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Continuity of selectorial maps

Serpil Altay

ABSTRACT: In this paper the selectorial map notion is introduced and the conti-
nuity property of selectorial map is studied. The necessary and sufficient conditions
for continuity of selectorial maps are obtained.
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1. Introduction

The existence of the continuous selectors of a set valued map has been studied in
many papers (see, e.g. [2]-[9] and references therein). The most famous continuous
selection theorem is due to Michael where it is proved that a lower semicontinuous
and convex closed valued map has a continuous selector (see, [9]).

In [1], the space of non-empty compact convex subsets of R™ is extended and
in the extended space the algebraic structure and norm are defined (Section 2).

In Section 3, using this extension, the continuity of a map with values in the
extended space is defined (Definition 3.1) and the sufficient condition for continuity
of these maps is obtained (Theorem 3.1). Examples, illustrating continuity of the
maps with values in the extended space are given.

In Section 4 the notion of a selectorial map with values in the extended space
is introduced (Definition 4.1) and the proposition characterizing selectorial maps
is proved (Proposition 4.1). The necessary and sufficient conditions for continuity
of selectorial maps are proved (Theorem 4.1).

For a € R™ and r > 0 we set

By(a,r)={zeR":|jz—al|l<r}, Bpy={zeR":z|<1}

where || - || means the Euclidean norm.
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The family of all non-empty compact and convex subsets of R™ is denoted
by conv (R™). The Hausdorff distance between by sets E € conv (R") and G €
conv (R™) is denoted by the symbol h(E,G) and is defined as

h(E,G) = max {max d(z,G), max d(y, E)}
ye

el

where d(z,G) = mig Il =y || . It is known that; (conv (R™),h(-,-)) is a metric
ye

space (see, e.g. [8]).
Now let us define continuity of a set valued map F() : D — conv (R™) at point
xo where g € D C R™.

Definition 1.1 Let D C R™, F(-) : D — conv (R™) be a set valued map and
2o € D. The set valued map F(-) is said to be continuous at xg if for every e > 0
there exists 0(g, o) > 0 such that for each x € By, (0,0 (€,20)) [ D the inequality
h(F(z),F(xz0)) < & holds.

2. Normed Space (Conv(R™))?
For given A C R™ and B C R™ and A € R we denote

A+B={a+b:a€ Abec B}

and
A ={)Xa:a € A}.

Note that these addition and scalar multiplication operations do not specify an
algebraic structure in (conv (R™), h (-, -)). Unfortunately it is not possible to define
an effective algebraic structure in the metric space (conv (R™), h (-,-)) and to turn
it into the linear space. In [1] the space (conv (R™),h (-,-)) is extended and in the
extended space an algebraic structure is defined. Thus, the extended space turns
out a linear space. Now let us introduce this construction.

Let

(Conv(R™))? = conv(R™) x conv(R™).

On (Conv(R™))? the equivalence relation ~ is defined as follows:
Definition 2.1 /1] Let (A, E) € (Conv(R™))? and (C, D) € (Conv(R™))2. We put
(A,E)~(C,D) & A+D=E+C.

The equivalence class containing (A4, B) is denoted by (A, B).,. The space
B(conv(R™)) is taken to be quotient space (Conv(R™))?/ ~ where addition and
scalar multiplication operations in B(conv(R™)) are defined by the following way:

(AvB)Eq + (CvD)eq = (A +C,B+ D)eq’

_ (A, aB)eq, if a>0,
a(4,B),, = { (la| B,Jal 4),,, if a<0.
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Thus, with the addition and scalar multiplication operations defined above,
B(conv(R™)) becomes a real linear space (see, [1]).
(A,0)cq is the equivalence class

{(A+ D,D): D € conv(R™)}.
The zero element of B(conv(R™)) is the equivalence class
{(D,D) : D € conv(R™)}

which will be denoted by (0, 0)cq-
Let us define a metric Dy on B(conv(R™)) is defined by

DH((AaB)th (Oﬂ D)eq) = h(A+ D7B + C)

where h(A+ D, B+C) is the Hausdorff distance between the sets A+ D and B+C.
The relation

1A, Begllcony = D ((A; B)eg, (0,0)eq) = h(A, B)

conv

defines a norm on B(conv(R™)).
It is not difficult to verify that

Du((A, B)egs (C, D)eg) = [[(A; B)eg = (C, D)egllconv-

So, the space (B(conv(R™)) is a normed space.

o Ml con)

3. The Map F(:) : A — B(conv(R™)

Let A C R™, F(-) : A — B(conv(R™)). Then there exist set valued maps
Fi() : A — conv(R™) and Fy(+) : A — conv(R"™) such that F(z) = (Fi(z), F2(2))eq
for all z € A.

Since B(Conv(R™)) is a normed linear space then it is possible to define the
continuity notion for the map F(-) : A — B(conv(R™)).

Definition 3.1 Let A C R™, F(:) = (F1(:), F2("))eq : A = B(conv(R™)), zo € A.
The map F(-) is said to be continuous at xo if for every € > 0 there exists 0 =
d(e,xz0) > 0 such that for each x € By (x0,d) N A the inequality

I1F(2) = F(x0)llconv <€

holds.
Note that the map F(-) = (F1(-), F2(-))eq : A — B(conv(R™)) is said to be
continuous on the set A iff it is continuous at every x € A.

