1
F(z) = flog|x+cl\+02,

where c1, co are constants, which requires further notice on restrictions of the do-
main.

In order to study the differential equation (7) with generic I', we introduce the
following weak variational problem.
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Definition 2.1 We say that F, defined on an interval Ja,b] (—o00 < a < b <
+00), is a generalized solution to (7) if F belongs to the Sobolev space H*(a,b) and
satisfies

b b
F'(a)G(a) + / F'G' = F'(b)G(b) + / IF'|’T(F)G, VG € H'(a,b). (8)

Remark 2.1 The weak formulation (8) is obtained by the following computation:
b b b
/ F'G+|FPT(F)G=0 & [F’G]g—/ F’G’+/ |F'|’T(F)G = 0.
When boundary conditions are taken into account, (7) becomes a boundary

value problem.

Proposition 2.1 Assume that I" is a continuous real function such that
F'tt<a<l or T)t>p>1, VieR (9)
Then the boundary value problem to (7) under

1. the homogeneous Dirichlet conditions has the unique generalized solution F =
0;

2. the homogeneous Neumann conditions has the generalized solutions F € R;

3. the mized conditions, F(a) = 0 and F'(b) = F, € R\ {0}, has a unique
generalized solution F in the following sense

b b
/ F’G’:FbG(b)Jr/ |F')’T(F)G, VG eV, (10)

where V is the set of functions G € H'(a,b) such that G(a) = 0.

Proof: Assume that I'(¢)t < a, for all t € R. Otherwise the proof is analogous.
Let us concentrate on the existence proof to the mixed boundary value problem
(case 3) under the Galerkin method. The cases 1 and 2 are similar and simpler. Let
A be the induced operator of the weak variational equality (10), i.e., A:V — V'
defined by

b b
<AF,G>:/ F’G’—/ |F'|°T(F)G.

Applying the Poincaré inequality, we recall that V is a separable Hilbert space

1/2
endowed with the norm (fab |G’(m)|2da:) . Letting {H} be a basis of V, we set

the finite dimensional space as Vy = (Hi, -+, Hy) for N € N. Using (9) it follows
that A is coercive:

b b
<AF,F>:/ |F’\2(1—F(F)F)z(1—a)/ |F'|?, with 1 —a > 0.
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Then there exists a Galerkin solution Fy € Vi such that

b b
| me =Rew+ [ Imeree (11)
for all G € Vv and, by density, for all G € V. Taking G = Fy in (11) we obtain
b b b
1Bl = [ VFRP = B2+ [ IRPEENEY < B2+ [ B
Thus the Galerkin solution satisfies the estimate

F
IFnllv < ——=

Thus we can extract a subsequence of Fly, still denoted by Fl, such that
Fy —F in V,
Fy —-F in C(a,b)]),

with £ € H'(a,b) — C([a,b]). In order to prove that F is a solution to (10) we
will pass to the limit in (11) for all G € V as N tends to infinity. To pass to the
limit the term on the left hand side in (11), it is sufficient the weak convergence of
F} to F' in L*(a,b). Notice that this does not allow to pass to the limit the last
term on the right hand side in (11). So to prove the strong convergence it remains
to show that

|1FNllLe = [[F' ||z as N — +oo. (12)

First let us identify |F4|* as an element of the dual space of C([a,b]). Hence we
can extract a subsequence of |Fi|?, still denoted by |Fy|?, weak-* convergent to x
in L'(a,b). Next passing to the limit (11) it results

b b
/ F’G':FbG(b)+/ xI'(F)G
for all G € V. In particular taking G = F we obtain
b b
/ |F'|> = F? +/ xD(F)F. (13)
Now passing to the limit in (11) when G = Fy is chosen, we get
b b
lim/ |F 2 :F5+/ XT(F)F. (14)
a a

Finally gathering (13) and (14) we conclude (12). O
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2.2. THE DIMENSION n = 2 CASE. In dimension 2 we will find the integrability
condition (5), for F belonging to C2. As a first case to study, we present the
following example.