The following proposition characterizes the continuity of the map F(-) : A —
B(conv(R™)).
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Proposition 3.1 Let A C R™, z9 € A, F(-) = (F1(-), F2(+))eq : A = B(conv(R™)).
The map F(-) is continuous at xo if and only if for every € > 0 there exists
0 =d(e,z0) > 0 such that for each x € B,(x0,0) N A the inequality

h(Fl(l’) + Fg(mo), FQ((E) + Fl(xo)) <€

holds.

Proof: In the consequence of definitions of addition, multiplication and norm at
B(conv(R™)), it follows

| F(z) = F(20) lcon = | (F1($)>F2(x))eq - (F1($0)»F2($0))eq [l con
= || (Fl(x),FQ(x))eq + (FQ(xO)7F1(xO))eq Hconv
= || (F1(z) + Fa(wo), Fo(x) + Fi(20))eq || conv
The proof follows from (3.1) and the definition of continuity. O

The following theorem gives us a sufficient condition for continuity of the map
F() = (F1(:), F2(*))eq : A — B(conv(R™)).

Theorem 3.1 Let A C R™, g € A, F(-) = (F1(-), F2())eq : A — B(conv(R™)),
the set valued maps Fi(-) : A — conv(R"™), Fa(-) : A — conv(R"™) are continuous
at xg € A. Then the map F(-) is continuous at zg € A.

Proof: Since set valued maps Fi(-) : A — conv(R"), Fa(-) : A — conv(R")
are continuous at xg € A, then for every ¢ > 0 there exist §; = d1(¢, ) and
d2 = da(e, o) such that for every x € By, (29,01) N A and x € By, (29,02) N A the
inequalities
€
h(F1(z), Fi(wo)) < 5
hold respectively. Let 6, = min{d,d2}. It follows from definition of Hausdorff
distance and (3.2) that for every « € B, (20, dx) N A the inclusions

h(Fs (), Fa(zo)) < % (3.2)

Fi(z) € Fi(a0) + %Bn . Fi(zo) C Fi(z) + an (3.3)
Fy(z) C Falao) + %Bn . Fy(z0) C Fa() + %Bn (3.4)

are satisfied. We get from (3.3) and (3.4) that for every x € B,,(z¢,0d.) N A the
inclusions
Fy (x) + FQ(.’EQ) C Fg(x) + Fl(xo) +eB, (35)

FQ(I)+F1(1‘0) C Fl(x) +F2(£C0)+EBH (36)
hold. From (3.5) and (3.6) we obtain

h(Fl(x) + Fg(xo),Fl(Io) + Fg(ﬂ?)) <e (37)
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for every © € By, (z0,0.) N A. Consequently, from Proposition 3.1 and (3.7) we
have that the map F(-) = (F1(-), F2(+))eq is continuous at xo € A. O

The inverse of this theorem is not valid. That is, the continuity of the map
F() = (F1(:), F2(-))eq : A — B(conv(R")) at g € A, does not imply the continuity
of the set valued maps F;(+) : A — conv(R™) and F5(+) : A — conv(R"™) at g € A.

Example 3.1 Let F(-) = (F1(-), F2())eq : R = B(conv(R)) where

[—1,1], if xis rational, (3.8)
[—2,2], if xis irratinal. .

Fl(l‘) = F2(.17) = {

1t is obvious that the set valued maps Fy(+) : R — conv(R) and F»(+) : R — conv(R)
are not continuous at any xg € R. Now let us choose an arbitrary xo € R. Then

H F(x) — F(20) Hconv = | (F1($)7F2($))eq - (Fl(xo)vFZ(xO))eq l| conw
= || (Fl(m)v Fl(x))ﬁq - (Fl(xO)aFl(xO))eq ||conv
= || (Fi(z) + Fi(zo), F1(z) + F1(20))eq [|cono

h(Fi(z) + Fi(xo), Fi(z) + Fi(x0)) = 0
Fy()

and hence, the map F(-) = (F1(+),
continuous at xg € R.

2(-))eq : R = B(conv(R)) defined by (3.8) is

Now, let us give an example where the map F(-) = (Fi1(-), F2(:))eq : R™ —
B(conv(R™)) is not continuous at given xg.

Example 3.2 Let F(-) = (Fi(-), F2())eq : R = B(conv(R)) where

[-1,1], if xis rational,

Fi(2) = [-2.2), Fye)= { (3.9)

[—2,2], if xis irrational.