Example 2.1 We consider the symmetric and flat connection V.= d + T' given
by T} (z,y) = f(2), T3 (z,y) = g(y), where f,g are C*, and any other Ffj = 0.
Then V is flat by trivial reasons. Solving V = F-d with F € C**2, implies solving
for Fy the system

2,1+ (0. F1)* f(F1) =0
2 Fy + (0, F) (B, ) F(Fy) = 0
8§yF1 + (81/F1)2f<F1) =0

An analogous system must be satisfied by Fy. Imposing further OyF = 0,F» = 0
we see that the problem is equivalent to solving the dimension 1 case.

Next we present a non-constant example.

Example 2.2 Consider the open set Rt x R and a connection given by V0, =
— =0y, Vy0y = 5-0, = V0, V0, = x0,, in real coordinate functions. An easy
computation shows that V is flat: RV (9y,0y)0: =

1 1 1 1 1
VoVyde = VyValy = Va0 — vy(—%am) = (—@ +toat @)ay =0

and RY (0, 0,)0, =

1 T T
=V,Vy0y — V,V.0y = V20, — vy(%ay) =0, — %630 — %E)I =0.
Now the group-valued map u may be deduced from T' = udu=™t = —(du)u™?!, i.e.
the equations
ou Ju

i Ox’ 24

Henceforth we find that the equation in F' = (Fy, F3)

VaF -2 2 oF  OF
5o V2 —VEeE || 55
L B s B || ok of

wEe VY R eV’ oz 9y

is the one to be solved, applying Proposition 1.3. Notice {Fl,Fg} =JacF = 1.
This is the case where the map u takes values in SL(2,R).
Find Fy and Fy in the forms Fy(z,y) = 2U@=9W)  Fy(z,y) = V2(f(z) +
9(y)); then we obtain the following equations
W2 ! ()€ (@) ~29W) = ¢=29(v)
—2¢' (y)e? @) =290) = _2/(@)
2V2f () = e
2/ (y) = 0
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or equivalently

Then we obtain

fla) = %log (‘\% +a

where ¢1 and co are determined according to the domain.
Considering ¢y = co = 0, we obtain the function

(w2
(F“FZ)( VAT

)+ o) =~ oull ~ v+ cal

)),x>&y<&

solving our particular and illustrative problem.

Remark 2.2 In Proposition 1.3, if u is such that

ayFl(x,y):() F1 :Fl(l')
{ 0 Fa(z,y) =0 :>{ Fy = Fy(y)

and u11 and usy are functions in Fy and Fy, it results
Fll(x) :Ull(ﬂ%y) FQ/(y) :U22($7y).

This is impossible. Then we conclude that the existence of a solution depends on
u.

In conclusion, if we find (Fy, Fy) of class C? we have the following restrictions
on u:

9 [u12(F1, Fo)] = 9 [u11(F1, F2)],

ox Jy
0 0
% [U22(F1,F2)] = @ [U21(F17F2)]
or, equivalently,
3U12u aulQU o Ouny Ouny u
o6, 11 7(’)52 21 = 78«51 12 7852 22,
Ouago Ouago Ougy ou
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2.3. IN DIMENSION n. Here we state the existence result to Proposition 1.3. In
order to adapt the proof of the generalized Frobenius Theorem [15, pp. 167], we
rewrite (6) as

ui; = O Fiky; & 0;F = uywyy,

with w denoting the inverse matrix of k. Let us begin by stating the following
existence result.

Proposition 2.2 Let u be a GL,(R)-valued function in C* such that

sup [Juq(§wy;| < Kij (15)
EER™
aui
sup e l(f)wlj < Kpij (16)
£eRn gp

and for any § < 1/ max{Ky;;} set Q = [—1,1] x B5(0) C R"*'. Then there exists
z € CHQ) such that
Ozi(t, ) = uy(2(t, x))wigxq. (17)

Moreover, the solution z verifies

0;2(t,x) = /O (‘ZZ (z(T,x))ajz,,(T,x)wquq+uu(z(77x))wlj)d7. (18)

Proof: In order to apply the Schauder fixed point theorem [15, pp. 56], let us
consider the ball, with radius R > 0,

Br:={¢€CQ): [€lcr < R}

Let us construct the mapping L : £ — z as follows

zi(t,x):/o it (&(7, ) )wigredr.