We will show that the map F(-) = (F1(-), F2(+))eq is not continuous anywhere.
Let us choose an arbitrary xo € R. Assume that xq is rational and e, = % Then
for every irrational x, € R we get

| F(x+) = F(2o) llconv | (F1(24), Fa(24))eq — (F1(0), F2(20))eq llconv
= || (Fi(zs), F2(24))eq + (F2(20), F1(20))eq |l conw

| (F1i(zs) + Fa(w0), Fo(2s) + Fi(20))eq [lcono
= h(Fi(z.) + Fa(z0), Fo(24) + Fi(20))

= h([-2,2]+ [-1,1],[-2,2] + [-2,2])
= B33, [-44]) =1 > % —e.

and consequently, the map F(-) = (F1(-), F2(+))eq defined by (3.9) is not continuous
at rational xy € R.
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Now let x¢ be irrational and €, = % Then for every rational x, we have

| F(z«) = F(20) l|lconv | (Fl(x*)aF2(x*))eq - (FI(CEO)’F2(330)>eq ll con
= | (Fi(z4), Fo(24))eq + (F2(20), F1(20))eq llconw

| (F1(24) + Fa(wo), Fo(24) + F1(20))eq [lconw
h(F1(z4) + Fa(o), Fa(zs) + Fi(20))

= h([-2,2)+[-2,2],[-1,1] + [-2,2])

= h(-4,4],[-3,3) =1 > % ..

and hence the map F(-) = (F1(-), Fa(-))eq defined by (3.9) is not continuous at
wrrational xg € R.

Thus we obtain that the map F(-) = (Fi(-),F2(-))eq defined by (5.9) is not
continuous anywhere.

4. Selectorial Maps

In this section, we will introduce selectorial maps notion and investigate their
continuity properties.

Definition 4.1 Let A C R™, F(-) = (Fi(:), F2(-))eq : A = B(conv(R"™)). If there
exist functions f1(-) : A = R™ and f2(-) : A — R™ such that

(Fi(z), Fa(x)) ~ (f1(2), f2(x)) for allz e A
then the map F(-) = (F1(+), F2(+))eq s said to be a selectorial map.
The following proposition characterizes the selectorial maps.

Proposition 4.1 Let A C R™ and F(-) = (F1(-), F2(:))eq : A — B(conv(R™)).
The map F(-) is a selectorial map if and only if there exists a function ¢(-) : A —
R™ such that the equality

Fy(z) = Fi(x) + p(z) for alze A

holds.

Proof: Let F(-) = (Fi(:), F2(-))eq : A = B(conv(R™)) be a selectorial map. Then
according to Definition 4.1, there exist functions fi(-) : A — conv(R™) and fa(-) :
A — conv(R™) such that for all x € A the relation

(Fi(x), Fa(z)) ~ (f1(2), fa(2))

holds.
By virtue of Definition 2.1 we get

Fi(z) + fo(x) = Fa(z) + fi(=)
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for every z € A and hence,
Fy(z) = Fi(x) + p(x) for everyz e A

where o(z) = fo(x) — f1(2).
Now, let
Fy(x) = Fi(z) + o(z)

for all x € A. Then

(Fi(z), Fa(x)) ~  (Fi(z), Fi(x) + ¢(2))

and consequently
(F1(z), Fa(2)) ~ (f(2), f2(2))
for every x € A where f1(z) =0, fa(z) = p(x) O
The following theorem is a continuity criterion for selectorial maps.

Theorem 4.1 Let A C R™, fi(-) : A = R", fo(:) : A — R™ be given functions.
The selectorial map F(-) = (f1(-), f2(*))eq : A = B(conv(R™)) is continuous at
xog € A if and only if the function p(-) = f1(-) — fa() : A = R™ is continuous at
To € A.

Proof: Let F(-) = (fi(:), f2(:))eq : A = B(conv(R™)) be a continuous selectorial
map at o € A. Then for every ¢ > 0 there exists § = (e, z9) > 0 such that for
each x € By, (x¢,d) N A the inequality

H F(:I:) - F(LL'()) Hcon'u< 9 (41)
holds. Since F(-) = (fi(+), f2(-))eq then we get
|| F((E) - F(ZL'O) ||conv = H (fl(l')an(x))eq - (fl(‘TO)an(xO))eq ||conv
= [ (f1(2) + fa(@o), f2(®) + f1(20))eq [lcono
= h(fi(z) + fa(wo), f2(x) + fi(20))

1f1(z) + fa(xo) = fa(z) = fr(zo)
If1(2) = fa(2)] = [fr(zo) — falzo)]ll~ (4.2)

It follows from (4.1) and (4.2) that for every € > 0 there exists d(g,zg) > 0 such
that for each x € B,,(xg,d) N A the inequality

I[f1(x) = fa(2)] = [f1(z0) — fa(@o)][| < e

holds and hence, the function ¢(-) = f1(-) — f2(-) is continuous at ¢ € A.
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Now, let the function ¢(-) = f1(-) — f2(+) be continuous at zg € A. Then for
every € > 0 there exists d(e,xz9) > 0 such that for each z € B, (x¢,d) N A the
inequality

I[f1() = fa(2)] = [f1(zo) — fal@o)]]| <& (4.3)

holds.
From (4.2) and (4.3) we obtain that for every ¢ > 0 there exists d(g,z9) > 0
such that for each z € B, (xg,0) N A the inequality

|| F(.’E) - F(CE()) ||conv< 9

holds and consequently, the selectorial map F'(-) = (fi(-), f2(-))eq is continuous at
xo € A. O
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