From (15), it follows

max ||z|| < max{K;;}0, max ||0zz| < max{K;;}o.
Q Q

10; 2]

From (16), the derivative of z; with respect to z; verifies
b ouy
‘ / (85 (£)9;&pwigrq + uil(&)wlj)dT <
0 P
max{K;; }0R + max{K;;}, Vi,je{l,---,n}.

IN

Thus, choosing
(20 + 1) max{K;; }

R =
1-— max{Kpij}é ’
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L maps the ball Bgr into itself. Since £ is a continuous mapping, in order to
conclude that £ is compact it remains to show that £ maps bounded sets into
relatively compact sets. Indeed, for any M C C'(Q) bounded set and observing
that C! is compactly embedded in C, every sequence {z,} C L(M) contains a
convergent subsequence. Thus the Schauder fixed point theorem guarantees the
existence of z € C1(Q) such that Lz = 2.

The derivative (18) is a consequence of Lz = z. O

Now we are able to adapt the proof of the generalized Frobenius Theorem
[15, pp. 167]. Note that the generalized Frobenius Theorem gives two equivalent
statements requiring the existence of z € C2.

Theorem 2.1 Suppose that the assumptions of Proposition 2.2 are fulfilled. If
additionally the integrability condition holds
8uij aul i

J
—  UpgWegmWj] = 7 UpgWqlWijm 19
aé-p Pqq J agp V2 R LnagV] ( )

then there exists F' € C! satisfying (6). Moreover, if F € C? then u verifies (19).
Proof: Defining

v (t) = 052i(t, ) — tuy(2(t, x))wi; (20)
it satisfies the ordinary differential equation

Ouy

Vi (t) = 002 (t, ) — wir(2(t, x))wyj; — ¢
0zp

L v zpwy;. (21)

From (18) we have

aU‘l
atﬁjzi = azl 8]zpwquq + Uj) Wiy
P
Introducing this relation and successively (17) of Proposition 2.2 in (21) we obtain
(‘31“ 8u<l
’Uz/‘j (t) = —az; ajzpwquq — t—az; 8tzpwlj
6uil 6uil
= Wajzpwquq - taTupmwquqwlj.
P P

Applying the assumption (19) it results the linear ODE

aU'l
vi; () = ﬁwquqvpj- (22)
P

Thus the initial condition v;;(0) = 0;2;(0,2) = 0 implies that the ODE (22) has
the unique solution v = 0. Setting F(z) = z(1,2) and using (20) we get

0; F; = uywj,
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which concludes the proof of Theorem 2.1.
Finally, for ' € C?, the condition (19) is due to the Schwartz property of
functions of class C?. a

If we change u to the matrix valued map uk, then we realize the integrability
condition (19) is in fact the one on the torsion stated in (5).

3. Invariant linear connections

Given a linear connection V on a manifold M, one may define the subgroup
Diff(M,V) of affine transformations of V. It is still a problem to find its di-
mension, as well as that of the orbit of V under Diff(M) in the space of linear
connections.

One may also try to determine the linear connections on a manifold M which
are invariant under a given set of diffeomorphisms. If we have a Lie group G, then
it is easy to produce G-left invariant connections as bilinear maps g X g — g, where
g is the Lie algebra of left invariant vector fields (cf. example 2, section 1.2).

Translation invariant connections on R™ are those for which I'¥; are all constants.
This is trivial to deduce from (3) applied to any map F(x) = x + v, with v € R™.

A homothety invariant connection is one for which

)\Ffj()\x) = Ff'j (x) (23)

as we may see taking F'(x) = Az in the usual equation (6). Except for the trivial
connection and assuming continuity, these A-invariant connections do not exist
on the whole space, but only on R™\{0}. They are determined by any maps
I - §"~1 — R where S"~! is the unit sphere. Indeed taking the limit A — 0 in
(23), yields I' = 0, i.e. the trivial connection. We observe that if we consider these
V invariant for all A, then V is flat at infinity. This follows from equation (2) on
the curvature. Essentially, we deduce Ry, (u,v)w = 35 Ry (u, v)w, Yu,v,w € R™.

3.1. OVER-DETERMINED SYSTEMS OF TRANSLATION INVARIANT CONNECTIONS IN
R2. Now we are going to find linear connections in R? which are invariant for all
translations plus one more single isomorphism F'(z1,z2) = (az1 + bxa, cxq + dxs).
In view of the case of orbifolds, we are going to assume det F' = +1 (we want the
group generated by F' to be finite).

The 8 equations from (3) are the following:

NN — = NN~ RS
N = N RN RN =S

a’T'}, + acliy + acly; + 2T, al'}, + b3,
a’T'?, + acl?y + acl'3;, + T3, '}y +dl'%,
abl'}, + adl'}y, + by + cdll, = al'}, + b2,
abl'?, + adl'?, + cbl'3; + cdl', cl'l, +dI'3, (24)
abl'}, + bell, + adTl, + cdTh, = alk, + 002,
abl'?, + bel2, + adl'3y + cdl's, cl'3, +dlr',
B2TL, 4 bdTL, + bdTh, + d2Th, = al'b, +bI2,
b2T'2, + bdl'3, + bdl'3, + d*T3, = iy +dl'3,

PO MO RO RO — = .
Il
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One can reduce the system restricting to some particular subspace of linear
connections. For instance, torsion free: then the system (24) reduces to 6 equations
in 6 variables, because I'fy, = T'5;, k = 1,2. Indeed, (3) is symmetric in 4,7 if
V =d + 7T is torsion free.

Metric connections. A second case is that of metric connections with torsion
(without torsion there is only the trivial, Levi-Civita connection): I‘fj =TI, ie.
T'; € so. Thus there are only two unknowns and the system (24) is given by

[ F%1 F%l ] S=0
where

g_ b+ac a*—d —ad+a ab+c  be ab —bd b?
B 2 ac —cd b cd+b ad—d a—d* bd+c

In order to have rk S < 2 we must have, e.g.,

(b + ac)ac — (a? — d)c? = c(ab+ cd) =0
ad(d—1)(a—1) —abed = ad(+x1+1—a—d) =0
b?(cd 4+ b) — be(bd + ¢) = b(b? — ¢?) =0

(a® — d)cb — a*be — ac? = —c(bd + ac) =0

—bd(bd + ¢) — b*(a — d*) = —b(cd + ab) =0

Then we find non-trivial F' given by

Fos(z,y) =%(x,—y), or Fi(x,y)==%(y,).

Proposition 3.1 F, + and Fy + are the only non-trivial isomorphisms F' of the
plane for which there exist non-trivial metric, translation and F invariant connec-
tions.

For Iy, 1 the connections are given by I‘fj =0 for all i,j,k except T3, = —T'},.

For Fy, 4 the connections are given by I‘fj =0, for all 1,7,k except those satis-
fying also the condition T3, = —T'{, = —T'3, = I'i,.

In both cases, V.=d + 1T is flat.

The proof follows from the system above and the curvature computations are trivial.
Notice we may state corresponding results for the minus cases.

Symplectic connections. Another interesting type of confections is that of sym-
plectic torsion free connections: Ffj is totally symmetric when contracted with the
2-form w = dx A dy (see e.g. [2]), arising from the parallelism of w, Vw = 0. This

is the same as T'}; = —T'%, or, equivalently, I'; € s[(2,R). In sum,

F%l = _F§2 = _F%p F%l = _F§2 = F%2~ (25)
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Now system (24) resumes to

i a’—a 2ac c? —b ]
—c — 2ac —c? 0 a?—d
ab+b ad+bc—a cd 0 rh
—ad—cb+d —cd—c 0 ab ', | 0
ab+b bc+ad—a cd 0 i, | —
—bc—ad+d —cd—c 0 ab s
b? 2bd + b d>—a 0
i —2bd —d? +d —c v

The rank of the essentially 6x4 matrix is less than 4 in situations our ‘computer’
does not obtain a pleasant result. But the case a = —d =1, ¢ = b = 0 is a solution.
Then the connections are given by (25) and I'l, = I'?; = 0. According to (4) we
find
R%21 = *Fglrh = (Fh)?
Complex connections. We also have the case of complex or gl(1, C)-connections:
Fh = F%27 F%z = _F%p F%1 = 1"%2, F%z = _Fgl (26)

This gives an over-determined system as above, still unsolved according to its rank.
If we moreover demand I" torsion free, then the system reduces to 2 unknowns:

[T}, T ]S=0

where
a?—-c%—a 2ac — ¢ ab—cd—0b
2ac+b A—a’+d ad+cb—a
ad+bc—d b —d®+a 2bd + c
—ab+cd — ¢ 2bd — b -+ d%>-d

S =

The condition for rk < 2 remains to be deduced, but if we require F € GL(1,C),
that is F'(z,y) = (az + by, —bx + ay), then F = Id is the only isomorphism which
admits that kind of invariant connections.

If we look for F of the previous kind, that is F'(z,y) = (ax + cy, cx — ay) then
the equations for rk < 2 resume to the vanishing of

(a* —c* —a)(c* —a® —a) — (2ac — ¢)(2ac + ¢) =
= (@@= A)? 4 a® 4Pt P
= (®+A)1—-a® -2

Equivalently, a®? + ¢ = 1. Since we were hoping for det F = =41 the result is
automatic; thus we may write a = cos 6, ¢ = sin6, to find the condition

c0s20 — cos T}, + (sin 20 + sin 6)T'L, = 0.
11 12

In sum we have proved the following.
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Proposition 3.2 There exist complex, torsion free, translation and F invariant
connections on C for each conjugate rotation F(z) = e¥%.

Such connections are given by any A € R and

Il =T% = —TL, =T3 = —A(sin26 + sin6),
I'l,=-T2% =T =T% = \cos20 — cos9).

Moreover, these connections are flat.

The curvature is trivial since T' is constant and a type (1,0) form; since there are
no type (2,0) forms on the complex line, RV =dI' + T AT = 0.

In truth, all translation invariant complex connections in C are flat, cf. formulae
(4,26).

3.2. INVARIANT CONNECTIONS ON ORBIFOLDS cL(p,q). Let V be a holomorphic

connection in C"™ with coordinates (z1,...,2,), i.e. its Christoffel symbols for

Va.. 0., are holomorphic functions. Then the equations of an affine holomorphic

transformation F' are again determined by system (3) but with the z; replaced by

holomorphic coordinates z; = x; + iy;. Indeed, since F' - d- = 0, we must have
Vazjﬁzv =V, 0., =0

J

where as usual 0., = %(8%. —i0y,), Oz, = 87%
We recall the lens space L(p,q) = S3/Z,, the orbit space for the action of
F(z1,22) = (az,dz3) on the 3-sphere, with a,d € C such that a? =1, d = a?. In

the study of the cone with a singularity
cL(p,q) = {Xz: z € L(p,q), A € RT} = C*/(F),

there are invariant connections with meromorphic coefficients, as we shall see in
the following example.

Example 3.1 cL(p,q) admits a meromorphic connection with Christoffel symbols

1 _pl 2 _ 1 1 _ =
Py =15 =1% = 1—‘22—g
2 _1pl 12 _ 1 2 _ oz
Iy =Tn =15 =+ Fn—z-
The holomorphic curvatures of V.=d + T are
2 2
1 p2 1 2
Ry = Ry =0, Rigp = 22 Ry = 2
2

For the proof, notice that, although V is not translation invariant, we may still
formally use system (2/) viewing the T'’s composed with F on the left hand side.
Then essentially two types of equation appear:

al'}, o F =T4,, a’T? o F = dl'},,

and these equations have obvious solutions.
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The search of meromorphic connections on orbifolds was studied in [12]; anyway

our example seems to be original. The use of connections in this context has
appeared in [6,7]

We remark that the classification of orbifold singularities with complex structure

is still an open problem and there are various approaches to it either through the
Riemannian or the complex perspective — cf. [1,4] and the references therein to
see the wealth of examples and geometries one might continue searching for.
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